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PREFACE 


This book is based largely on lectures which I have given to 
students taking an Honours Course in Physics during recent years. 
It is intended to serve as an introduction to the treatises and papers 
on particular branches of the subject to several of which reference 
is made at the end of each chapter. It is impossible for any student 
to acquire a complete knowledge of all branches of physics, and 
in this book I have tried only to give a concise but intelligible 
account of no more than a serious student of physics ought to 
be familiar with when he begins to specialize on some particular 
branch. 

The rapid changes which are now taking place in several of 
the subjects discussed make it difldcult to write a consistent and 
up-to-date account of them. 

Very few references to original papers have been given. These 
will be found in the treatises on special branches mentioned at 
the end of each chapter. 

No attempt has been made to assign all the facts and theories 
discussed to their original authors. This has been done only in 
a few cases. The particular facts and theories selected for discussion 
in such a book depend largely on the knowledge and experience 
of the writer, and it is impossible to avoid many omissions of 
important results some of which another author would very likely 
have considered it essential to include. 

My best thanks are due to Dr. John Dougall for his careful 
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PREFACE 


reading of the proofs and for many valuable suggestions. Also 
to Sir Ernest Rutherford and Mr. Blackett of the Cavendish 
Laboratory for permission to reproduce the beautiful photographs 
of a-ray tracks. 


Rice Institute, Houston, Texas, 
ifay, 1 ^ 28 . 


H. A. WILSON. 
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MODERN PHYSICS 


CHAPTER I 

The Electron Theory 

1. Electrons and Positive Nuclei. 

The principal electrical properties of matter are specific inductive 
capacity conductivity, and magnetic permeability. When the numerical 
^ these quantities for the bodies present in a system are known, 
tnen the electrical phenomena to be expected in the system may be 
w^ked out. For most practical purposes it is sufidcient to know that 
aiherent forms of matter have these properties in greater or less degree 
and it IS not necessary to attempt to explain why this is so. 

ior scientific purposes, however, it is desired to explain the pro- 
perties of matter, and to do this it is necessary to consider the nature 
ot the ultimate particles composing material bodies. The properties, 
such as those just mentioned, which can be measured, are properties 
o matter in bulk or of bodies containing enormous numbers of atoms. 

ey represent average values taken over volumes very large com- 
pared with the volume of one atom. 

According to the electron theory material bodies contain enormous 
numbers of minute particles of negative electricity which are all equal, 
ihese atoms of negative electricity are called electrons. Electrically 
neutral bodies contam equal amounts of positive and negative elec- 
tricity, and the positive electricity is also supposed to consist of minute 
particles which are the nuclei of the atoms. 

The electrons and positive nuclei are supposed to be so small that 
even in the densest solids such as gold they only occupy a very minute 
fraction of the space. Material bodies therefore are merely space with 
particles of electricity here and there separated by distances very large 
compared with the dimensions of the particles. The space between 
the particles IS not empty, for it is filled with the electrical and magnetic 
fields excited by the particles. Thus if we could select a point at random 

(D8U) 1 



2 THE ELECTRON THEORY [Chap. 

inside a material body and examine the state of the space at that 
point we should almost always find nothing except an electric and a 
magnetic field. 

The point would be in a vacuum and the specific inductive capacity, 
conductivity, and permeability at the point would have the usual values 
for a perfect vacuum. If the point happened to be inside an electron 
or a positive nucleus, then we may suppose that there would be a 
certain density of electric charge at the point in addition to the electric 
and magnetic fields. 

2. Fundamental Electromagnetic Equations of the Electron Theory. 

The electromagnetic equations for the interior of matter according 
to the electron theory are the equations for space containing nothing 
but electricity. The only quantities which are required in these equa- 
tions are density of electricity or charge per unit volume, electric 
field strength, and magnetic field strength. There is no magnetism on 
this theory, and magnetic fields are supposed to be produced only by the 
motion of electricity. Following H. A. Lorentz, to whom the develop- 
ment of the electron theory is largely due, we shall use Heaviside’s 
rational units and suppose that the force between two charges 
and 62 , at rest at a distance r apart, is equal to This amounts 

to taking for the unit charge a quantity of electricity equal to the 
usual electrostatic umt divided by \/ 47 r. The field strength will as 
usual be the force on a unit charge, so that the field strength due to 
a charge e at rest is ej4^T^. The number of lines of force crossing unit 
area, drawn perpendicular to the field, will, also as usual, be taken 
equal to the strength of the field. The number of lines of force ending 
on a negative charge e or starting from a positive charge e is therefore 

X which is equal to e. The number of lines of force 

starting in unit volume is therefore equal to the density of charge, 
which is expressed by the equation 

div * F — p, 

where F denotes the field strength and p the density of charge. The 
force between two magnetic poles will be taken to be so 

that the field strength due to a pole'^n is Since we suppose 

that there is no magnetism all lines of magnetic force must be closed 
curves, so that the number of fines which end in unit volume is zero, 
and div H = 0, where H denotes the magnetic field strength. 

The current density, that is the current per unit area drawn per- 
pendicular to the direction of the, current, at a point between the 
electrons and positive nuclei will be simply the displacement current 

* Tte vector notation and nomenclature used here is explained at p. 334, 
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FUNDAMENTAL EQUATIONS 


where the density of charge is p there will be also, if the charge is moving 
a convection current density equal to pV, where V is the velocity of the 
electricity. The total current density at any point is therefore the 

resultant or vector sum of 0F/at and pV, or H + pV. F and p being 

expressed in the Heaviside electrostatic units, the unit of current 
density will of course be one Heaviside electrostatic unit of charge 
per square centimetre per second. The magnetic field H is excited by 
the current according to the well-known relation that the work required 
to take a unit pole once round a current is equal to in times the current 
the field and current being expressed in ordinary electromagnetic units’ 
In vector notation, curl H == 4,ri, where i is the current density. If 
1 is expressed m Heaviside electrostatic units and H in Heaviside electro- 
ma^etic units this becomes curl H= i/c, where c is the velocity of 
lignt, so that we have 


curl H= 1 fl? 

c \dt 


+ py} 


^ ® well-known relation between the induced electro- 

ma!n7ti! I variation of the 

magnetic field through the curve may be written 

curl F = — ^ 

The four equations 

divH=0, divF = p, 

^r.-VTht electron theory. 

of pondtSle matter equations for space devoid 

ponderable matter, or ether, as it is sometimes called 

These equations theoretically enable H and F to be calculated when 

p and V are given throughout space as functions of the time t 

tivA^Jf '^ 0 ^ 0 % V of the electricity is supposed to be measured rela- 

the material system on which the observer is. In all ordinary 

S 1 ? 1 ? IS working. The field strengths F and H also are 

he fields as measured by an observer relative to the material system 
on which he IS working, which is usually the earth. It rfound thit S 
mo.m of the hM no obMtvnbl M„,„o, on elSoniSofe 
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[Chap. 


3. Bemaiks on the Fundamental Eq.uations and on the Fields. 

The fundamental electromagnetic equations indicate that each charge pro- 
duces a field as though the other charges were not present. Thus if all the charges 
are at rest and there is no magnetic field anywhere, then the electric field is given 
by div F = p. This makes the field due to a charge e equal to e/ 47 T:r 2 , and the 
potential e/4Tr r. The resultant field at any point is then the resultant of the fields 
due to every charge, each charge giving a field e/4Tcr2. The total potential at any 
point is simply the sum of the potentials due to all the charges present. This means 
that the presence of material bodies in no way modifies the fields due to charges, 
^y charge excites the same field inside a material body as in empty space. This 
is not surprising when we remember that material bodies are almost entirely empty 
space, since the electrons and nuclei occupy only a minute fraction of the space 
even in the densest substances. It is possible that if a body could be obtained 
with such a high density that the electrons and nuclei in it filled an appreciable 
fraction of its volume, the fields produced in it would differ appreciably from those 
produced by the same charges in empty space. 

The fundamental equations of the electron theory lead to a fairly satisfactory 
explanation of the electrical properties of material bodies containing very large 
numbers of electrons and nuclei. They fail, however, to explain the properties of 
single atoms. It is possible that they represent results which are true on the 
average over large numbers of electrons and time intervals not too short, bub 
which are not true for very small numbers of electrons and very short time inter- 
vals. For example, the equation div F = p may really only be true when p 
is the average density of charge over a volume containing a very large number 
of electrons and nuclei. However, in the electron theory we assume that this 
equation is true when p is the charge in an indefinitely small volume divided by 
that volume. The volume considered may be small compared with the volume 
of a nucleus even. We assume that the results of large-scale experiments on bodies 
containing enormous numbers of electrons and nuclei are true for microscopic 
phenomena even inside electrons. 

The fundamental equations give the electric and magnetic fields excited in 
the surrounding space by electric charges. It is important to remember that- 
electric and magnetic fields are not directly observed in any experiments. Only 
phenomena in material bodies are observed. The existence of fields in the space 
surroun<^g charges is assumed because phenomena can be conveniently described 
or explained by means of this assumption. In the electron theory we assume the 
existence of these fields but we do not attempt to explain how they are produced 
or what they consist of. We may if we like regard them as merely auxiliary 
mathematical quantities introduced into the theory for convenience in attempt- 
ing to describe phenonaena. Most physicists, however, believe that these fields 
reaUy exist. It has been suggested that electric and magnetic fields are modifi- 
cation of the ether, a medium filling all space. This hypothesis is not of much 
use; it is sufficient to suppose that the charges excite the fields in the surrounding 
space. If all space is filled with ether, then ether and space are the same thin^ 
and we may as well regard electric and magnetic fields as modifications of space 
or as merely existing in space. The distinction between ether and space will 
never amount to anything until some method of removing the ether from a 
portion of space is discovered, and we have no reason to hope that anything of 
the sort will ever be possible. 

The electric and magnetic field strengths F and H are vectors, and therefore 
the electromagnetic equations necessarily represent relations which are geometri- 
cally possible in vector fields. Thus if A denotes a vector the components of 
which are continuous throughout a vector field, and div A = 0 every where 
then we can always find a vector B such that curl B == A. Hence, for example' 



fundamental equations 


it is always possible to find an electric field F such that curl F = _ si^oe 

div H = 0, and therefore div H = 0. The fact that a varying magMtic field 
excites an electric field is nevertheless an experimental result which is not even 
suggested by the geometrical properties of vectors. 


4. Calculation of the Magnetic Field Strength. The Vector Potential. 

In order to see how to calculate the field strengths F and H at 
any point, when p and V_are supposed given as functions of the time t 
throughout the surrounding space, we first eliminate F from the funda- 
mental equations. To do this we use the well-known vector equation * 

curl curl A = grad div A — AA, 

which is true for any vector A. Hence, since div H = 0, we have 

curl curl H = — AH = 1 curl (F -f- pV). 
c 

But curl F = - ^H, so that curl F = - -H, and therefore 
^ c 

AH-iH=_lcurlpV. 


1 f(JL 


If 7 IS any quantity and AF= cu, then we have as the solution of this 
ainerential equation 

fcodS 

T 

ot volume dN to P and w the value of m in the element dS. The integral 
IS sjposed extended over all the space around P in which m dilers 

4 .- ^ vectors then this equation is equivalent to 

three equations, one for each component, e.g. 

y I f u>xdS 

® in] r ’ 

where 7,,, and denote the x components of V and to. 

If instead of A7 = «, we have 


then the solution is 





7 ,= 


1 

477./ r ’ 


where [m] stands for the value of w, not at the time t at which the value 

*See p. 334 
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of V at the point P is Fp, but at the earlier time t rjc. The effect 
of the term — V jc^ is to make the field excited by co travel out from 
o) with the velocity c. 

The solution of the equation obtained above for H is therefore 

ilTC] T 

Since the calculation of H by means of this equation is rather compli- 
cated it is usual to introduce an auxiliary mathematical quantity a, 
called the vector potential, which is given by the equation 

4ttcJ r ’ 

SO that H — curl a. Here again the square brackets mean that the value 
of pV in the element of volume dS is to be taken at the time t — r/c in 
order to get the value of a at the time t. 


5. Calculation of the Electric Field Strength. The Scalar Potential. 

If we eliminate H from the electromagnetic field equations in the 
same way as F was eliminated we get 

AF-ip = gradp+i |(pV). 

The solution of this is 

inj r 


Instead of calculating F by' means of this vector equation we may 
introduce an auxiliary mathematical quantity called the scalar 
potential, which is given by 



and F is then given by the equation 


F = — -a — grad <j>, 
c 



When p and V are known as functions of the time at all points in the 



I-] 


FUNDAMENTAL EQUATIONS 


space around a point P, and a can te calculated at any point near 
P, and then H and F are given by 

H = curl a, F = a — grad 

c 

6. Examples of the Use of the Equations. 

As an example of the use of these equations we will work out tho fieldn duo to 
a single element of volume in which p and V are suppOHC‘(i constant, h’or fhis 
element of volume let pdS — e, so that 9 = e.l4rizr and a ==== oV/47rr.r. 

Let the element of volume considered be at the origin of co-ordinate's so tlmi 
and let the velocity V be along the ^ axis, so that F/ - V, 
Vy = 0, Fz = 0. Then we have 


(Z>x '■ 


Hence 


= 

4zTzcr^ 


ay = 0, % = 0, and a — 0. 


Hx = (curl a)x^ — 0, 


(curl a),= - il = (.^y \. 

ay \4:'n:crJ \4 rcr^J 

The resultant magnetic field H is therefore equal to '</* or if wo 

4r7:cr^ ’ 

put ■\>z‘ + r sin0, it is equal to sinO. Its direction is porperi- 

dicular to the plane containing r and V, so that the lines of magnotic force 
are circles mth their centres on the x axis and their planes perpendicular to the 


4k}^' 


a: axis. The electric field F = - grad 9, since a = 0, which gives F ■ 

If we suppose that the element of volume considered contains octnal amounts 
of positive and negative electricity so that p = 0 in it, but that the positive 
electricity only has the velocity V, then we got 

9 =0, andaj;= , 
imr 

so that the element produces the resultant magnetic field II = but no 

electric field. The element of volume is then equivalent to an element of a con- 
ductor carrying a current, and the formula we have obtained for H gives Ampere's 
formula for the magnetic field due to a current element, since eV is cquivS to 
t As, where i is the current and ds the length of the element 

As another example, suppose that an electron with charge e has been at rest at 
rigin froru t 00 to a time and that between t, and L it moves a small 

t^t the^fiT^ rest. Up 

to q the field will be e 4ni^ along r, but when the electron begins to move the field 

I Lt"?® ""p charge with vehmlty c If we 

describe two spheres with centres at the origin and radii c(t— t \ and tU / \ 

outside the larger sphere the disturbance dte to th motion will not ^ve ativt 
and ins^e the^smaller sphere the disturbance will have pai by «r 

^ except in the space between the two spheres. Inside 


field will be 
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this space there will be a magnetic field due to the motion as well as an electric 
field. Thus the motion of the electron produces a wave in the field which moves 
out from it with the velocity c. 

7. Poynting’s Theorem. 

We shall as usual suppose that the energy density in the electro- 
magnetic field is J (F^ + H^), so that if P denotes the flow of energy 
through unit area in unit time, then 

-divP=| |(F2+H2)= (P-F)4-(H-H). 

In a space where p = 0 we have 

F = c curl H, and H = — c curl F, 

so that we get 

— div P = c(Fj* curl H) — c(H • curl F) 

= — c div [F • H]. 


Hence we conclude that P = c [F • H], a result first obtained by Poynting 
and known as Poynting’s Theorem. According to this the flow of 
energy is perpendicular to both the electric and magnetic fields and 
equal per unit area per unit time to c FH sin0, where 6 is the angle 
between F and H. 


8. Electromagnetic Momentum. 


We know that there is a force on a current in a magnetic field due 
to the interaction of the magnetic field of the current and the external 

field. In space where p == 0 the current density is F, so that there must 

be a force on the electromagnetic field equal to - [F • H] per unit volume. 

Also there must be a similar force on a varying magnetic field in an 
electric field, for a varying magnetic field produces an electric field 
in exactly the same way that a current produces a magnetic field. 

This force will be -- [F • H] per unit volume. 

* ^ 1 • 1 • 

The total force on the field is therefore - [F • HlH- - fF • HI which 

Id • . c c 

is equal to ~ ^ [F • H] or P/c^ per unit volume. Since force is equal to 


rate of change of momentum we conclude that the field has momentum 
equal to P/c^ per unit volume. This momentum is called the electro- 
magnetic momentum of the field. Its existence was first pointed out 
by J. J. Thomson. We do not regard this momentum as momentum 
of the ether but as momentum of the electromagnetic field. Thus the 
field has energy and momentum and can move through space so that 
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it has the most essential properties of matter. We regard the field as 
excited in space the charges and^ it is not necessary to introduce 
the idea of an ether into the discussion. 

Since it appears that the momentum is equal to P/c^, we conclude 
that the momentum is^ due to the flux of energy P, so that we may 
say that electromagnetic energy when moving has momentum. The 
momentum of matter may therefore be supposed to be simply the 
momentum of the energy it contains. For energy can be converted 
from one kind into another, so that if electromagnetic energy has 
momentum it is difficult to see how other kinds of energy could not 
have the same amount of momentum. 


9. Momentum and Energy of Matter. 

Matter perhaps contains other kinds of energy besides electro- 
magnetic energy, but we shall suppose that all the energy in matter 
has the same momentum as electromagnetic energy. If we make this 
assumption we can easily find the momentum of any material system 
in terms of its energy. 

Let X denote the x co-ordinate of the centroid of the enerey in any 
system, so that 



where E is the energy density in the element of volume dS, and the 
integrals are supposed taken over the whole of the system. Putting 
€ = j EdS for the total energy we get 

fExdS. 

Difierentiating this with respect to the time t we get 

Sh = jExdS] 

hut E—— div P, so that 

^d = -fx(divF)dS. 


Now xdivP= I (xP,) + I (^p^) + 1 (^p^) _ p^^ 

is, by Green’s Theorem, equal to a surface integral over a surface en- 
closing the volume S. If all the energy is inside this closed surface then 
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P is zero all over it, so that the integral must he equal to zero. Hence 

Sx= [P^dS. 

J 

But P^ = M^c^, where is the x momentum density, so that if 
Mx — [MxdS we get 

Thus the momentum of any system is equal to its energy multiplied 
by the velocity of the centroid of its energy and divided by the square 
of the velocity of light. 

10. Relations between the Energy, Momentum, Velocity, and Mass o! 
a Particle. 

For a small particle of any kind the velocity v of the particle may 
be put equal to the velocity of the centroid of its energy, so that for any 
particle 


If a force / acts on such a particle along the direction in which it is 
moving, and we suppose that there is no loss of energy by radiation or 
otherwise, then we have _ SeJkf, 

/Sx=S<S. ’ 

But Sx = vSt, so that vSM = Sf. 

g —I— /y 

The equation = €v/c^ gives h3d— ’ 

c 

f-yS?; -f- 


so that 


or 


S(S = 


he 


vSv 


Integrating, we obtain 

logs' = — I log(c2 — v^) + logfo + ^ logc^ 

where €q is the value of 8 when y= 0. 

r^ e^ 


Hence 


s/l — v^/c^ 


Since the momentum is equal to Sv/c^ we have for the momentum of 
the particle 




(?\J 1 — y^/c^ 
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Let us now consider the mass of the particle. This we define in 
such a way that when a mass m, has speed v its momentum is mv. 
The value just found for therefore gives 


’m = 


or, putting mo= 


c^xj 1 — 


m = 




x/l-t)2/c2' 


The mass m is sometimes called the apparent mass of the particle. 
It appears that m increases with v and becomes infinite when v=c 
It is therefore impossible for the velocity of a material system to be as 
great as the velocity of light c. The kinetic energy of the particle is 


^0 = 




When vjc is very small this gives 


^ ^o-<?o|i + 2 ''c 2 -i} = 

or, since we have S—€q = 


2c2 ’ 


1 1 . Relation of the IVEass of an Electron to its Charge. 

If the particle considered is an electron, m will be the mass of the 
electromagnetic field which it excites and which moves along with it 
together with any additional mass which it may have. If the electron 
IS merely an electric charge it may have no additional mass, but if it 
has some internal energy besides its electrical energy it will have some 
additional mass corresponding to this additional energy. In any case 
its mass should vary with its velocity in accordance with the expression 
mund above for m, since this should hold for a particle of any kind. 
The experiments of Kaufmann, Bucherer, and others on the variation 
of the mass of electrons with their velocity have shown that the mass 
does vary approximately in accordance with the- above formula. 
These experiments confirm the idea that momentum is due to flux 
of energy, but they give no information as to the constitution of 
electrons. 

If we assume that an electron consists merely of a charge e uniformly 
distributed over the surface of a sphere of radius a, then its electrical 

energy when at rest is x-- , so that its mass m. should be — However 
oTra STrac^ ’ 

such a sphere of electricity would tend to fly apart owing to the repulsion 
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between tie difierent parts of its charge. To counteract this repulsion 
we may suppose that there is a tension inside it equal to the repulsion 


or to tension may indicate the presence of an amount 

of energy equal to the volume of the sphere multiplied by the tension 


According to this the total energy will be 


24:7ra ~ Sira 677 a 


so that the mass 


From the known values of ejm^ and e we can calculate a, which comes 
out about 10“^® cm. We have reasons for believing that electrons are 
very small, but there is of course no justification for the idea that an 
electron is a sphere of electricity. Electricity as we know it consists 
of electrons, and a part of an electron if it could be examined would 
very likely be found to have properties quite different from those of 
electricity. We might as well suppose that a part of an atom of, say, 
helium would have the properties of a helium atom as that part of an 
electron or atom of electricity would have the properties of an electron. 
The density of electricity p which appears in the electromagnetic 
equations is supposed in the electron theory to be the charge in an 
element of volume divided by the volume of the element, and it is 
assumed that the element of volume considered may be inside an elec- 
tron and small compared with the electron. Such assumptions are not 
really justified; all experiments relate to volumes enormously large 
compared with electrons, and we are really only justified in supposing 
that p in the electromagnetic equations stands for such a quantity as 



Fifr. 1 


y , where n is the number of elec- 
trons, each having a charge e, con- 
tained in a small volume V. 

12. Force on a Charge moving in 
a Magnetic Field. 

The force on a charge when 
moving in a magnetic field can be 
obtained by considering the elec- 


tromagnetic momentum due to a 
charge and a magnetic pole. Consider a charge e at a distance 
d from a pole of strength m (fig. 1). 
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Consider a point P at a distance r from e and s from m. The electric 

field at P due to e is - — 5, and the magnetic field is The electro- 

magnetic momentum at P per unit volume is therefore r), 

IGttV^s^c 

where 6 is the angle P em and the angle l?me. As element of volume 
let us take a ring element described by the element of area bounded 
by the lines 0, d + d(f>, when the plane containing 6 and ^ 

rotates once round the line em as axis. The element of area is 
, , TsdOdS 11. 

equal to so that the rmg element of volume is equal to 

277 / The angular momentum in the ring element 

about the line em as axis is therefore 


5 sin<^ em sin { 6 . + 0) sin 9 rs d 9 d^ 
l^TThh^^c sin {9 


em 


mx9 mi<l>d9dcl) 


SrrC 


The total angular momentum will be got by integrating with respect 
to 9 from d=0 to 9 == 7 T — <f), and then with respect to (f> from ^ = 0 

to cl)= TT. This gives for the total angular momentum • — , a result 

4770 

first obtained by J. J. Thomson, to whom this interesting .method of 
calculating the force on a charge moving in a magnetic field is due. 
Now suppose the charge is moving with velocity 'y in a direction making 
an angle ^ with the magnetic field. In a time dt the line joining e and 

m will turn through an angle , so that the angular momentum 

is changed in direction, and this requires the addition of angular 
momentum about an axis in the plane containing e, m, and v, equal to 

emv siiLif/dt 
irrcd 


If a force/ acts on the charge in a direction perpendicular to the plane 
containing e, m, and v, and an equal and opposite force on the pole, 
then we may equate the couple to the rate of change of the angular 


momentum, so getting 


Hence 


f- 


__ emv sin0 
4c7rcd 

_ emv sinj/f 
irrcd^ 


If we put H = 7^, this becomes 




/= 


Hey smifj 


c 
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so that for the force on a unit charge moving with velocity V we get 

- [V • H]. The total force on unit charge in the electromagnetic field 

is therefore the resultant or vector sum of the force due to the electric 
field and that due to the magnetic field, or 

F + i[V-H]. 

This equation is of equal importance with the other fundamental 
electromagnetic equations. 

13. Force on a Moving Electron. 

When an electron having the charge e is moving with velocity V 
in an electromagnetic field, the force on it due to the external fields 
P and H will be 

e(p+i[V-H]), 

provided we suppose that F and H do not vary appreciably in the small 
space occupied by the electron. In addition to this force on the electron 
there will be the force on it due to its own field. If the mass of the 
electron is zero then the total force on it must be zero, but if it contains 
some internal energy and so has some mass, then the total force will 
be equal to the rate of change of its momentum. We do not know 
how much internal energy there is in an electron, so we cannot tell 
whether its mass is zero or not. 

As we have seen, the momentum of an electron or any other kind 
of particle is given by the expression fv/c^, where £ is its energy. 
If we take the energy of the electron to be not only its internal energy 
but also the energy of its electromagnetic field which moves along 
with it, then we may consider it as a particle having momentum given 
by the above expression, and we may regard the forces which its own 
field exerts on it as internal forces which do not modify the motion 
of its centre of mass. The force on it may then be taken to be 

e(F + J[V-H]), where F and H are the external electric and magnetic 

fields. When the velocity of the electron changes it may emit radiation, 
that is, a field which does not move along with it. Any such radiation 
field must be regarded as belonging to the external field and not to the 
field of the electron which moves along with it, but provided the 
acceleration of the electron is small the effect of the radiation emitted 
will be negligible. The electron may therefore be regarded as a particle 

of mass m = —7=^=.=, where ttIq ~ EJc^ and €q is the energy of 
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the field of the electron which moves along with it together with its 
internal energy, both reckoned as when the electron is at rest. 

It is important to note that the radius of an electron is not known. 
It is quite possible that the radius may be, say, cm., in which 

case nearly all the mass would be mass of the internal energy, and the 
mass of the field of the electron would be negligible. In this case the 
complications which are sometimes introduced by supposing the internal 
energy to be zero would be quite unnecessary. All the experimental 
results on electrons agree with the view that the electron has a charge 

' e and mass m == . ^9- - and speculations as to the nature of 

V 1 — 

this mass beyond saying that it must be the mass of energy equal to 
mc^ are not justified at present. 


14. Radiation from an Accelerated Electron. 

The radiation from an electron when its velocity varies may be calculated 
by means of the solution of the electromagnetic equations discussed above, but 
the calculation is complicated and the desired result may be obtained much more 
easily by a method due in prin- 
ciple to J. J. Thomson. 

Consider an electron moving 
along a straight line AO with 
constant velocity v. At and 
near to 0 suppose the velocity 
changes in a short time Zt to a 
constant velocity v' along OB. 

We suppose vjc and v'jc to be 
very small (fig. 2). While the 
electron is moving along AO its 
field moves with it. At 0 where 
V changes it will begin to excite 
the field corresponding to the 
velocity v' along OB, and at 
a time interval t later this new 
field will fill a sphere of radius 
ct. Outside this sphere the field will still be that due to the electron moving 
with velocity v along AO. The two fields will be separated by a layer of thick- 
ness c8i containing the field excited by the electron during the short interval 

in which its velocity changed from v to v'. This layer moves out with the 
velocity c and it contains the wave produced by the change from v to y'. 

The lines of force in the field outside the sphere of radius cf will radiate from 
a point O'' on AO produced such that 00' — vt, and the lines of force inside 
the sphere radiate from a point P on OB such that OP == v't. If we consider 
a line of force starting from P and making an angle 6 with O'P , it will be dis- 
placed relatively to the parallel line outside the sphere by a distance O'B sin0, 
and we may suppose these two lines are joined into a single line by a part lying 
in the layer of thickness cSt. This requires a field component in the layer, in 
the plane containing O'P and parallel to the surface of the sphere, equal to 

J. where r= cf, because the radial component in the layer is equal 

47tr2 

to e/47rrK When t is zero the line of force considered is all outside the sphere of 
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radius cL and as t increases the relative displacement O'P smG increases pro- 
portionaUy to t, so that it is clear that a line inside the sphere corresponds to 
fpamUel L outside. Let 0'P^v% so that the tangential field m the 

, . ev" sin 6 

layer is 

The energy in the wave per unit volume is thereiore 

/fi?;"sin0\^ 

\47Trc^8^/ 

since there must be a magnetic field of equal strength to the electric field m the 
wCe an^r energy in "unit volume is The energy in the whole 

wave is therefore 




cSt = 


Bit 


c^St ' 


This is the energy radiated in the time Si while the velocity changed from u to v'. 
so that the rate of radiation during Si is 

1 eV* _ 

But v" is the vector difference between v' and v, so that vySt is the acceleration 
of the electron during the time St, and the rate of radiation of energy is 

1 eT, 

6tv 'c«^’ 

where f is the acceleration of the electron. , . • i -n x- 

Electromagnetic radiation is obtained in practice from electrical oscillations 
produced by the discharge of a condenser through a wire. In such oases, in which 
Lormous numbers of electrons ai’e involved the radiation obtained agrees with 
that calculated by electromagnetic theory. Radiation from single electrons has 
not been observed, and according to the Quantum Theory the electrons in atoms 
do not radiate when they are moving round orbits and so have an acceleration. 
The success of the quantum theory makes it possible that the expression just 
obtained for the radiation from an electron is erroneous, and in fact that the equa- 
tions of the electron theory are probably only true when the density of electricity 
0 is taken to be the average density over a volume containing a large number 
of electrons and atomic nuclei. Another possibility is that the electricity in atoms 
is not really concentrated into small particles at all, but that the volume of an 
electron is comparable with the volume of an atom, so that the electrons in atoms 
overlap each other. 


PROPERTIES OF MATTER IN BULK 

15 . The electron theory gives a fairly satisfactory explanation of the 
principal electrical properties of matter in hnlk, such as specific induc- 
tive capacity and conductivity. The specific inductive capacity (K) 
of a substance may be defined as the ratio of the capacity of a condenser 
in which the substance fills the space between the plates to the capacity 
with a vacuum between the plates. For the same charges the electric 
field is inversely as K.. The electric field F inside a material body, as for 
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example the insulator between the plates of a condenser, may be 
considered either microscopically or macroscopically. From the micro- 
scopic standpoint it is the field at a point inside the body due to all 
the electrons and nuclei present and it varies rapidly from point to 
point, being very large at points close to electrons or nuclei. From the 
macroscopic standpoint these variations are ignored, and we consider 
the field as equal to its average value over a space containing an enor- 
mous number of electrons and nuclei. Thus if F denotes this average 
value then _ ^ 

where is the x component of the macroscopic field and the x 
component of the microscopic field, S being the small volume over 
which the average is taken. The difference of potential between two 
points is given by 

where F^ is the microscopic field component along an element ds of 
the path between the two points. It is easy to see that V 2 — 7i is also 
equal to j F^ds^ since independent of the path. In experi- 

mental work the field is taken to be P and is generally estimated by 
measuring a potential difference and dividing this by the appropriate 
length. The density of charge in matter may also be regarded macro- 
scopically and we may define the macroscopic density by 



When p == 0, what is meant is that the small volume S contains as 
much positive as negative electricity, or if it contains n electrons each 
having a charge e, and n' nuclei each having a charge e\ then 
ne + n'e' == 0. The electrons and nuclei in matter may be moving 
about so that, strictly speaking, p should be averaged not only over 
a small volume but also over a short time interval to get p. The rapid 
fluctuations due to the motions of the electrons and nuclei are also 

ignored or averaged out from the macroscopic view-point. The 

• 

microscopic equations div H == 0, div F = p, curl H = - (F -f pV), and 
1 . . ^ 
curl F = ~ H of the electron theory can be easily transformed into 

equations between the macroscopic or average values of F, ’H, p, and 
pV given by 

F = ^jFdS, H = yHdS, p^^pdS, and ^ = 

( D 814 ) 


3 
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For a non-magnetic insulating material medium which is at rest we get 

div H == 0, div F = yo, curl H == - (F + pY), and curl F - H. 

c c 

16. Polarization. Electric Displacement. Equations for Non-magnetic 
Insulator at Best. 

The material medium is supposed to contain electrons and positive 
nuclei, and in the absence of an electromagnetic field the macroscopic 
field due to the negative charges is supposed to be equal and opposite 
to that due to the positive charges. When there is a field in the medium 
the positive charges are displaced relative to the negative charges, so 
that the medium acquires an electric moment or polarization P. The 
polarization P is defined to be the macroscopic or average electric 
moment per unit volume. P is a vector and we can draw lines to repre- 
sent its direction. The number of lines per unit area drawn perpendicular 
to the lines of polarization is taken equal to P. If an electron having a 
charge e in the medium is displaced a distance ^ from its normal 
position an electric moment will be produced, since we suppose 
that when all the charges are in their normal positions the average 
moment is zero. The total moment of a small volume S will therefore 
be equal to Se^, where the sign S indicates that the products for all 
the positive and negative charges in 8 are to be summed. ^ of course 
is a vector, so that indicates the vector sum of all the a^’s in 8. 

The polarization P is then equal to If we draw lines of polariza- 

tion through the boundary of any small area we get a tube of polariza- 
tion, Consider a short length ds of such a tube and let its cross-section 
be a, so that its volume is ads and its ele^ric moment Pads. This moment 
is equal to that of a positive charge Pa and a negative charge Pa at 
a distance ds apart. Thus we see that if a tube of polarization starts 
in the medium it must start from a charge — Pa, and if a tube ends in 
the medium it must end on_^a charge + Pa. The number of lines of 
polarization in the tube is Pa, so that one line of polarization starts 
from a unit of negative charge. We see therefore that div P = — pp, 
where pp denotes the average charge density due to, variation of the 
polarization. Let denote the average charge density due to electricity 
in the medium, not due to variations in the polarization. The charge 
Pp would remain when the field was reduced to zero but the charge 
Pp would disappear. The equation 

div F = p 

therefore gives, since p = + p^, 

div(F + P)=p^. 
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Now consider the term pV. We have 

P^.= ljpV,dS. 

Here p is the charge density in dS and the x component of the 
velocity of the electricity. Since the electricity is supposed to consist 
of small particles of which a very large number are in the volume S, 

we may replace J pYi^dShy SeFa-? which denotes the sum of the products 
eVx for all the charges in S. 
d 

But SeFs = v^here is the x component of the displacement 

of a particle from its normal position. Hence, since = -heix, we get 

P = ^2eV. 

The equation curl H = i (P + 

' c 


therefore becomes 


curl H = 


J(P+P) = 



wher^D = P + P. D is called the electric induction or the total polariza- 
tion, P being the polarization of the electeic field and P the additional 

polarization due to the matter present. D is also sometimes called the 
■electric displacement. 

The eq[uations for the non-magnetic insulator at rest may now be 
written, with the dashes omitted, in the form 


div H = 0, div B = p, 

curl H = - D, curl P = ~ H 

0 c 


Here, H, F, D, and p now stand for the macroscopic average values, 
which can be determined experimentally. 

17. Specific Inductive Capacity. Refractive Index. 

i! specific inductive capacity K of the medium may be defined as the ratio 
of the total polarization D to the field strength so that JK ^B/F. Hence 

curlH=-®F, curlP=-l± 

0 c 


These equations give curl curl H — AH == curl 

AH--^H = 0. 
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We see therefore that electromagnetic waves will travel in the medium with the 
velocity c/ ViC, so that the refractive index of the medium relative to a vacuum 
is equal to ^K. Since P = Se?, where the S now indicates the vector sum of 
the products e§ for a unit volume, we have 


K-- 


.F-fP. 


^1 + 


r * 


The relation between Se? and F may be found if we suppose that the charges in 
the insulator are acted on by elastic restoring forces proportional to the dis- 
placements § from the normal positions. The force on a charge e will be the 
restoring force — a?, where a is a constant, the force Fe due to the macroscopic 
electric field, and the force due to any field arising from the other electrons and 
nuclei near. The actual field at a particle is the microscopic field there, and so 
is not necessarily equal to F. The field at the particle may be estimated by sup- 
posing that the small space around it, in which there are no other charges, may 
be regarded as a small spherical cavity in the medium with the particle at its 
centre. For the purpose of calculating the field in such a cavity we may regard 
the medium as consisting of a uniform distribution of positive electricity of density 
p, and a uniform distribution of negative electricity of equal density — p, so that 
the total density is zero. When the medium is polarized we suppose the positive 
electricity displaced relative to the negative in the direction of the polarization 
through a distance g given by P = p?. The field due to a polarized sphere at 
a point inside it is then equal to the field due to a positive sphere together with 
that due to an equal negative sphere, the distance between the centres of the 
two spheres being equal to The field due to a sphere of density p at a distance 
T from its centre is equal to ^7upr®/4:7rr^ or pr/3, so that the resultant field due to 
the two spheres is equal to — p§/3 at any point inside the two spheres. The 
field due to the charges on the walls of a spherical cavity in the medium is equal 
and opposite to that due to the sphere removed to make the cavity, so that the 

total field in the cavity is equal to F + ^ or F -f- ?. It is sometimes stated 

3 3 


that the field due to a sphere uniformly filled with polarized atoms all equally 
polarized in the same direction is equal to zero, but this statement is clearly 
erroneous. The demagnetizing field, for example, in a uniformly magnetized sphere 

is well known to be equal to ?, Where I is the intensity of magnetization. 

o 


If then we suppose that a charged particle in the medium can be regarded 
as being inside a small spherical cavity, then the force on it will be equal to . 
e(F 4- P/3), due to the macroscopic field F and the polarization P. 

In the case of a steady field F we have therefore 


This, with = 1 + ^ 
F 


e(F-l-P/3)--a5 = 0. 


and P — F (^ — 1), gives 


1 

^+2 



If the electric field is not steady, then it is necessary to take into account the 
inertia of the charged particles. We may suppose that the nuclei remain fixed 
so that only the electrons have to be considered. For a particular electron of mass 
m and charge e we have then (dropping the vector notation) 


+ e(F -j- P/3). 






If we assume for simplicity that a is the same for all the electrons, we get (since 
P — so that P = Xe'i = net,) 


nme\ — — + ne^{F + -P/S) 


or 


mP = aP H- ne^ (P + P/3), 


where n is the number of electrons in unit volume. Taking F — FqzW^ and 
P = PqZ^p^', we get 

- mp^P^^ = — aPo + ne^F^ + PJ3), 


so that 


x=i+J=i 



Thus the specific inductive capacity and so the refractive index Vp vary with 
the frequency p/2Tr. In this way a satisfactory explanation of the phenomena of 
dispersion can be deduced from the electron theory. By introducing a frictional 

force on the electrons porprotional to the velocity absorption can also be ex- 
plained. These questions are more fully discussed in works on Light. 


18. Equations for a Ferromagnetic Substance at Rest. 

So far we have supposed the medium to be a non-magnetic insulator 
at rest. In the case of a ferromagnetic substance, on the electron theory, 
it is supposed that the atoms contain electrons describing orbits in 
such a way that the atoms have a magnetic moment, or else that the 
atoms contain spinning electrons which have a magnetic moment. 
The magnetic moments of the atoms are assumed to be practically 
constant, and the magnetic properties are explained by the way in 
which the magnetic atoms are arranged. This question is discussed in 
the chapter on Theories of Magnetism. Here we shall consider the 
macroscopic electromagnetic equations for a ferromagnetic substance 
at rest. In the case of the non-magnetic insulator we supposed that 
the charges could be regarded as neutralizing each other in the absence 
of an electric field. The normal position of an electron can be regarded 
as its average position over a time long compared with its period of 
revolution in its orbit, and the displacement ? as a displacement of 
this average position. This rather crude procedure will evidently not 
suffice in the case of a ferromagnetic substance, because the magnetic 
moments of the atoms are produced by the orbital motion. The macro- 
scopic value of pV given by 

does not include the orbital motion of the electrons, because the voliime 
/S is supposed to include a great many atoms, so that the orbital motions 
will cancel each other since they are as likely to be in one direction as 
in the opposite direction. The magnetic properties are due to micro- 
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scopic convection currents although the macroscopic convection current 
is zero. 

If an electron is describing an orbit of area a with frequency n 
the average current round the orbit is ne, so that the average magnetic 
moment of the orbit is nae/c. The intensity of magnetization due to 
such orbits is therefore given by 

I = 'Enealc, 


where the S indicates the vector sum of the moments of all the orbits 
in unit volume. 

A uniformly magnetized bar may be compared with a closely 
packed bundle of solenoids each of small cross-section. The magnetic 
field in a uniform solenoid wound with n turns of wire per unit length 
is equal to tiC/c, where C is the current in Heaviside electrostatic units. 
The magnetic moment of the solenoid is equal to Cncdlc, where a is 
the cross-section of the solenoid. The magnetic moment per unit volume 
of the solenoid is therefore equal to Gn/c, which is equal to the field 
strength in the solenoid. Thus the average field strength in a magnetized 
substance due to the magnetization is equal to the intensity of mag- 
netization. The total macroscopic field strength or the magnetic in- 
duction is therefore B = H -f I, where H is the field due to external 
sources. The induction B is simply the average magnetic field, so that 

The current D/c, however, does not include the 

microscopic orbital currents, so that a term to represent them must be 
added. The macroscopic equations for a magnetic insulator at rest are 
therefore 

div B = 0, div D = p, 


B=: H 




1 • 

curl B = - D + curl I, curl F = ■ 


Ib. 

c 


The third equation is equivalent to curl H == D/c, where H is the part 
of the magnetic field inside the substance not due to the local magnetiza- 
tion. It may be defined in the usual way as the force on a unit pole 
put in a long narrow cavity in the medium, the sides of the cavity being 
parallel to the direction of magnetization. This division of the magnetic 
field into two components I and H is arbitrary, but it is convenient, 
because of the difficulty of dealing with the orbital convection 
currents otherwise than by saying that they produce the mag- 
netization I. 

We may remark here that, according to the recent new developments 
of the quantum theory, the charge of an electron describing an atomic 
orbit is regarded as distributed all round the orbit, so that the orbit 
is really much more nearly equivalent to a steady current of moment 
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neajc than it would be if the charge e were concentrated at a 
point. 

If we assume the permeability /a = B/H to be a constant, and put 
D = ZF, the equations become 

div H = 0, div K'E = p, 

curl H = jRlF/c, curl F = — ptH/c. 

These equations give 

Ah = — curl curl H = — curl (jK’F/c), 

sothat AH — ^H=0, 

which shows that electromagnetic waves travel in the medium with 
velocity cj [ jlK, so that the refractive index is equal to x/ fxK. 

So far we have considered the substance to be an insulator. If it 

is a conductor, then the conduction current must be added to D in the 
third equation. If the conductivity is a, the conduction current, which 
of course is a convection current or stream of electrons, is equal to 

o-F. 

19. Eguations for a Moving Medium. 

If the material medium is not at rest, as we have hitherto supposed it to be, 
then it is necessary to add new terms to the electromagnetic equations to take 
account of the convection currents due to the motion. If W denotes the velocity 
of the medium then there is a convection current W p due to the charge per unit 
volume. This charge p, as before, is the measurable charge and does not include 
the charge due to the polarization. The variation of the polarization P gives a 

current P/c as when the medium is at rest, but in addition the motion of the 
polarization with the medium produces a magnetic field. The value of this field 
may be calculated by regarding the polarized medium as consisting of a series 
of electrical double layers, each layer having a positive charge S per unit area 
and a negative charge — S separated from the positive layer by a distance 5* 
The moment of a layer per unit area is then S%, so that P == where N is 
the number of layers per unit length. When the medium is moving with velocity 
W the double layers move with velocity W sin0 parallel to themselves, where 0 
is the angle between P and W. There is then a convection current /SW sin0 
per unit length along the positive layers, and — sin0 along the negative 

layers. These currents give a magnetomotive force in the layers equal to -/STf sin0 

c 

in a direction perpendicular to P and to W. The average strength of this force 

is therefore - iV^ /SW sinO, or - PW sinO. The force is therefore equal to the vector 
c c 

product of P and W into - , or i [P • W]. 

0 ^ 

The equation curl H = ^ D 
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for a non-magnetio insulator at rest becomes therefore 

curl (H — [P • W]) = 1 (D pW + Fa), 
c 

or curl H = -? (D + pW + Fa + curl [P-W]) 

c 

for a non-magnetic conductor moving with velocity W. D is the displacement 
current, pW the convection current, Fa the conduction current, and curl [P * W] 
the convection current due to the motion of the polarization. The equations 

div D = p, div H = 0, and curl F = — - - H 

c 

rem8,in unchanged. 

In the case of a ferromagnetic body moving with velocity W we may regard 
the electron orbits as equivalent to magnetic doublets, and so the magnetization 
I may be considered equivalent to a series of magnetic double layers. The motion 

of these double layers produces an electromotive force equal to — - [I * W], just 

-I c 

as the electrical double layers give a magnetomotive force - [P • W]. The eqiuv* 
tions for a magnetic moving body are therefore ^ 

divB = 0, divD = p, 

curl B = 1 (i) + pW + Fff + curl [P • W]) + curl I, 
c 

curl P = - i (B + curl [I • W]). 

c 


There is no magnetic convection current analogous to pW or magnetic conduction 
current analogous to Fa. Here B, usually called the magnetic induction, is 
really the macroscopic magnetic field strength in the medium. 

For an uncharged non-magnetic insulator moving in a constant electric field 
we have D = 0, p W = 0, and Fa = 0, 


so that 


curl H==i curl [P-W], 


or 


H = ilP-W]. 

c 


The motion of an insulator in an electric field should therefore produce a magnetic 
held. This effect was detected by Rontgen by spinning a circular disc mad© of 
an msulator between the plates of a charged condenser. He obtained a magnetic 
field equal to that calculated. 

When a material medium is moving in a magnetic field there is a force on the 

charges in the medium equal to i [W • H] per unit charge, due to the motion of 

c 

the charges m the magnetic field. The polarization P when the velocity and the 


field are constant is therefore given by P = ( Z- l) (F -f ^ [W - H]), because the 
equal to.F(Z- 1). The eleotnoal displacement D = P + F is therefore given 
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D=(Z-l)(F + i[W-H]) + F 

c 

= EF + [W • H]. 


If F is zero, then D = ^ [W • H]. 

In the absence of a magnetic field an equal displacement would be produced bv 
a field F' given by ^ 

£F'=^^[W-H], 

c 

that 'p'’— ^ ~ ^ [ W • H ] ^ 

K c 

This may be regarded as an electromotive force induced in the insulator by the 
magnetic field. The induced .E.M.F. in a conductor moving in a magnetic field 

is equal to ^ [W * H], so that the induced E.M.F. in an insulator is to that in a 

conductor as iC 1 is to K. This induced E.M.F. in an insulator moving in a 
magnetic field was measured by the writer in a hollow cylinder of ebonite rotating 
in a magnetic field, and was found equal to the value indicated by the electron 
theory. 

In the case of a magnetic insulator the displacement D with F zero is 

[W>I3. 

c c 

This result is obtained by putting B for H in the expression for D in a non- 
magnetic insulator when F is zero, and adding on the displacement corresponding 
to the induced E.M.F. due to the motion of the electron orbits or equivalent 
magnetic doublets. The field F' to give an equal displacement is therefore given 

KF' = [W -B] + 

C c 

Putting I = 1 b, this gives 

[W-B] 

[iK c 

This result was verified experimentally by M. Wilson and the wTiter by measuring 
the induced E.M.F. in a cylinder consisting of small steel balls embedded in wax, 
rotating in a magnetic field. This medium was used because no insulator is known 
for which the permeability differs appreciably from unity. 

20. Metallic Conduction. 

On the electron theory some of the electrons in metallic conductors 
of electricity are supposed to be free to move about inside the material 
of the conductor. These free electrons are set in motion by an electric 
field, so producing a current. 

The free electrons are usually supposed to be moving about inside 
metals like the molecules of a gas. In the absence of an electric field 
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as many move in one direction as in any other direction, so that on the 
average the current is zero. The electrons collide with the atoms, and 
we may suppose that the average distance between collisions or length 
of free path is A. We may also suppose that after a collision with an 
atom the velocity of an electron is as likely to be in one direction as 
another, so that the average velocity of a large number of electrons 
which have all just had a collision is zero. 

If there is an electric field of strength J in the metal, the force 
on an electron due to it is Fe^ so that if there are n free electrons^ in 
unit volume then the rate at which their momentum in the F direction 
increases owing to the field F is Fen. Let u denote the average value 
of the component of the velocity of an electron in the F direction, so 
that mnu is the momentum of the electrons in unit volume in the F 
direction. If V denotes the average value of the resultant velocity of 
the electrons taken without regard to direction, the number of collisions 
in unit volume in unit time is nV /A, so that, since on the average the 
electrons lose their F momentum at each collision, the rate of loss of 
F momentum due to collisions is nV mu jX. Hence in a steady state we 
have Fen = nVmujX, or 

- FeX 


The current density i is therefore given by 


i = next 


Fne^X 

mV 


The conductivity of the metal 



ne^X 

mV 


This simple theory accounts for Ohm’s law, since iocF, If we sup- 
pose that the heat conductivity of a metal is due to the free electrons, 
then we can easily obtain a relation between the electrical and thermal 
conductivities. We may suppose that the average kinetic energy 
\mV^ of the electrons is proportional to the absolute temperature T 
as for the molecules of a gas on the kinetic theory, so that 
\ynV'^ — aT, where a is a constant. The heat capacity of the elec- 
trons in unit volume is then na. According to the kinetic theory the 
thermal conductivity of the electrons, supposing they conduct heat 
like a gas, is approximately ^A7m*, so that the ratio of the thermal 
to the electrical conductivity should be approximately 

^XVna _ 

m^XImV ®Ve/ ’ 

since mV^ = 2aT, and 7 and 7 do not difier much. 

* Cf. J. K. Roberts, ffcat and Thermodynamics^ Chapter XI, Section 8. 
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It is found experimentally that the electrical resistance of metals 
is roughly speaking proportional to the absolute temperature T and 
that the thermal conductivity is nearly independent of T, so that the 
ratio of the two conductivities is nearly proportional to the absolute 
temperature, in agreement with the theory. Also for most metals the 

ratio as found experimentally is not so very different from 

These results and Ohm’s law may be said to support the free elec- 
tron theory of metallic conduction. However, there are many other 
experimental results which are not in agreement with this theory. 

When a current is passed along a bar and one end of the bar is 
kept at a higher temperature than the other end, then to keep the 
temperature constant additional heat is required on account of the 
flow of electricity. Let the current be (7, so that Oje electrons cross 
any section of the bar in unit time. If we suppose each electron has 
kinetic energy aT then the additional heat required in unit time will 

be G- {T 2 J’l), where 2^2 .Ti is the temperature difference between 

the ends of the bar. The electrons move in the opposite direction to the 
current C, so that if the current is in the direction of rising temperature 
the amount of heat required will be negative. The specific heat of the 
electricity may therefore be said to be — a/e according to this theory. 
Measurements of the specific heat of electricity in different metals 
show that it is positive for some metals and negative for others and 
in all cases much smaller than a/e. It is therefore probable that the 
free electrons in metals, if there are any such, have much less kinetic 
energy than aT. This conclusion is confirmed by the fact that the 
specific heats of metals are about what we should expect if the electrons 
do not take up any appreciable heat energy as the temperature rises. 


21. Hall Effect. 

When a bar carrying a current is put in a transverse magnetic field 
it is found that a small electric field is produced along lines perpen- 
dicular to the current and to the magnetic field. This is known as the 
Hall Effect. The mechanical force on the bar is Hi per unit volume, 
where 2/ is the magnetic field strength and i the current density. This 
force is produced by the force on the electrons as they move across the 
field. The electrons in unit volume therefore receive momentum equal 
to ill unit time in the direction of the force Hi, which of course is 
perpendicular to H and %. Since the electrons are prevented from moving 
out of the bar by the attractions of the positive nuclei, an electric field 
is set up perpendicular to H and i which gives to the electrons mo- 
mentum equal and opposite to that due to the magnetic field. In this 
way the force Hi is transferred from the electrons in the bar to the bar 
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itself. If this transverse electric field is denoted by F then we should 
have Fne = Hi, where n is the number of free electrons in unit volume 
and e is the charge on each electron. According to this, F should be 
in the same direction in all metals, but it is found that in some metals 
F is in the direction indicated by the theory and in others it is in the 
opposite direction. Also in liquid metals F is too small to be detected 
although they conduct quite well. The theory therefore fails to account 
for the observations on the Hall Effect. 

It is found that the electrical resistance of a wire is increased when 
it is put in a magnetic field. The increase is nearly proportional to the 
square of the field strength. No satisfactory explanation of this effect 
is offered by the electron theory. 

22. Modifications made by Quantum Theory. 

It seems probable that the idea that metals contain free electrons 
moving about like the molecules of a gas is entirely erroneous. Instead 
we may suppose that the electrons describe stationary orbits round the 
atomic nuclei in accordance with the quantum theory. The energy of 
the electrons associated with these orbits is independent of the tem- 
perature and no radiation is emitted by the electrons in the orbits. 
An electron in any orbit is supposed to tend to jump into a near-by 
vacant orbit if the jump results in a decrease of energy. The energy 
difference is supposed to be emitted in the form of radiation. 

Consider a metal in which there is an electric field X along the 
X axis. Let be the x co-ordinate of any atom A and a?2 that of 
another atom B. The energy associated with any electron orbit in 
A will be greater than that associated with the corresponding orbit 
in B by Xe{x2 — x^. Thus if the orbit in B is vacant an electron 
in the orbit in A will tend to jump from A to iB if the energy differ- 
ence is positive, and the energy difference Xe {x^ — x^ will be emitted 
as radiation if the electron does jump. The electric field will therefore 
set up a motion of the electrons in the direction opposite to that of 
the field, so that there will be a current in the direction of the field. 
If A denotes the average value of — cci, and N the number of jumps 
per unit volume per unit time, then the current density i will be given 

i=-NXe. 

The energy of the radiation emitted per unit volume per unit time will 
be NXeX = iX, and we may suppose that the radiation is absorbed 
by the metal and converted into heat energy. 

If there is a magnetic field H perpendicular to X then the momentum 
given to an electron, during a jump, by the magnetic field will be 

He I xdt = He {x^ — cci). 
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We may suppose that this momentum is received by the atom into 
which the electron jumps. The momentum received by the metal per 
unit volume per unit time will therefore be NHeX, or Hi, so that there 
will be a transverse force on the metal due to the magnetic field equal 
to Hi, The magnetic field does not affect the energy differences 
Xe{x2^ — ^i)j siiice it does no work on the electrons, so that on this 
theory if we assume that the jumps depend solely on the energy 
differences we should expect no Hall Effect and no change of resistance 
due to a magnetic field. The specific heat of the electricity should be 
zero, since the energy associated with the orbits is independent of the 
temperature. The very small Hall Effects, resistance changes, and 
specific heats of electricity which are observed in most metals are 
probably secondary effects due to the heterogeneous character of the 
crystalline structure of the metals. In liquid metals these effects are 
probably entirely absent. We may suppose that the probability of an 
electron jumping from one orbit to the corresponding vacant orbit in 
another atom is proportional to X, so that we may put N — N-^X, 
where N-^ is the value of W in a field of unit strength. Hence i — N-^XXe, 
so that the conductivity of the metal is N-yXe. 
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CHAPTER II 

Theories of Magnetism 

1. Magnetic Moment due to Moving Electrons. 

As regards their magnetic properties substances are usually classi- 
fied as diamagnetic, paramagnetic, or ferromagnetic. Diamagnetic and 
paramagnetic bodies have constant permeabilities difiering little from 
unity. For diamagnetic bodies the permeability is slightly less than 
unity, and for paramagnetic bodies slightly greater than unity, 
Ferromagnetic bodies have large permeabilities which vary with the 
magnetic field strength. 

According to the electron theory the magnetic properties of all 
substances are attributed to the motions of the electrons which they 
contain. Magnetic effects due to the heavy positive nuclei are pre- 
sumably negligible. The electrons may be describing orbits inside the 
atoms, or may be free electrons moving about between the atoms, or 
they may be spinning about an axis through their centres. 

The magnetic moment of a small plane circuit carrying a current 
G is equal to the product of the area of the circuit and the current. 
An electron with charge e, describing a plane orbit of area a with fre- 
quency V, may be regarded as equivalent to a circuit of area a and 
current ve, so its magnetic moment is equal to aev* The direction of 
the magnetic moment is perpendicular to the plane of the orbit. 

Suppose that a substance contains n electrons per unit volume, all 
describing plane orbits, and that a is the area of an orbit and v the 
frequency of revolution of the electron in it, then the components of 
the magnetic moment of the substance per unit volume or its com- 
ponent intensities of magnetization parallel to rectangular axes x, y, z 
are 

SaevI, Haevm, Haevn 

respectively, where Z, m, n are the direction cosines of the normal to 
the plane of an orbit. It is understood that the sign S indicates the sum 
of the quantities like aevl for all the n electrons. The magnetic moments 

Of. Chap. I, section 18. (In the present chapter ordinary units ^are used, not 
Heaviside units (Chap. I, section 2), and e is in electromagnetic, not electrostatic, 
units. 

SO 
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of any spinning electrons naay be supposed included in this summation 
by making a equal to the mean area described by the electricity in the 
electron. 


2. Theory of Diamagnetism. 

The theory of diamagnetism is closely related to that of the Zeemann 
Effect. In the chapter on the Quantum Theory, in connexion with the 
Zeemann Effect, it is shown that the equations of motion of an electron 
relative to fixed axes, in the absence of a magnetic field, retain very 
approximately the same form in the presence of a magnetic field 
provided the axes are supposed to rotate with angular velocity 
<jo = Hel2m about the direction of the field. Here e is the charge and 
m the mass of an electron. 

We see from this that when a magnetic field is produced in a sub- 
stance in which the electrons are describing orbits in fields of force, 
the orbits in the field will be the same relative to axes rotating 
about the direction of the field with velocity m = i?e/2m as they were 
relative to fixed axes before the field was applied, provided that the 
application of the magnetic field does not move the fields of force. 

Ill diamagnetic substances it is supposed that the atoms have zero 
magnetic moments in the absence of a magnetic field, so that the field 
does not tend to move them. A field H, along the x axis, therefore 
produces an intensity of magnetization along the x axis equal to 
—TiaecjP 12 'jt, since the frequencies are changed by + coll2Tr. The nega- 
tive sign is correct, because an increasing magnetic field tends to induce 
currents which produce a field opposite to the inducing field. Hence 
the electrons in orbits which give a field opposite to the field H will be 
accelerated, and the electrons in orbits giving a field in the same direc- 
tion will be retarded. 

The permeability of the substance is therefore (since = B 
= H + IttI) given by 

m 


= l-iSae2?2. 
m 


If we suppose that the normals to the orbits are distributed so that 
as many point one way as any other way, then the mean value of 
will be 1/3, and we have 




3m 


2a. 


For example, a solid body having 10^^ atoms per cubic centimetre each 
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containing one electron orbit of area 10"^® sq. cm. would luu'o a par- 
meability given by 

^ ^ 10-^ X 10"“^® =1 — 10“^ about. 

om 

The susceptibility (/c) is defined to be so that 

4-77 


The value of /c/p, where p is the density of the substance, is inde- 
pendent of the temperature for most diamagnetic bodies, and it is 
independent of the field strength also. The motion of the electrons iri 
heir orbits is independent of the temperature according to Jiolir'.s 
quantum theory. ® 

3. Magnetic Effect of Free Electrons. 

V „ !* velocity components of an electron parallel to 11ii. mvon 

motion of an electron are^ten^“ ^ parallel to the s axis. The equations of 

mu — Hei\ mv= -- Eeu, mw = 0. 

These equations give, putting Hejm = co, 

M = ,.4 sin (cot + a), » = ^ cos(co< + a), 

where = 242 -l 

If, d„„w .w ^ ^ 

P m {vx uy) = m ,xA cos (oyf + oc) — yA sin (oi + a) J . 

Let or, y, be the co-ordinates of the electron at the time t = 0 , so that 

^ = ai, + dco 3 a-icos(«t-fa). 

Hence ^ = + „). 

P = ^n!A^ cos(.t -f oc) - sinfcot + «) + | (eoscot - 1 ) }. 

moig ^th^he*imeldLrty feXS” °f in 'mit volum,. nil 

of a gas. For each electron let t L Z Sf. ® 'iko the m Wu I k 
pve Its position at its last cohisfon 

- axis of the « electrons rviU then nh'oi'ft 

etna ID 18 ea,sv 
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sums of the first two terms in the expression for p will give zero, so that 


Sp = wS — (cosco^ — 1). 


c mA^ 
o> 

niA^ 


The mean value of (ooscoi - 1) during a free path of duration v is 


/■’■(coacoi - l)dT = _ 1 \ 

CO V 0)T )' 


The M™ber of free paths with times between t and t + dr out of a total number 
N IS Nz I d^jT,* where T is the mean value of t. 

The average value of j _ 1 1 jg therefore 
Cii t OiT J 

r .\s~''''^r--- (^J^- l\dr=- 
J 0 CO \ COT ) '' 1 + COSTS' 


Hence 




' T~{- 




But since the velocities are as likely to be in one direction as another, the 
average value of must be f so that 


Putting X = VT, we get 


^ n-mcoV^T^ 

> nmaT? 

U + co^X^/F^’ 


electrons with this angular momentum will produce a mag- 
netio field along the z axis m the opposite direction to the field H. ^ 

fi w u ®'rru circular cross-section with its axis parallel to 

t?! .1 ^ momentum and magnetic field due to the motion of 

th! “^^‘^rons in this bar will be equal to those due to a current circulating round 
; ™ perpendicular to its axis. Let this current be 

ength s-lung the axis and let the number of electrons carrying it be 
iV per unit area. The angular momentum of these electrons about the axis of 

f o TFe angular momentum per unit 

volume IS therefore 2v: rW mvliz r- = 2Nmv. Also i = Nev, so that 2Nm,v = 2mi /e. 
ihe magnetic moment of the current is nrH, so that the intensity of magneti- 

7 angular momentum per unit volume is therefore 2m//e, 

wJiere I is the mtensity of magnetization. Hence 

2m ® 1 + oisjra 

The susceptibility x is therefore, since co = He/m, 

ne^\^ 




’ot( 1 + w=T2) 

In most oases coT is small compared with unity, so that approximately 


x = - J 


llfi2X2 


genirllly Cd'by Napierian logarithms, 

( B 814 ) 


4 
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This result is similar to the result previously obtained for electron orbits of area 
a, since nX^ is obtained instead of Sa/ 47 t. 

The diamagnetic susceptibility due to the free electrons in metals may be 
of the same order of magnitude as that due to the electrons describing orbits, 
but there is no way of estimating the relative values of the two. 

A series of interesting papers on the properties of diamagnetic bodies has 
been published by Oxley.* He finds that there is a decrease of susceptibility of 
about 5 per cent on passing from the liquid to the solid state. To explain this 
be supposes that there is a molecular field in crystalline solids due to the rec^ular 
arrangement of the atoms which modifies the electron orbits, so that they are 
not the same as in the liquid state. This molecular field is estimated to be equi- 
valent to a magnetic field of several million gauss, and it serves to explain the 
tensile strength of solids and the change of density on solidification. For details 
tbe original papers may be consulted. Cp. section S. 

4. Paramagnetism. The Magneton. 

Paramagnetism^ is explained by supposing that the atoms have 
permanent magnetic moments. The magnetic moment of an atom is 
the vector sum of the^ moments of its electron orbits and spinning 
elutions. ^ When this is zero in the absence of an external field the 
substance is diamagnetic, and when not zero it is paramagnetic. The 
enect of the magnetic field on the electron orbits which produces 
diamagnetism must also occur in paramagnetic substances, but it is 
usually too small to be appreciable compared with the paramagnetic 
eltect of the permanent moments of the atoms. 

It has been supposed that the atoms, electron orbits, spinning 
electrons or other magnetic units supposed to be present in magnetic 
bodies always have moments which are exact multiples of an atomic 
unit of magnetic moment which is called a magneton. Several mao-- 
netons have been suggested, and many experimental results have been 
^blished which seem to support the view that magnetons exist, 
^owever, very accurate results are necessary to prove that a quantity 
IS always a multiple of a definite atomic nnit. This is especially the 
case when rather large multiples of the unit may occur. The idea of the 

magneton seems to be of doubtful value as far as can be judged at 
jp^^sent. 

5. Langevin’s Theory of a Paramagnetic Gas. 

? paramagnetic gas was worked out by Langevin in 
1905, and this theory has been the basis of most of the subsequent 
theoretical work on magnetism. Langevin supposed each molecule 
ot the gas to have a fixed magnetic moment M, and the density of the 
gas to be so small that the mutual action of the molecules could be 
charged partid supposed to contain rapidly revolving 

If 6 is the angle which the magnetic axis of a molecule makes with 

*PUl. Trans., 214 A, p. 109; 215 A, p. 79; 220 A, p. 247. 
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the direction of the external magnetic field H, then AfS cos/9 will be 
the^ resultant magnetic moment per unit volume or intensity of mag- 
netization I, where the sign S indicates the summation of the values 
of COS0 for all the molecules in unit volume. 

The problem is to find the value of S cos5 as a function of H and 
the absolute temperature T. In Chapter V on the quantum theory 
the equilibrium distribution of energy among a large number of similar 
systems, such as atoms, each of which is supposed to be only capable 
of having energies EI ^, is considered. It is shown that the 

number having energies equal to E^^, is proportional to where 

h is the gas constant for one molecule and T the absolute temperature. 
Hence if the energy is supposed to be capable of continuous variation 
the number having energies between E and E -|- dE must be pro- 
portional to 

In a magnetic field H the potential energy of a molecule is 
MH{1 — cos9), where M is the magnetic moment and 6 the angle 
between H and the magnetic axis. Thus we may take for dN, 
the number of molecules in a unit volume for which 6 is between 
0 and 0 + de, sin0 dd, 

where 0 is a constant, since dN is proportional to and 

E = MH (1 - COS0) so that dE = MH sinS dd. 

To determine C we- have 

N=of aoneilfT suiddd. 

J 0 

Let cos0= X, so that sinddd = — dx, 
and 

Hence C — 


NHM 


The magnetic moment per unit volume or intensity of magnetization 
is therefore given by 

SMcosd = Z= cosd sing d9 


kT{ 


or 


HMjlcT 


llMikT 


^-HMIkTSj 


JiM/kT . 


Hence 


I — NM I coth 


_j_ g-mi/kT 


kT 1 
"HMf 


= lVMLoMHM\_kn 
[ \kTJ HMl 


According to this, when HMfkT is large, as at very low temperatures, 
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and when HMjkT is small, as is usnally the case, 

, NMm 

^ UT ’ 

so that the susceptibility is 

_N3P 

UT' 


It ^as found by Curie that the susceptibility of most paramagnetic 
substances is approximately inversely as the absolute temperature, in 
agreement with Langevin’s theory when EM jJcT is small. 


6. Extension of Langevin’s Theory to Solids and Liquids. 


Langevin’s theory may be supposed to apply approximately to solids and 
liquids as well as to gases, provided they have very small susceptibilities, so tliat 
the field due to the atoms is smaR compared with the external field H. 

The intensity of magnetization I is equal to the magnetic moment of the N 
molecules in unit volume so that, if <j denotes the magnetic moment of 1 gm. -mole- 
cule of any substance, then 


c — 


o^Mm 
UT ’ 


where ^^^is the number of molecules in a gram-molecule of the substance. R’he 
saturation value of c is Gm = so that putting R = as usual, we get 

SET 

This equation enables Gm to be calculated when g/H has been found at any tem- 
perature T. c/H is caUed the molecular susceptibility and may be denoted by y, 
so that y = g^^JZRT. 

The product yT is nearly independent of T and H for paramagnetic substance's 
at ordinary and higher temperatures. For example, for palladium Curie found it 
to be constant between 22° C, and 1370° C. However, it is found not to be (con- 
stant at very low temperatures. 

The foUowing are the values of y found for anhydrous manganese sulphate 
at different temperatures. ^ 


Absolute 

Temperature. 

X X 10^. 

X^x 108. 

14-4 

636 

9,160 

17-8 

627 

11,170 

20-1 

603 

12,100 

64*9 

315 

20,500 

77-4 

275 

21,300 

169*6 

144 

24,400 

293*9 

88 

25,900 


Thus the product yT becomes much smaUer at 


very low temperatures. 
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The following are the values of x for ferrous sulphate, TeSO^ + 7H„0. 


Absolute 

Temperature. 

X X 10“' 

xTx 101 

14*7 

756 

11,100 

20*3 

571 

11, BOO 

64-6 

191 

12,300 

77-3 

160 

12.400 

292-3 

42-4 

12,400 


In this case ^/T is much more nearly constant. 

More elaborate theories of paramagnetism than Langevin’s have been worked 
out by Gans and others. In these theories the mutual influence of the molecules 
IS allowed for. The molecules are regarded as producing a Held called the mole- 
cular held, which may be large compared with the external field H. The theory 
oi this molecular field will be considered under ferromagnetism. 


7. Modifications based on Quantum Theory. 


Modifications of Langevin’s theory based on the quantum theory 
have also been proposed by Keesom, Gans, Weyssenhoff, Eeiche, and 
others. The general idea underlying these theories is similar to that 
on which the quantum theory of specific heats is based. The average 
e^rgy of a gram-atom of a solid element on the classical theory is 
oic,r , which makes the atomic heat equal to or about six calories. 
At low temperatures the atomic heats are less than six and become very 
small near the absolute ^ero of temperature, showing that the energy 
per gram-atom is less than ZRT. 

According to Debye’s quantum theory of specific heats the energy 
per gram-atom of a solid element is given by 


«*— 1 


where i/i is a constant depending on the nature of the substance. When 
T IS very large this formula gives E= ZRT in agreement with the 
classical theory. 

Langevin’s formula, 

EM hT\ 

IT HMJ 


1= Ailf("coth ' 


with Z„; — EM., O',,, — and R = gives 



R£ 

Ea,n 


We see that o/o,„ is a function of Ha„,IRT, so that to obtain a quantum 
theory of paramagnetism we may replace RT in Langevin’s formula 
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by E/Z as given by Debye’s formula. The constant ifi appropriate for 
calculating specific heats will be different from that to be iised in the 
theory of paramagnetism, because paramagnetism depends only on the 
rotational oscillations of the molecules. 


This gives 



E 


where 




At very low temperatures E is small, so that coth 


E = 




iHa,, 

E 


1 and 


5 ^® 


Hence 


^ — O’/}?. 


If ZHctJE is small, we get 




-=^,soaatx=g 


By means of such quantum theories it is possible to explain the 
variation of a with the temperature at low temperatures. The theo- 
retical formulae contain constants the values of which are selected so 
as to make the calculated results agree as well as possible with the 
experimental residts. Under these circumstances, of course, the cal- 
culated results agree fairly well with those observed. 


8. Ferromagnetism. Weiss’s Theory. 

In Langevin’s theory of paramagnetism the magnetic molecules are 
supposed to oscillate in the external field H without any mutual action. 
Langevin’s theory has been modified by Weiss, so as to be applicable to 
ferromagnetic bodies, by supposing that in such bodies there is a 
inolecular field due to the mutual action of the magnetic molecules. 
This molecular field is assumed to be proportional to the intensity of 
magnetization I and directed parallel to it. Hence 

■wheie H,n denotes the molecular field strength and ^ is a constant 
depending on the nature of the substance. Weiss supposes that tlic 
magnetic molecules are arranged in sets or groups which may be small 
crystals of which magnetic metals like iron are composed, and that 
these groups are usually magnetized as strongly as possible even in an 
apparently unmagnetized piece of the metal. 

In an unmagnetized bar the magnetic axes of the groups are sup- 
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posed directed at random, so that the total magnetic moment of any 
part of the bar containing a large number of groups is jzero. An external 
field tends to make the magnetic axes of all the groups point along the 
direction of the external field, and when this has been accomplished the 
metal is magnetized to saturation. 

Weiss supposes that Langevin’s equation for a paramagnetic gas 
will apply to the groups of molecules in ferromagnetic bodies if H is 
replaced by the vector sum of H and ^7, so that 


7=iVil7|coth 


M{H + m 


kT 1 


The intensity of magnetization V of a group when B. is small com- 
pared with jSZ is therefore given by 

This equation gives V as a function of the absolute temperature T. 
To solve it, let ^ plot curves showing y = coth x — ^ 

r kT 

functions of x. Let x' be 
the value of x at which these 

curves intersect (fig. 1), so — 

that 

j,_^kTx' 

gives the intensity of mag- / 

netization of a group when / 

the external field is negligible. / # 

If a' denotes the magnetic ^ 1^ 

moment per gram-molecule ^ ^ 

for this case, then 0 -'= I' 

where is the number of molecules in a gram-molecule, so that 

since 3^ k — R, . 

^ pMNa' 

^ “ RT ' 

Now if (Till denotes the saturation value of a, i.e. the value of the 
magnetic moment per gram-molecule when H is very great, then 
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wiiere m is the molecular weight of the magnetic molecules and D the 
density of the substance, so that 

RTm * 
mRTx^ 


X 


Hence 




IT 

As the temperature is raised the slope of the line y~ 

creases, so that the value of x' diminishes xmtil a temperature is 

reached at which x' and therefore g' become zero. This is the critical 

temperature at which the ferromagnetic properties disappear. When 

/ 1 hT 

a? = 0, the curves y~ coth x and y— touch each other 

X pJSlVl^ 

at tte origin, so that dyjdx has the same value for both curves. 

When X is very small the equation 

y ~ coth a: — I 

X 

reduces to y = -, so that ^ and so at the critical temperature. T,, 
we have ^ 


or 

° * h ZBm 

With 

, _ mRTx' 

this gives 

T _ 3a' 

T Q X Gfji 

Now let 

7 p=S, and ^ = 6, 

so that 

X 

We have also 

<j)=~=z coth a;' — — • 

X' 

The equations 

r\ 

^ ~ T/ ^ ~ coth x' — 

Jj 

give 



fr depending on the nature of the 

particular substance considered, so that if the temperature is expressed 
fraction of the critical temperature, and the intensity of 


mag- 
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netization of tte molecular groups, in zero field, as a fraction of its 
saturation value, then the relation between these quantities so expressed 
should be the same for all substances. 

Now it is found that the constant ^ is very large, so that the mole- 
cular^ field is usually very large compared with the external field H. 
The intensity of magnetization of the molecular groups is therefore 
practically uninfluenced by the external field. It is therefore equal to 
a whatever may be the value of the external field, except near tlxe 
critical temperature, when a' becomes very small. The external field 
therefore merely acts by lining up the molecules in the groups so that 
they all point along the direction of the external field. According to 
this the saturation intensity of magnetization observed in strong 
external fields is not but o-'. Thus measurements of cr in strons: 

fields give a , so that it is possible to test the equation ci = coth -- 

experimentally. 6 ^cf> 

The curve in fig. 2 shows the relation between 9 and (j> given by this 

equation, and the points marked re- 
present the experimental results found 
by Weiss for magnetite in a field of 
8300 gauss. The agreement is good, 
but in the cases of iron, nickel, and 
cobalt the differences between the 
theory and the experimental results are 
greater than with magnetite. Thus 
the theory gives a fairly satisfactory 
explanation of the variation of the 
saturation intensity of magnetization 
of ferromagnetic substances with the 

temperature. 

The value^ of the constant ^ has been found by making measurements 
of the intensity of magnetization near the critical temperature, where 
is not too large compared with H for the effects due to H to be 

appreciable. Near the critical temperature is small, so 

that we have I = + ^1) _ 

ZkT 



With 






this gives 


H 


T, 

T~T, 


It was found by Curie that near the critical temperature the sus- 
ceptibility K = IjH for ferromagnetic substances is inversely pro- 
portional to T — T, in agreement with this equation, so that j8 can 
be calculated from such measurements of k. In this way it is found that 
p has the following values: 
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Iron 

3,850 

6,560,000 

Nickel . . 

12,700 

6,350,000 

Magnetite 

33,200 

14,300,000 

Cobalt . . 

6,180 

8,870,000 


The values given under are the values of the molecular field 
in the groups of molecules at the ordinary temperature. These values 
are much larger than the external fields which have been used, which 
are seldom greater than 30,000 gauss, so that it is clear that the external 
fields can make no appreciable difierence to F at ordinary temperatures. 

It is difB.cult to see how such enormous fields can be produced by 
the molecular magnets, and if such fields exist in the molecular groups 
it is difficult to see how the external field can line them up. 

The hypothesis of the molecular field has, however, been of great 
value, and it certainly enables many important magnetic phenomena 
to be explained. 


9. Weiss’s Explanation of Hysteresis. 

To explain the observed relations between the intensity of magnetization 
and the external field, and in particular the phenomena of hysteresis, Weiss 
suggested^ that the molecular groups which are supposed to be magnetized in 
random directions with intensity 7/ have their directions of magnetization reversed 
by a comparatively weak field in a direction opposite to the direction of magneti- 
zation. Let He be the field strength required to reverse in a group, and let 0 
be the angle between the magnetic axis of a group and the external field H. 
Then we suppose all directions of the magnetic axes of the groups equally pro- 
bable, so that half the groups will not be affected by the external field however 
strong it becomes. The other half will not be affected until H cos0 is greater than 
He, and then the directions of their axes will be reversed. 

All_ groups for which 0 is between w— 6 and iz will be reversed, where 
H c:OBd~Hc, and the resultant intensity of magnetization will be twice that 
due to these groups. Hence 


1= — I'j _ sinG cosG dO = -- sin^O, 


If 17 is increased from 0 up to a certain value and then diminished, I will remain 
constant at the value given by this equation as H is diminished, until H = ~ He, 
when it will begin to diminish with H. If the maximum value of H is much 
greater than Hq the maximum value of I will be 1^/2, and when H is diminished 
and reversed then I, when — H is greater than He, will be given by 


1 = 



In this case 1 will be zero when H= — \^2Hc, In this way an hysteresis 
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curve is obtained rather like the curves actually obtained with iron. Weiss 
also supposed that the molecular groups were magnetized slightly by the field 
H in directions perpendicular to their axes, and so obtained theoretical curves 
rather more like those found experimentally. However, it is clear that this 
theory of hysteresis is inadequate. 

10. Other Theories of Ferromagnetism. 

A theory of ferromagnetism similar to that of Weiss, but more elaborate, 
has been worked out by Gans. He assumes that in addition to the external field 
H and the molecular field (37 there is a third field jfzl. Gans supposes that the 
molecular field assumes different directions and that all directions are equally 
probable. This means that the molecular groups are continually changing the 
directions of their axes. The results of Gans’s theory are very similar to those of 
the theory of Weiss. 

A theory of the relation between H and 1 has been developed by Honda and 
Okubo. This theory is an elaboration of the classical theory of Ewing. They 
consider first a Ewing model consisting of nine magnets. These magnets are 
supposed placed on a square, one at each corner, one in the middle of each side, 
and one in the middle of the square. The magnets are supposed free to turn 
in any direction except in so far as they are influenced by the external field and 
their own fields. 

Honda and Okubo worked out the relation between the moment of such a 
group and the external field, and they then went on to consider the case of a large 
number of such groups orientated at random, which may be supposed to represent 
a ferromagnetic substance. They show that the relation between I and H for 
such a set of groups is very similar to that observed in soft iron. This agrees 
with the experimental results obtained long ago by Ewing, who showed that the 
magnetic properties of iron could be imitated by means of a large number of 
freely suspended small magnets equally spaced over a plane area. 

Ewing has recently developed a modification of his original theory. A group 
of small magnets equally spaced on a lattice has too much stability to represent 
the behaviour of soft iron in weak fields. When the magnets are lined up so 
that each north pole is opposite the south pole of the next magnet it requires 
a very strong field to reverse the direction of the group. Ewing therefore suggests 
a model of a ferromagnetic atom, which consists of a small magnet free to rotate 
in any direction surrounded by eight fixed magnets with their centres on the 
corners of a cube and their axes all directed towards the small magnet at the centre 
of the cube. He shows that this arrangement gives the movable magnet the 
desired small stability, since if its south pole is near one of the fixed north poles 
then its north pole must be near another fixed north pole. It is then very easily 
deflected from one such position to another. In a group of such atoms the mutual 
action of the movable magnets will be added to the action of the fixed magnets 
on the movable ones. Ewing considers that such a model may resemble an iron 
atom, and that it gives a better account of the relations between field and magnet- 
ization than his original model of equally spaced freely rotatable magnets. 

11. Magnetic Properties of Crystals. 

The magnetic properties of several ferromagnetic crystals have been 
carefully investigated by Weiss and others. The case of “ normal ” 
pyrrhotite, FeS, from Brazil, will be considered here. This crystal 
is much more easily magnetized in one direction than in any other. 
Taking this direction as the x axis, then in the yz plane there is a 
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direction, wEicli will be taken as the y axis, in which the crystal is 
much more easily magnetized than in the perpendicular direction. 
A field of about 15 gauss along the x axis is sufficient to reverse the 
direction of magnetization, and a field about double this produces 
saturation. The hysteresis loop for fields along the x axis resembles 
that obtained with very pure iron. Along the y axis a field of about 
730 gauss is required to reverse the magnetization and about 12,000 
gauss to produce approximate saturation. The crystal cannot be mag- 
netized to any extent along the z axis. 

The intensity of magnetization due to a field of 12,000 gauss or 
more in the xy plane, or the magnetic plane as it is called, is the same 
in all directions and is in the direction of the field. It is equal to 47. 
With weaker fields the intensity is 47 when the field is along the x 
axis but is less along y, and for intermediate directions has intermediate 
values with the direction of the magnetization nearer to Ox than the 
direction of the field. 

If Hy, Ez the components of the external field and 
ly, Iz those of the intensity of magnetization, then Weiss supposes that 
the total field, or resultant of the external field and the molecular 
field has components + ftZ., where 

Pjj, Pz are constants which, are unequal. Weiss assumes that the 
resultant intensity of magnetization is in the same direction as the 
resultant field, so that 


_ Hy Hz -\- ^zlg 

III I, 


■ a. 


The quantity a is nearly constant for weak fields. We have therefore 








L = 




'^-^x a-^z 

If H lies in the xy plane and makes an angle 6 with the x axis, then 
H cos8-\- cos^ H sind + ^yl am<f> 

I I siji^ 

where ^ is the angle between I and the x axis. Hence 

/ — ~ 9^) 

iPx — Py) sin^ cos^ 

The assumption that the intensity I is along the direction of the resultant 
field IS equivalent to supposmg that the axes of the molecular magnets 
are syi^etrically arranged about this direction. 

in obtained for fields 

matefv f that the experimental results agree approxi- 
mately with these formula. The value of is found to be IBll 
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and that of is 3200. The saturation value of I is 47. The 

assumption of the existence of a molecular field enormously greater 
than the intensity of magnetization is difficult to justify, but it appears 
to give results in agreement with the facts. This field of course may 
represent forces on the molecules of other than magnetic origin. 

The magnetic properties of magnetite, Pe 304 , hematite, Pe^Og, 
and of iron crystals have also been studied. They are somewhat more 
complicated than those of pyrrhotite. 

12. Magnetization and Rotation. 

Since the magnetic moment of magnetic atoms or molecules is 
supposed to be due to electrons describing orbits in them, or possibly 
to spinning electrons, it is clear that a magnetic molecule must have a 
moment of momentum about its magnetic axis. It was shown in section 
3 that the angular momentum due to free electrons is equal per unit 

volume to 21 where I is the intensity of magnetization, m the mass, 

and e the charge of an electron. It can easily be shown that this result 
is true for magnetization due to electrons describing orbits of any 
kind. According to this, when a bar is magnetized it acquires internal 

angular momentum 27 ~ per unit volume. Since the total angular 

momentum of the bar must remain constant provided there is no couple 
acting on it, we should expect the bar to be set rotating about its 
magnetic axis with angular momentum equal and opposite to the 
internal angular momentum. This was pointed out by 0. W. Richardson 
in 1914. The effect has since been detected experimentally by Einstein 
and Haas, and has been carefully measured by several observers. It 

is found that the observed effect is equal to 7 ~ instead of 27 ~ as pre- 

e e ^ 

dieted by Richardson. The converse of Richardson’s effect was dis- 
covered by Barnett in 1915. He showed that when a bar of iron is set 
rotating about its axis it becomes slightly magnetized. 

13. Measurement of Magnetic Moment of Atoms. 

Stern and Gerlach have introduced a new method of measuring the 
magnetic properties of atoms, and this method has already given 
very interesting results. Vapour of the substance to be investigated 
is allowed to pass through a narrow slit into a vacuum. The molecules 
move along straight lines in the vacuum, so forming a diverging beam. 
By means of a second slit parallel to the first a narrow nearly parallel 
beam is obtained. This beam is passed between the poles of a magnet 
which gives a strong field perpendicular to the plane containing the 
slits. The field strength is made to vary as rapidly as possible along 
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the direction of the field. After passing through this field the molecules 
fall on a screen on which they are condensed and make a visible 
mark. In this way the deflection of the molecules by the magnetic 
field can be measured. 


Take the x axis along the original direction of the stream of mole- 
cules from the second slit and the y axis along the direction of the 
magnetic field. If M denotes the magnetic moment of a molecule then 


the force on it due to the field is where My denotes the y com- 

ponent of M. The deflection due to the field is therefore given by 


, My dH P 


where A is the mass of the molecule, v its velocity, and I the distance 
from the second slit to the screen. 

The average value of can be calculated from the temperature of 
the vapour, so that My can be deduced from the deflection. 

In this way it was found that the atoms of copper, silver, and gold 
have magnetic moments of about 9 X 10 Some of the atoms were 
deflected in the direction of the magnetic field as though they had 
moments + 9 X 10"”-^, and others were deflected equally in the 
opposite direction as though they had moments — 9 X 

According to Bohr’s quantum theory, the plane of the orbit of the 
outer electron must be perpendicular to the magnetic field and the 
electron may revolve round the orbit in either direction. The angular 
momentum of this electron according to the quantum theory is A/ 27 r, 
where h is Planck’s constant. Hence for a circular orbit of radius a 
we have mva = + A/2'7r, where v is the orbital velocity. The mag- 
netic moment is the frequency ^/27ra multiplied by the electronic 

charge e and the area of the orbit, so that M = — ~ eiraP = 

li6 2 

But = + 7i/27rm, so that Af = + — - according to the quantum 

theory. We have A = 6*55 X 10-27 and e/m= 1-77 X 10^ so that 
M= 9*21 X 10“2i^ which agrees well with the values found experi- 
mentally. The magnetic moment hejirrm is sometimes called the 
moment of a Bohr magneton. 
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CHAPTER III 
Thermionics 


1. Experimental Phenomena. 

When a body charged with electricity is heated to a sufficiently 
high temperature the electricity leaks away and the body becomes 
discharged. The branch of physics dealing with 
•such phenomena was called thermionics by 0. W. 

Richardson, to whom our knowledge of it is largely 
due. 

A simple form of apparatus for studying ther- 
mionics is shown in fig. 1. A loop of wire AB of 
tungsten, platinum, or any other metal having a 
high melting-point is supported by two platinum 
wires EF sealed into a glass bulb as shown. The 
loop is surrounded by a metal cylinder CD sup- 
ported by wires sealed through the glass at the 
lower end of the bulb. A tube T connects the 
bulb to apparatus for producing a good vacuum 
in it. 

The loop can be heated by passing a current 
through it, and its temperature can be found from Fig. i 
its resistance or by means of an optical pyrometer. 

The cylinder is connected through a galvanometer to one terminal 
of a battery by means of which any desired potential difference can be 
maintained between the loop and the cylinder. The other terminal of 
the battery is connected to one of the wires E and F. If a good vacuum 
is maintained in the bulb, that is if the gas pressure in it is kept below 
•say 10“”^ of a millimetre of mercury, then on raising the temperature 
of the loop it is found that a current is indicated by the galvanometer 
when the loop is negatively charged, but that there is no current when 
it is positively charged. 

Negative electricity escapes from the wire to the cylinder when the 
wire is hot enough, but not positive electricity. The galvanometer 
indicates a negative current flowing into the cylinder when the cylinder 
is at a higher potential than the wire. 

The current obtained depends on the temperature and on the 
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potential diference. If the temperature is kept constant, and the 
potential difierence gradually increased from zero, then the current 
at first increases rapidly with the potential difference but soon attains 
a constant maximum value. This maximum current is called the 
saturation current. The potential required to produce the saturation 
current is greater when the saturation current is large than when it is 
small. When the temperature is raised the saturation current increases 
rapidly with it. 


2. 0. W. Richardson’s Theory of the Thermionic Current. 


The negative electricity which escapes from hot metals in a good 
vacuum consists of negative electrons. That this is the case was first 
shown by J. J. Thomson, who measured the ratio of the charge e to 
the mass m of the escaping electricity, and found it equal to about 
electromagnetic units per gram, which is about the value of ejm for 
negative electrons. 

The electrical conductivity of metals is supposed to be due to the 
presence in them of negative electrons which are free to move about 
inside the metal. It is natural to suppose that the electrons which 
escape from the metal at high temperatures are some of these free 
electrons. 

The free electrons were at one time supposed to have the same 
average kinetic energy as the molecules of a gas at the same tempera- 
ture, and a theory of the negative thermionic current based on this 
supposition was worked out by 0. W. Richardson. 

This classical theory is not now regarded as correct, but a brief 
account will be given of it here because of its historical interest. The 
more recent theories based on thermod 5 niamics and the quantum theory 
wiU then be discussed. 


We suppose that a metal contains n free electrons per unit volume and that 
these electrons move about inside the metal like the molecules of a gas, colliding 
with each other and with the metallic atoms. The average kinetic energy of 
the free electrons we suppose is equal to (xT, where T is the absolute tempera- 
ture of the metal and a is a constant. 

1 ^ ^ be the components of the 

^ electron parallel to these axes. Then we suppose that the dis- 
tribution of the velocity components among the electrons is given by Maxwell’s 
law for gas molecules, that is, if dn denotes the number in unit volume having 
velocity components u between u and u -f- du, then ^ 

dn = nAz-^'^^'du, 

where A and q are constants at any given temperature. 

We have jdn = f nAz’-^u^du = n, 

J J —00 

^^d 3 1 ^mu^dn — f du — na.T. 
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But 

/* + =0 n 4- 00 

j and J u^z-Q^^'^du 
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A 1 A SmA Vtt ^ 

A^- = 1, and = aT, 


which give 

and s = 
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For at pressure p containing n molecules per unit volume we have 

^ where w is the mass of one molecule and. the average value of 

the square of the velocities of the molecules. 

3. The Thermionic Work Function. 

Richardson assumed that before an electron can escape from the 
metal it has to do a definite amount of work at the surface layer. 
Let us denote this work by c[>e^ where e is the charge on one electron, 
so that cf> is the potential difference corresponding to the work in 
question According to this, if is the kinetic energy of an 

electron in the metal before escaping, and |-mF2^ that after escaping, 

1 /T 7 2 Tr ON r 

= (f)e. 

The number of electrons which enter the surface layer per unit 
area in unit time is . oo 

jud?i= j 

where u is the velocity component towards the surface, which we 
take^to be perpendicular to the cc axis. Of these only those for which 
is greater than can escape. The number escaping per unit 
area in unit time is therefore 


since A 




til 


nA.--’‘-ndu = Vr’*”"‘ 


2s/ 


Trq 


The thermionic current density i is therefore given by 

2»\/ rrq 

Substituting Z^njiaT for q, this becomes 

■ . / aT —1^ 

I = ne'sJ- — c 

^ orrm 

If we put a = neJ~ and b= :: , 

’ Zirm - a 

we get i = aT^I^€-’'rr_ 

(D814) 
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It is found that the saturation current density varies with the temperature 
approximately in accordance with this equation. The factor increases very 
rapidly with T, so that the effect of the factor Th'2 is scarcely appreciable. How- 
ever, recent very exact measurements of i seem to show that the power of T should 
be about 2 instead of 

The following table gives some values of the thermionic work function 9 
expressed in volts: 


Tungsten 


4-52 

Platinum 


4.4 

Iron . . 


3*7 

Aluminium . . 


3-0 

Sodium 


1*8 


The work function 9 is closely related to contact potential difference. C-on- 
sider a condenser consisting of two parallel plates made of different metals, and 
let the two plates be connected together by a wire of the same metal as one of 
the plates is made of. 

Suppose an electron is taken from a point inside one of the plates through 
the vdre into the other plate and then across the space between the plates back 
to its original position. The total work required to take the electron around this 
path with negligible velocity must be zero. If we neglect the small potential 
difference at the junction of the two metals, the work required is 

e( 9 i — 92) + e{Vz - Fj) = 0, 

where F2 is the potential just outside one metal and Fi that just outside the 
other. But F2 — Fj is the contact potential difference, so that the differencic 
between the thermionic work functions for two metals is nearly equal to the 
contact potential difference between them. Cf. Chap. IV, section 2 . 


4. Objections to Classical Theory. 

When light falls on the surface of a metal it may cause electrons to 
escape. This is the photoelectric effect (see Chap. IV). The maximum 

kmetic energy of the electrons which escape is given by Einstein’s 
equation, 

hv— w, 


where is the frequency of the light, h is Planck’s constant, and w; a 
constant depending on the nature of the metal, hv is supposed to 

™ of frequency v, so that if an 

electron m the metal absorbs a quantum then it gets energy hv. 

It IS found that w IS equal to ,Je, the work which an electron must 
do m escapmg through the surface layer. This seems to require that 

nergy in the metal when they absorb the quantum of energy hv 
does not agree with Eichardson’s assumption that the electrons 
have the same average kiuetic energy as gas macules. 

electricity in metals is also much smaller than 
ne explamed without attributing any thermal kinetic energy to the 
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electrons in them. For these reasons the idea that the average kinetic 
energy of the free electrons in metals is equal to that of gas molecules 
has been abandoned. It seems probable that the electrons in metals 
are in stationary states of the quantum theory, so that so long as they 
do not change from one such state to another their energy is inde- 
pendent of the temperature of the metal. 


6. Thermodynamical Theory of Thermionic Emission. 

If we assume that the escaping electrons form a monatomic gas or 
vapour which can be in equilibrium with the metal when at a definite 
pressure, then we can apply the thermodynamical theory of evaporation 
to the problem and so obtain a theory of thermionic emission without 
making assumptions as to the state of the electrons inside the metal. 
A theory of this kind was first proposed by the writer and has since 
been developed by 0. W. Richardson and others. 

Let us first consider the latent heat of evaporation of one mol of 
electrons. Let the potential difference between a point just outside 
the metal and a point inside it be Then if 5\js the number of mole- 
cules in one mol of any gas and e the charge on one electron, the work 
required when one mol of electrons escapes from the metal is 

As we have seen, the electrons in the metal have little or no kinetic 
energy, whereas in the gaseous state outside they have the same 
average kinetic energy as the molecules of a gas. For any gas (p. 49) 
we have ^ = \mnV^ or ^ = |nar, since we have taken (p. 48) af to be 
the average kinetic energy of the free electrons. Thus if we write 
h — |a we have p — nkT, where Jc is the gas constant for one molecule. 
The kinetic energy of the molecules in one mol of a monatomic gas is 
therefore equal to = ^RT, where R= is the gas constant 

for one mol of any gas. 

Also when the electrons escape as a gas at a pressure p, work pV 
has to be done against the external pressure P. But pV ^ RT, so that 
the total heat energy required to keep the temperature constant when 
one mol of electrons escape is 

:Kscf,+ ^RT. 

If then L denotes the heat of evaporation at the temperature T, 
and Lq = that at the absolute zero of temperature, 

L^Lo + :Ke{<l>^cl>,) + mT, 

where </»q is the value of at P = 0. 

Contact difference of potential is found to be practically inde- 
pendent of the temperature, so that it is probable that (f> — very 
small, and we have approximately 

L^L, + 4RT. 
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It is only allowable to regard the electron gas as a perfect gas when 
its pressure and its volume are very small so that the electrical forces 
due to the charges on the electrons can be neglected. 

This introduces no difficulty, because we need not suppose that 
more than an infinitesimal number of electrons are outside the metal 
at any time. In the chapter on the quantum theory (Chap. V, 
section 8) it is shown that the vapour pressure of a liquid or solid 
which gives off a monatomic vapour is given approximately by the 
equation: 

logp = ~ -f A log T + I + log I Z;5/2| log 

where li is Planck’s constant, L the heat of evaporation per mol at the 
temperature T, and m the mass of one molecule of the vapour. Since 
the electrons form a monatomic gas outside the metal we may take the 
pressure ^ at which they are in equilibrium with the metal to be given 
by this equation. Hence, putting L—L^^ we get 

logp = - ^0, + I log r + log + « logw. 

^ The pressure p is the very small pressure of the electron, gas which 
IS in equilibrium with the metal. The relation between p and the 
saturation current density i may be determined if we assume that the 
electrons in the gas which collide with the metal surface are all absorbed 
and do not rebound. This is believed to be approximately true. 
Assuming this, we have the result that when the gas is in equilibrium 
with the metal the number of electrons which escape from the metal 
IS equal to the number which collide with it. 

We suppose that the electron gas can be regarded as a perfect gas, 
and that the average kinetic energy of the electrons in it is the same 
as for any other gas at the same temperature. 

The number of electrons colliding with unit area of the metal surface 
in unit time is therefore given by the same expression as the number 
entering the surface layer from the metal on Eichardson’s classical 
theory provided that n is now taken to be the number of electrons 
per iinit volume in the electron gas instead of inside the metal. The 
number striking unit area in unit time is therefore (section 2) 

\ nA == -- - 

•^0 ^s/rrq 

? = 4 ^ (P- P = nJcT, and a = (p. 51), so that 

n ^ p\/2kT p 

2\/ -nq 2kT\/7Tm s/^irmkT 
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The thermionic saturation current density i is therefore given by 

\f 2 ttwiTcT 

where e is the charge on one electron. 

Eliminating jp from the equation for log ^ and this expression for 
i we get 

iz= 

This theoretical expression for i is based on the thermodynamical 
theory of evaporation and on the quantum theory. It was first 
obtained by Dushman. 

The values of m, Jc, h, and R are all known with considerable accuracy, 
and the only quantity in the expression for i which depends on the 
properties of the particular metal emitting the electrons is 

If we put — p— = A and LqIR ~ b, the equation for i becomes 

i = which gives b = T The following tables give 

the values of i for tungsten and platinum at different temperatures 
measured by Davisson, Germer, and Schlichter, and the values of 6 
calculated from them by means of this equation. 


Temperature. 

Current. 

1 ^ 

1 

Tungsten 

= 10““ amp. per sq. cm. 

1935-5 

0-0934 

51,890 

198()-5 

0-1973 

5LS80 

203G-0 

0-3967 

51,860 

2077-5 

0-0784- 

51,880 

20S6-5 

0-7656 

51,900 

2102-0 

0-9363 

51,840 

2131-5 

1-362 

51,840 

2134-5 

1-419 

51,870 

2158-0 

1-902 

51,820 

2182-0 

2-538 

51,810 

2204-0 

3-269 

51,820 

2231-0 

4-405 

51,820 

2235-0 

4-606 

51,870 

2271-5 

6-875 

51,880 

2280-0 

7-394 

51,920 

2306-0 

9-792 

51,900 
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Temperature. 

Current. 

h 


Platinum 



1 = 10"^ amp. per .stj. ein. 


1211-0 

0-42 

4ii.:»(Hi 

1243-0 

1-35 

4!I,2<H) 

1275-0 

4-17 


1307-0 

9-9 

4!».;{(MI 

1339-0 

27*5 

■I!).2(K) 

1371-0 

76-0 

liMKH) 

1403-0 

l()8-0 


1435-0 

400-0 

4!I.I(MI 

1467-0 

785-0 

4n,:{oo 

1499-0 

1430-0 

4!),50U 


It will be seen that the values of b arc all very nearly et|uul. mi find 
the equation represents the experimental r(>sult,H very 

well indeed. 


6. Space Charge Effect. 

When the potential difference used is not sulHeient to procln<'e I In- 
saturation value of the current, the current varies with tlie puleiilinl 
difference. If, for example, the ciurent obtaiiual is only oiie-lnilf of 
the saturation current, then half the electrons emitted by t he w ii'e ijef 
across to the surrounding electrode and half return to the wire, 'Die 
negative charge on the electrons in the spacse arouml the hot win* 
modifies the electric field and actually reverses it n(*ar tlni wire, ,so t hiil 
the electrons coming out of the wdfc have to move a, (■(*rtain distanee in 
a field which tends to stop them. Only those which have sidiieieiii 
kinetic energy are able to get through this region in which tin- field is 
reversed, and the rest are driven back into the. wire. This is culled t In* 
space charge effect. To simplify the theory we will consider the {-use of 
a large plane area emitting electrons to a large plane, electrode at u 
distance d from the emitting plane. Let a; denote f,he distune.- of a 
point from the emitting plane, and V the jiotcntial diiTerence hctweeii 
the point and the emitting plane. Then we hav.s 

dW 


where ne is the density of the space charge, n being the mimbi-r of 
electrons per unit volume and e the charge on one electron. Let I la- 
region m which the field is reversed be of thickness t. When is gr.-»t.-r 
han t all the electrons present are moving away from thi? t-miflitig 
plane, so that if their average velocity is v we have i = 

The velocity of an electron will bo given by the cinalion 
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Ye where Vq is the initial velocity of emission from the 

hot plane. The velocity components parallel to the emitting plane 
make no difference, so we disregard them and take v and Vq to be 
perpendicular to the electrodes. In the region of reversed field V is 
negative so that v is less than Vq, Let the minimum potential at x — t 

be 7i. Then if Vq is not greater than ^ the electron will not 

get across and will return to the emitting plane. 

The average velocity of the electrons at x = t will be the same 
as the average velocity of emission at a; — 0, and we shall suppose 
that this is small compared with v. The average velocity will then be 
given approximately by — Ve~ Eliminating n and v from the 

three equations 

47Tne, 


we get 




— 2m 
76“'* 


Integrating this equation we get 


■ + constant. 


To determine the constant, we have 


0 at x= t, since V is a 


minimum at this point. We shall suppose that t is small, so that ap- 
07 

proximately — == 0 when x — 0 and 7=0, and the constant is zero. 


Hence 


= — Sttz 


Integrating this and putting 7 = 0 at a; = 0, 

. . 1 r^e 

we get ^=- J 

vrr > m x^ 


This gives 


i=~-2*33x 10-^5. 


where i is the current density in amperes per square centimetre, and 
7 the potential in volts at a distance of x cm. from the hot plate. It 
appears that when the current is limited by the space charge it should 
vary as 7^^^ and inversely as x^. This agrees approximately with the 
experimental results. The current is found to increase nearly as 7^^^ 
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until it is nearly equal to the saturation current. It then remains 
nearly constant when V is increased further. 

If instead of two parallel planes, one emitting electrons, we consider 
two concentric cylinders, the inside one emitting electrons, similar 
theoretical results are obtained. 

Let b be the radius of the outer cylinder and a that of the inner one. 
Let F be the potential difference between the inner cylinder and a 
point at a distance r from its axis. The differential equation which 
V must satisfy is then 

dW , 1 97 

, ^ ^ — 4:7rne. 

cr^ r or 

Let now i denote the current per imit length of the axis of the 
cylinders, so that *= 

where v is the velocity of the electrons, n the number per unit volume, 
and e the charge on one electron. For simplicity we shall suppose that 
— Fe = which means that we neglect the initial velocity of the 
electrons. These equations give 

dr^ r dr r Ve~' 

T\ e require a solution of this making 9F /dr zero at the radius wliere 
F IS a niinimum, as in the previous problem, and F = 0 at r a. 
When a is small compared to 6, which is usually the case in practice, 
then it will be approximately correct to use a solution making F = 0 
at r 0, provided this solution also makes 9F/9r small near the inner 

cylmder. If we assume F = A and substitute this in the differential 
equation for F, we find 

z?. 

y > m r 


This satisfies the equation, and makes small near the inner cylinder 

“robli’ttol/SifslS.'’' ““ “ “ “ station of the 

With F in volts, r in centimetres, and i in amperes we get 

73/a 

n-o 1 , 

b 


i = — 14-65 X 10- 


mdSLlss^eSr-r^T?-^^ difference between the outer and inner 
so that j — b. This equation is found to agree approximate] v 
with the observed currents when i is less ^ ^approximately 

and bla is greater than about 10 saturation current 

It ivill be observed that when the current is limited by the space 
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charge it is mdependent of the temperature of the hot electrode. 

Tliermioiiic currents limited by space charge are employed in the 
three-electrode vacuum tubes now used so extensively as detectors 
and amplifiers, and for maintaining electrical oscillations. 


7. Distribution of Electron Velocities. 


The distribution of velocities among the electrons emitted by hot metals in 
a vacuum was investigated by 0, W. Richardson and was found to be in agree- 
ment with Maxwell’s law for the molecules of a gas. 

Consider a fine straight wire emitting electrons in a vacuum and surrounded 
by a concentric cylindrical electrode. Let the number of electrons emitted be 
small so that space charge effects are negligible. If the potential difference between 
the wire and the cylinder is V, then when V is positive the electrons have to do 
work Ve in order to get across to the cylinder. Let the velocity with whitdi 
an electron is emitted be resolved into two components, % along the axis of the 
wire, and v^- along the radius of the cylinder. We suppose the radius of the hot 
wire very small, so that the electrons can be regarded as starting practically at 
the axis. ^ The component Va does not help the electron to get across and so 
may be disregarded. For the electron to get across we must have 

> — Fe. 


Let the number of electrons for which is betw^een J5J and JS -h bo 

given by 


d7i — nf(E) dE, 


where % is the number emitted in unit time, so that the saturation current L = 
The current obtained will then be 


:==io/ mdM. 

— Ve 


Differentiating this with respect to F, we get 


di 

dV 


= %e/(- Ve). 


Thus if we observe the current i obtained with different values of V wo can 
determine dijdV and so get values of the function /( jE'). 

It was found experimentally that 1 where a is a constant. The values 

^0 

found for a were nearly equal to —ejkT, where h is the gas constant for one 
molecule and T the temperature of the wire. Hence 


so that 


dV hT 


nm- 


kT 




This shows that the electrons have the Maxwell velocity distribution for the 
velocity component Vr, for according to Maxwell’s law' the number of the mole- 
cules in unit volume having velocity components % between u and u + du is 

nA 


The number of these going through a uni1 


time is therefore 




area perpendicular to ii. in unit 
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and the total number going through is 

iiA f z—'i^^udu = ^ • 

Jo 2q 

Hence the fraction of those going through which have velocities between u and 
ii-T-du is <u,du. 

But q = (section 5), and E = so that the fraction is equal to 

in agreement with, the experimental result. 

Richardson also showed that the velocity components parallel to the emitting 
surface are distributed in accordance with Maxwell’s law. 

It appears, therefore, that although the electrons in the metal have very little 
kinetic energy, yet after escaping they have the same energy as gas molecules 
at the same temperature. This rajther surprising conclusion may perhaps bo 
explained by means of the quantum theory. In the chapter on the quantum 
theory it is shown that the possible values of the kinetic energy of a monatomic 
gas molecule contained in a cubical box of volume V are given by 

_ fZn \2/3 

amUwFJ ’ 

where h is Planck’s constant, rri the mass of one molecule, and w = 0, 1, 2, 3, &;c. 
Inside the metal the electrons' have very short free paths, probably of the order 
of magnitude of 10 cm., whereas outside they have long free paths which wo 
may take to be say 1 cm. long. If we suppose, therefore, that V in the metal is 
10 *“ 24 c. c. and outside 1 c. c., we see that the possible energies outside arc 10^** 
times smaller than those inside the metal. 

Now A = 6-5 X 10““ 27 and m — 9x 10-28, so that 

s„= 0-92 X 10--® 

where I is the length of the side of the cubical box which we take to correspond 
^vith the mean free path. With 1 and Z= 10“8, this gives 5^= 0-92 X 10*“i<> erg, 
but, with n=l and Z= 1, Sa = 0*92 x 10*“ 26 erg. The average energy of a gas 
molecule at 1000° K. is 1000 k, which is 1-372 x lO-^s erg. Thus in the 
metal at 1000° K. the smallest possible energy is several hundred times kT, whereas 
outside it is very much smaller than kT. It follows according to the quantum 
theory that in the metal the free electrons have practically no kinetic energy 
since nearly aU of them must be in the state of zero energy, whereas outside they 
have the same average energy as ordinary gas molecules. 

Under some circumstances hot bodies emit positively charged molecules or 
ions as well as electrons. This emission of positive ions will be discussed in the 
chapter on positive rays. It is found that some metallic oxides emit electrons 
at high temperatures; for example, calcium and barium oxides do this very freely. 
The emission of electrons by such oxides appears to vary with the temperature 
in much the same way as in the case of metals. 


Reference 

The Emission of Electricity from Hot Bodies, 0. W. Richardson. 



CHAPTER IV 


Photo - electricity 

1. Ultra-violet Light and Emission oi Electrons. 

Hertz in 1887 discovered that when ultra-violet light falls on a 
spark gap the sparks pass more easily. This effect was investigated 
by Hallwachs, Elster and Geitel, and others, and it was found that 
ultra-violet light causes a negatively charged conductor to lose its 
charge but has no effect on a positively charged conductor. Lenard 
made the important discovery that the kinetic energy of the negatively 
charged particles emitted when ultra-violet light falls on a negatively 
charged conductor is independent of the intensity of the light, but 
increases with the frequency of the light waves. 

J. J. Thomson and Lenard in 1899 measured the ratio of the charge 
e to the mass m of the charged particles emitted, and found it equal to 
about 10'^ electromagnetic units per gram. This was about the same 
value of ejm as had been found for cathode rays or electrons, so that 
it was clear that ultra-violet light causes solid bodies to emit electrons. 

The kinetic energy of the electrons emitted^ can be determined by 
finding the potential difference necessary to stop them. 

An insulated electrode surrounded by a hollow metal conductor, 
both contained in a glass bulb which can be exhausted, is illuminated 
by the ultra-violet light. The electrode emits electrons and so becomes 
positively charged. The number of electrons which get across from the 
electrode to the surrounding conductor diminishes as the potential 
difference increases, and the potential difference soon attains a constant 
maximum value just sufficient to prevent any more electrons getting 
across. This maximum potential difference is a measure of the maximum 
kinetic energy of the electrons emitted. If V denotes this potential 
difference and e the charge on one electron, then Fe is equal to the 
maximum kinetic energy. The potential difference can be measured 
by connecting the electrode and conductor to an electroscope or 
quadrant electrometer. Experiments of this kind have been made by 
Ladenburg, A. LI. Hughes, Richardson and Compton, and Millikan. 
Hughes, and Richardson and Compton found that Ve is of the same 
order of magnitude as liv, Ti being Planck’s constant of the quantum 
theory and v the frequency of the incident light. Millikan eliminated 

59 
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various sources of error and obtained much more accurate results than 
previous workers, so that only his experiments need be considered in 
detail. 

2. Millikan’s Experiments. Critical Frequency. 

In Millikan’s experiments a small block of an alkali metal was 
illuminated by light in a very perfect vacuum. The surface of the 
block was scraped in the vacuum by a cutter worked by an electro- 
magnet outside. In this way a clean metallic surface was obtained 
free from any film of oxide. The scraped surface was arranged in front 
of an insulated cylinder of oxidk:ed copper gauze connected to a 
quadrant electrometer, and the charge received by this cylinder was 
observed when the surface was illuminated by monochromatic light 
of known frequency. The potential difference between the gauze 
cylinder and illuminated block was increased until it was enough to 
prevent any electrons from the block reaching the cylinder. The alkali 
metals emit electrons when exposed to light of much lower frequencies 
than are necessary to cause copper oxide to emit electrons. Millikan 
was therefore able to use only light which had no effect on the copper 
cylinder and so to avoid errors due to the cylinder emitting electrons. 
The contact potential difference between the alkali metal and copper 
oxide^ was determined by moving the metal block in the vacuum to 
a position opposite a plane copper electrode coated with oxide. This 
electrode could be moved in and out so as to vary the distance 
between it and the alkali metal block. The potential difference 
between this movable electrode and the block was adjusted until 
moving the electrode in and out made no difference to its potential 
when it was insulated. The potential difference is then equal to the 
contact potential difference and there is then no electric field in the 
space between the block and electrode. The potential difference 
required to stop the electrons from getting from the block to the 
gauze cylinder was taken to be the difference between the potential 
difference observed and the contact potential difference. In this 
way errors due to the contact potential difference were got rid of. 

Millikan found that his results could be represented by the equation 
Ve—]i{v vq), where F is the corrected potential difference required to 
stop the electrons, h Planck’s constant, vthe frequency of the light used, 
and vq the smallest frequency which causes any electrons to be emitted. 
The frequency Vq is called the threshold or critical frequency and it is 
different for different substances. From his experiments Millikan ob- 
tained the value h = 6*56 x using the value of e = 4*774: x 
which he had previously determined. This value of h agrees well with 
that deduced from measurements of heat radiation and the frequencies 
of spectral lines, and is believed to be very near the true value. 

It is found that the critical frequency for any substance depends 
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on the state of the surface used. Traces of gases and films of oxide or 
other impurities greatly affect it. The critical frequency is closely 
related to the contact potential difference and to the thermionic work 
function. Consider two parallel plates of different metals, and let them 
be connected together by a wire. If we disregard the small potential 
differences of thermoelectricity we may consider the two plates to be 
at the same potential. There will, nevertheless, be an electric field in 
the space between the plates equal to the contact potential difference 
divided by the distance between them. Let and Fg be the potentials 
at the surface of the plates just outside the metals, and and 
the amounts of work required to remove an electron from inside the 
metals to a point just outside; then we have (see Chap. Ill, end of 
section 3). 

== 

3. Einstein’s Theory. 

According to the theory originally put forward by Einstein, when 
light falls on a metal electrons in the metal receive quanta liv of energy 
from the light so that if they escape from the metal their kinetic energy 
is hv — e<j>, since e(j> is the work required to remove an electron from 
the metal, ^ being the thermionic work function. 

Hence e<j, = liv^, and e{V^ - FJ - h{v,^ - v,,) = 

These relations appear to be confirmed by measurements of the contact 
potential differences, critical frequencies, and thermionic work functions, 
but cannot be regarded as definitely proved to be correct. 

It appears that the electrons emitted with the maximum energy 
h{v — Vq) must be the free electrons in the metal, since if electrons 
were emitted from the interior of atoms we should expect them to 
come out with energy less than liv — Some of the electrons emitted 
may come from inside atoms, since most of them come out with less 
than the maximum energy. The light penetrates a short distance into 
the metal, so that some of the electrons may come out from points 
inside the metal and may lose energy by collisions before they get out. 

Einstein’s equation Fe == h{v — vq) holds good also for the emission 
of electrons due to X-rays. 

The critical frequency vq for most substances is in the ultra-violet 
region, but for the alkali metals it is in the visible spectrum or even 
in the infra-red. 

The number of electrons emitted is found to be proportional to the 
intensity of the light. 

4. Photo-electricity and the Classical Wave Theory. 

It is apparently impossible to explain the phenomena of photo- 
electricity in a satisfactory manner by means of the classical wave 
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theory of light. The di£S.culty is to explain how a very small fraction of 
the electrons get energy liv and the rest get none. For example, when 
X-rays are passed through air a few atoms here and there emit electrons 
with energy Tiv and the rest are apparently in no way affected. 

According to the classical wave theory an electron which has a 
natural frequency of vibration equal to v can absorb the energy of a 
train of waves, of frequency v, from an area of the order of that of a 
square with sides one wave-length long. An ordinary X-ray tube gives 
out about 10® ergs of X-ray energy per second, and the ionization due 
to it can easily be detected at 3000 cm. The energy falling on one 
square wave length or about 10“^^ sq. cm. at this distance from the 
tube is therefore about 10”^^ ergs per second. The energy with which the 
electrons are emitted is about lO”"^ ergs, so that it would take an electron 
10® sec. or 1000 days to absorb it. But when the X-ray tube is started 
the ionization begins immediately. We might suppose that the energy 
of the emitted electrons is not derived from the rays but that the rays, 
so to speak, merely pull a trigger which releases the electron from the 
atom. However, if this were so we should expect the energy of the 
electrons emitted to be determined by the nature of the emitting atom, 
and not by the frequency of the rays as is the case. Moreover, it is 
difficult to believe that electrons having all possible natural frequencies 
are present in any substance. It seems certain that the energy of the 
electrons is derived from the rays, and the classical theory cannot 
explain how so much of it is concentrated into particular electrons in 
the time available. According to the quantum theory of radiation the 
radiation is supposed to consist of quanta, each of energy hv, which 
travel out from the source with the velocity of light. If an electron 
absorbs one of these quanta it gets energy hv. This quantum theory, 
therefore, explains the chief facts of photo-electricity, but of course 
it is hard to see how it can explain the facts of interference and diffrac- 
tion which agree so well with the wave theory. This question is also 
discussed in the chapters on the quantum theory and on X-rays. Here 
we may say that there is no reason to suppose that a satisfactory 
explanation of both sets of facts will not eventually be discovered. 
It is quite unnecessary to adopt a mystical attitude and say that the 
human mind cannot understand such phenomena. Such an attitude 
is no satisfactory apology for an tmintelligible theory. 

5. Relation of Emission to Frequency. 0. W. Richardson’s Theory. 

The number of electrons emitted by a metal per unit energy of the 
incident light depends upon the frequency of the light. It is zero for 
frequencies less than the critical frequency vq, and for frequencies greater 
than j/q it increases at first as v increases, reaches a maximum value, 
and then decreases. The frequency which gives the maximum emission 
is about f i/q in most cases. With some metals more than one maximum 
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has been observed. An interesting theory of the variation of the 
emission with the frequency v of the light has been given by 0. W. 
Richardson. Consider a cylinder and piston maintained at a constant 
temperature T. The cylinder will be filled with black body radiation 
and this will cause the walls to emit electrons. Let the number of 
electrons per cubic centimetre in the cylinder be n and let the pressure 
they exert on the piston be We suppose n so small that the electric 
field due to the negative charges on the electrons may be neglected. 
If we suppose that the thermodynamical theory of evaporation can be 
applied to the escape of the electrons as in the theory of thermionics 
we have 

where N is the number of electrons escaping from unit area in unit 
time, which is equal to the number absorbed from the electron gas by 
unit area in unit time. This equation is merely the equation for 
thermionic emission and the proof of it is given in the chapter on 
thermionics (Chap. 3, section 5). 

Now let the energy density of the radiation between the frequencies 

V and v + dv he denoted by E{v)dv. The radiation falling on unit area 

in unit time is then ^ E{v)dv. For the proportion of E which belongs to 

rays whose directions lie within a small solid angle doo is {Za>/47r. The 
radiation falling per unit time on a plane area A in directions inclined 
to the normal to A at angles between d and 6 dd is therefore 

Ec- A COS0 * 27t smdddj^TT. Integrating from 0 = 0 to 0 = we get 

^cEA, the result stated. Let F(p) be the number of electrons liberated 
from the surface by unit incident light energy of frequencies between 

V and V + dv, so that the number of electrons liberated per unit area 
per unit time is 

U" F{v)E{v)dv=N. 

47 0 


For E{v) we may use Wien’s approximate formula (Chap. V, section 11) 
since only high frequencies are effective, so that 

and we get gj F{v) dv = 

r CO /»2<yw Z''‘2 
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for v>wjh, and F(v) = 0 for v<wjh. Differentiating F{v) with 
respect to v and putting = 0, we find that F{v) has a maximum 

experimental results that 
tfie maximum emission is obtained with a frequency equal to of the 

Siticd vaTeTo/i^'"'^ ^ 

6. Thermionic Emission and Photo-electric Action. 

In this theory the thermionic emission is not considered seuaratelv -fTOTii tli» 
photo-electnc emission, so that the theory reaUy invoreftre^rimptton t£t 

eIectroM^rthe°rUHfrlf obtained if we assume that the 

SerTture S as the molecules of a gas at the 

frequency^ ^ttf® light of 

|j“!r„i’(v)i?(v)dv 

is the total energy of the electrons escaping from unit area in unit Hnin ti • 

Tj,= hv — Wq 

Richardson’s tSyToes not £oIwr“®'®^ bj collisions or otherM-ise. 

.r.Lr.MfronCgi'SS *"* ••«”>■» 

than those for solid LTes I^ the' n Jn nf ■ frequencies for gases are greater 
to A. LI. Hugheris aW i^o I accordi^^^ 
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CHAPTER V 

The Quantum Theory 

1. Inadeiluacy of Newtonian Dynamics. 

During the nineteenth century it was generally believed that 
material phenomena would prove capable of explanation on the old 
Newtonian system of dynamics. Matter was supposed to consist of 
minute particles which moved in accordance with Newton’s laws of 
motion. However, certain phenomena, notably those of heat radiation, 
have emerged which seem to be inconsistent with the laws of classical 
dynamics, and the quantum theory was put forward by Max Planck 
as an explanation of such phenomena. This theory has now been 
applied successfully in several important branches of physics, for 
example, the theories of spectra, photo-electricity, and chemical 
equilibrium, and its fundamental character and value are universally 
recognized. The general validity of Newton’s dynamics, therefore, can 
no longer be admitted. It appears that the laws of motion of bodies 
consisting of enormous numbers of atoms do not apply to atomic 
systems. 

2. Microscopic and Macroscopic States. Statistical Mechanics. 

It is necessary to distinguish between macroscopic and microscopic 
states of a substance. A macroscopic state is one determined by quan- 
tities such as pressure and temperature which can be measured by 
ordinary apparatus. For example, the macroscopic state of a gas is 
fixed by its pressure and volume. A microscopic state is one deter- 
mined by the position and motion of all the parts of the substance, 
however small. Thus, a microscopic state of a gas requires for its 
, specification the positions and velocities of all the molecules of which 
the gas is believed to be composed. 

Quantities such as pressure, internal energy per unit mass, and 
temperature, which are used to specify the condition of a substance, 
are average values over very large numbers of atoms. If, for example, 
we know the temperature and the entropy of a given quantity of any 
homogeneous substance, then we know that it is in a certain macro- 
scopic state capable of being reproduced and indistinguishable from 
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other states of the same substance having equal temperatures and 
specific entropies. But for any such macroscopic state there is an 
enormous number of different microscopic states. Thus, a gas at a 
given temperature and pressure is in a definite macroscopic state, but 
its molecules are moving about so that its microscopic state is con- 
tinually changmg, and in a short time it passes through an enormous 
number of different microscopic states. The heat radiation inside an 
empty enclosure the walls of which are maintained at a constant 
temperature is in a definite macroscopic state. The energy density 
for any given range of frequencies has a definite value depending only 
on the temperature of the walls. But to specify the microscopic state 
of the radiation in the enclosure at any instant it would be necessary 
to give the strength and direction of the electric and magnetic fields 
at every point in the enclosure. The radiation in the enclosure is con- 
tinually moving with the velocity of light, so that its microscopic state 
is continually changing and it passes through an enormous number of 
microscopic states in a short time. 

It is clear that to any macroscopic state of a substance there corre- 
sponds an enormous, perhaps an incite, number of microscopic states. 
During the rapid change from one microscopic state to another which 
continually goes on in material substances which are in a state of 
equilibrium in a fixed macroscopic state, the macroscopic quantities 
determining the macroscopic state do not vary perceptibly. The value 
of such a macroscopic quantity, which can be measured, is an average 
over a large number of molecules for a short but finite time, or over a 
large volume, and it remains constant within the limits of error of 
observation in ordinary cases. 

If a solid sphere is immersed in a gas, the uniform pressure of the 
gas over the surface of the sphere gives no resultant force on the sphere 
when we consider the action of the gas on the sphere from the macro- 
scopic or large-scale point of view. Microscopically, however, the 
sphere is not subjected to a uniform pressure but to a series of mole- 
cular impacts, and, indeed, if the sphere is very small it does not remain 
at rest but moves about in an irregular manner, owing to the irregular 
distribution of the molecular impacts over its surface. This motion, 
the well-known Brownian movements of small particles immersed in 
a liquid or gas, is a microscopic motion. Macroscopically, the sphere 
is to be regarded as at rest in its mean position. 

The question arises how it is that the macroscopic state of a 
substance can remain sensibly constant while its microscopic state 
is continually changing. The reason must be that of all the possible 
microscopic states the vast majority correspond to values of the 
macroscopic quantities differing inappreciably from the constant values. 
If any microscopic state have an appreciably different value of the 
macroscopic quantities, the chance of its lasting long enough for the 
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change in a macroscopic quantity to be observable is therefore 
negligible. 

When a substance is not in a state of macroscopic equilibrium its 
state changes until equilibrium is reached. The relation of such changes 
to the microscopic states will now be considered. Since the number of 
microscopic states corresponding to any state differing appreciably from 
the state of macroscopic equilibrium must be very small compared 
with the whole number of possible microscopic states, the chance of 
the substance remaining an appreciable time in such a state must also be 
very small, and the substance changes to the equilibrium macroscopic 
state because this state corresponds to nearly all possible microscopic 
states. The change from a state which is not one of equilibrium to an 
equilibrium state thus involves an increase in the number of possible 
microscopic states. It is clear, therefore, that an equilibrium state is 
one for which the number of microscopic states is a maximum. Such 
considerations, of course, only apply to substances or systems the 
microscopic parts of which are continually changing from one micro- 
scopic state to another, so that in the course of time the system may be 
supposed to pass through all possible microscopic states. 

It appears then that when a substance consists of a very great 
number of individuals, the behaviour of the substance as a whole 
must be investigated by methods of statistics. 

3. Entropy and Probability. 

Let W denote the number of possible microscopic states through 
which the substance may pass in the course of time while in a given 
macroscopic state. Then the condition of equilibrium is IF = maximum 
or SIT — 0. If the microscopic parts of the system are at rest so that 
its microscopic state does not change with time then TF = 1. Ac- 
cording to the second law of thermodynamics the entropy <1> of any 
isolated system is increased by any spontaneous change which takes 
place in the system, and in a state of equilibrium the entropy is a 
maximum. Thus it appears that both TF and O tend to increase to 
maximum values. IF may be called the thermodynamical probability 
of the state of the system, and we may then say that the system changes 
to a more probable state unless it is in a state of maximum probability. 
The second law of thermodynamics evidently expresses the same thing 
in terms of O instead of TF, so that we should expect <I> to depend on 
TF. This idea was first put forward by Boltzmann. Let us then suppose 
that the entropy <1> is some function of TF, or let 

<1>==/(IF). 

Now consider two entirely separate systems having entropies and 
<I >2 and thermodynamic probabilities TF^ and TF 2 . Then 
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The total entropy of the two systems is since for each 

microscopic state of the first system there are Tfg^states of the second, 
the thermodynamic probability of the two systems considered together 
as one must be the product W^^Wo. Thus we have 

so that f{W,) +f{W^) =/(FiTf2). 

Differentiating this equation with respect to W^, and also with respect 
to W2, we obtain 

W^nWl) = WJW^) = 

We may suppose to change while W2 remains constant, since 
the two systems were supposed entirely separate, so that we 
must have 

= F2/'(F2) = constant. 


Hence /(F) Tc log F -j- (7 where is a universal constant, the same 
for all systems, and C is another constant, not necessarily the same for 
all systems. Hence €> = i log F + 0 for any system. In classical 
thermodynamics the entropy is taken to be the difference betw(Hin 
the entropy m the actual state and that in an arbitrarily chosen standard 
state. If Fo is ^e thermodynamical probability in the standard state 
then (D = £ log F - Z: log Fo = log (F/Fo). 

The number of possible microscopic states F of a system corro- 
^ondmg to a given inacroscopic state might be expected to be infinite. 

hus It the velocity of an atom can vary continuously it has an infinite 
number of possible values, so that a gas at a given pressure and tem- 
have an infinite number of possible microscopic states. 
But if F IS infinite then O = & log F + C must also be infinite. Wo 

wfw ratio 

a definite finite value, but this method of avoiding 

nnt Planck supposes that W is 

consfeft P + definite value for any system, and also that the 

Ssolute valupTrt T Y ^ ^his leads to an 

absolute value of the_ entropy and to the quantum theory. It follows 

that a system m a given macroscopic state can only exit in a finite 
tTrlT 1 states. Thus, for example, the velLtierof 

S sZi °^v ^ gas cannot vary continuously, but must be restricted 
m some way to a fimte number of possible values, or at least changes 
m the velocities less than certain finite amounts must be supposed not 
to constitute a change in the microscopic state. not 
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4. State Space of a System. 

Consider a system of any kind, for example, an atom of any element. 
Let the microscopic state of the system be determined by co-ordinates 

^25 • • • and the corresponding momenta ^2? • • • that is, let 

be the momentum associated with the co-ordinate The 2 n quan- 

tities pi, j?2j • * • Pn and g'l, ^'2? • • • »aay be regarded as the co-ordinates 
of a point in a space of 2 n dimensions. This representative point will 
move along a path which in the case of a periodic motion of the system 
will be a closed curve. So long as the energy of the system remains 
unchanged the point will continue to move round and round this 
closed curve, and if we regard the state of the system as determined 
by its energy then the motion of the representative point round the 
curve does not involve a change in the state of the system. The space 
of 2 n dimensions is called the state space of the system. 

Suppose now that we have a large number ^H^oi such systems all 
alike so that the state of each one can be represented in the space of 
2 n dimensions by a representative point. The points will all 
describe curves in the space. The microscopic state of the collection 
may be regarded as determined by the distribution of energy among 
the <JA(^systems. In the state space we can imagine surfaces or regions 
drawn in which the energy is constant. Then all the systems having 
the same energy will have representative points moving on the same 
surface of constant energy. According to classical dynamics we should 
expect that the energy of the system could vary continuously, so that 
there would be an infinite number of regions or surfaces of constant 
energy on which the representative points could move. The number 
of possible microscopic states of the collection of < 17 ^ systems would 
therefore be infinite. In the quantum theory it is supposed that the 
number of possible microscopic states is finite, so that only certain 
definite values of the energy of a system are possible. ' The surfaces of 
constant energy corresponding to these possible values will divide the 
state space up into finite regions, and all the representative points will 
be on these surfaces. 

When the energy of one of the systems changes from one possible 
value to another, its representative point is supposed to jump from 
one of the surfaces to another without occupying the intermediate 
positions effectively. Such jumps are supposed to be due to actions 
between the systems or between the systems and the radiation in the 
collection of .J^systems. It is important to remember that any col- 
lection of atoms always contains a certain amount of energy in the 
form of radiation. This radiant energy is generally small compared 
with the energy of the atoms and so can be neglected in many cases, 
but it provides a reservoir of energy into which or from which the 
atoms can give out or absorb energy. 
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5. Planck’s Theory of Entropy and Free Energy. 

Let €2, €3 . . . denote the possible values of the energy of a systeni, 
so that the total energy of the «7s(^similar systems or parts of tlic col- 
lection is given by 

E = N^e^ + N2€2+... = ^Ne, 

where denote the numbers of the parts having energies 

^2 . . . respectively. 

If two systems having energies and 63 ^ct on each other so that 
their energies change to and €2', then if + €2 is not equal to - {- €2 

the difierence may be supposed supplied from the radiation ])resent. 
Also if the energy of a system changes spontaneously from to 
the difierence may be supposed emitted in the form of radia- 

tion. The total radiant energy is small compared with E, and its 
average value remains constant so long as E is not changed, but it 
must fluctuate about its average value owing to the emission and ab- 
sorption as the systems change from one possible value of e to 
another. The number W of possible microscopic states corresponding 
to a given distribution of the energy is given by 

w = • 


For if all the ^y^parts got difierent amounts of energy the number of 
possible arrangements would be equal to the number of permutations 
of difierent objects, each permutation containing all the ()l)j(‘Cts, 
or 5 S(j. When iV'i of the objects are identical, let the number of difiercait 
permutations be x. By changing the identical objects to difiVnuit 
objects, N-jJ different permutations could be made out of each of the 
X permutations, so that 

In the same way it is easy to see that when the objects arc divi<le<l 
into groups containing iV'^, N2, &c., identical objects the numbtir of 
permutations is equal to the expression given above for W. 

An approximate value of N\, sufidciently exact for the puri)osc of 
calculating log IF when 3 ^^, Yg, &c., are large, may be easily ob- 
tained. We have 


log A! — logl + log2 + log 3 + log 4 + • • • + logW, 
and logW'^= logW -f log A + . . . + logW, 

sothat log(iV!/i^‘'’) = logi+Iog|+. . . + log|. 

Put = dx, so that 
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~ log {Nl /N^) = log dx-dx+ log 2 dx * dx logNdx • dx 

~ I logx*dx== — 1. 

Hence logiV! = logiV - log(-Y/e)^ so that iV! = • 

Using this value for Nl, we get 

{NJey^^ {N^jeY^ . . . ■ ■ • 

since N-j^ -f- N2 "h • • • 

Hence logTT = «^A(^log 3 V(^— SiV logiV'. 

Now let Wi= W2= &c., so that and 

log IT = logS^v, 

or logPF ~ — log^^;. 

The entropy O of the system is then given by 

<& = Z; loglY = — logw. 

To find the distribution of the energy in the system in the state of 
equilibrium, we make O a maximum subject to the conditions 1 

and E = = constant. 

Thus 80 = 0 = S S^^J■ logi^ + S8t(; = SS^^? logw, 

8 E= 0 ~'L€ 8 w, and 2S^^;==0. 

Hence 2 (log'i-t? + / 3 e + y) S?^; = 0 , 

where ^ and y are undetermined multipliers. If ^ and y are 
properly chosen, this equation will be true for any values of the 8^i;’s, 
so that we have 

logW„= — — 7, 

or (1) 

Here a and jS are constants having the same values for all parts of the 
system. The entropy in the equilibrium state is therefore given by 

O = hr 7 {JZw{^€ — loga), 

or O = — Z^^A^^loga, 

so that O = h^E + /c 5 y^log 2 e“"^Si, (2) 

'EiW,i, = a2c"^*»“ 1, and jB= 


since 
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where V, and 0 denote the pressure, volume, and absolute tem- 
perature of the system. But, regarding O as a function of E and F, 
we have ^ ^ . 


so that 


/30\ 1 j /0(1)\ p 

{m)~ e \W)~ e' 


Differentiating the equation 0 = /cjSjB + ^:3y^logSe”^‘^n with respect to 

ft 


so that 
Hence 


^ ^ , o_l 

dE dE 


This enables us to introduce the temperatures into the expression (2) 
for the entropy, and obtain 

0 = | + jfc5^1ogSe-'n/*^« (3) 


The free energy F of the system is defined to be jB — 0<I), so that 

F= — kOiJ logSe-'»/*-». 


This gives 
or 



— kD^d logSe-'n/M- 


k3<J^ 

kd^ Se-VW ’ 


E = F-e 


dj^ 

dd' 


• (4) 


This is the well-known Gibbs-Helmholtz equation, from which the 
thermodynamical theory of the system may be deduced. Thus we 
see that the quantum theory is consistent with classical thermo- 
dynamics. 

Since E = F 9^, equation (4) gives O = — 
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6. Planck’s Constant. 

In order to use (3) to calculate the entropy of a system it is of course 
necessary to determine the possible values of the energies of the 
.JA(jndependent parts. This may require some knowledge of the physical 
properties of the parts and involves further assumptions characteristic 
of the quantum theory. The surfaces of constant energy for the possible 
values of the energy divide the state space into certain finite regions. 
In the case of periodic systems determined by only one co-ordinate q 
and the corresponding momentum p, the state space is a plane and the 
closed curves of possible constant energies are supposed by Planck to 
divide the plane into equal areas A. The area of the closed curve of 
energy is then equal to nh, so that 

j dpdq == J pdq = nh, 

where n = 0, 1, 2, 3, . . . . 

The quantity h is called Planck’s constant. It appears to have the 
same value in all such cases, and its value has been determined by 
comparing results deduced from the quantum theory with experimental 
values. The most probable value of li is 6*55 x 10“^" erg-seconds. 
The dimensions of h are (energy) x (time), or action, for 

{mx) dx = {mx^) dt. 

7. Monatomic Gas. 

As an example, consider the case of ^^atoms of a monatomic gas, each of 
mass m, and each contained in a separate cubical box of volume F. Let the co- 
ordinates of an atom measured along the edges of its box be x, s, and the 
corresponding momenta mx, my, and mL The state space will be of six dimen- 
sions, and the representative points of all the atoms having kinetic energies equal 
to s will lie on the surface of a sphere of radius r given by 

= (jjnxY -j- (^y)^ -f- 
s = lm{x^ + 2/^ +• z% 

so that r = \^2sm, 

and they all also lie inside the volume 7. The six-dimensional volume enclosed 
by the surface of constant kinetic energy s is therefore equal to 

I TT (25^)3/27. 

We shall suppose that the surfaces of constant energy corresponding to possible 
values of s divide the state space into equal regions h^, since in this case each system 
has three co-ordinates. Hence 

-in{2snm)^I^V^nh% 

where iz. = 0, 1, 2, 3, . . . . 

The total energy of an atom e,i may be taken equal to Sn + Eq’ where Eq denotes 
its internal energy. The free energy of the collection of ^^(^atoms in the equili- 
brium state of maximum entropy can now be calculated by means of the equation 

logSe--en//c0. 
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The values of Su are very small unless n is very large, so that unless the total energy 
E of the £\^atoms is very small we may replace by 

an integral. 

We have Sii= ^ = aA 6^2/3, 

2m \47i:F/ 

where a is a constant. Then 


S 6 — = Se — 



put X— so that dx = \n~'^l^dn^ and 


,X 

/ e—o.fi'~'^dn—3 x^e-~^~dx~ 

•JO 0 



Hence 


s e-'n/M = 

¥■ 


The free energy of the 5^(^atoms in separate boxes is therefore given by 

F=- kCHip log{{2nmJcd)^IWIh^}-i-0^^o, 


and the entropy O = — by 

<!>=: Zj^log[(27Twifc0)3/27A3} + (5) 

The energy E of the 5\[_^atoms is then given by 

£; = J’-e|| = ;7(^(P0 + g, 

SO that it appears that p9 is the average kinetic energy of one atom. If we now 
suppose the ^\^atoms all contained in one box of volume V, then if the 5\^atoms 
are all different the number of ways in which the energy elements can be arranged 
among the atoms will be the same as before, so that the entropy will still be given 
by equation (5). 

If the atoms are all different, the number of ways in which they can bo 
arranged among quantities of energy is so that when they are all alike 
and it makes no difference which particular atom has a given amount of energy 
the number of possible arrangements is diminished iAQ times, and k log^^M, or 

k0(^ log must be subtracted from the entropy given by (5). Hence get 

for the entropy of a monotomic gas 

®=i£AClog{^p27tmM)3/2].. 


Differentiating this with respect to V, keeping E and therefore 0 constant, we get 


\dv)s 6 V 


so that pV = kC^, 

This equation expresses the well-known relation between the pressure, volume, 
and temperature of a gas, and shows that k is equal to the gas constant for one 
molecule. The energy of the gas is the same as that of the ^\[^atoms in separate 
boxes, so that 
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and the free energy is given by 

P = £ _ e® = - log (27rmM)3/-2 J + 

The distribution of the energy among the atoms of gas is given by the equation 

w,i = ae— 

which when £;i is very small expresses Maxwell’s law. Thus we have 

obtained the principal results of the kinetic theory of gases by means of the 
quantum theory. 

8. Vapour Pressure. 

The latent heat of evaporation, L, of any solid or liquid at a constant tem- 
perature 0 is given by the equation 



where denotes the entropy of the vapour and ( 1>2 that of the sohd or liquid. 
At low temperatures ^2 small and the vapour may be regarded as a perfect 
gas, so that for substances giving monatomic vapours we have 

^ log (27rmie)3/2} . 

where L is the heat of evaporation of 0^ atoms. Putting V = and solving 

for log we get 

“ ifc^e + • 

This equation has been found to agree very well with the observed vapour pres- 
sures of mercury, argon, helium, and other monatomic substances at low tem- 
peratures when the values of h and k derived from experiments on heat radiation 
are substituted in it. It may be written 

log2) = - + 5 logs + [} + i, (6) 

where i = log | + -g logm 

is Nernst’s “ chemical constant ” for a monatomic substance. The pressure of 
electron gas in equilibrium with a hot metal may also be calculated by (6) if the 
heat energy absorbed when ^\[^electrons escape from the metal is substituted for 
L, and for m the mass of one electron. This important application of the quan- 
tum theory is discussed in the chapter on thermionics (Chap. Ill, section 5). 

9. Simple Oscillators. 

We will now consider the case of a system of a large number 
oscillators, each consisting of a particle of mass m, which can only move 
along a straight line under the action of a force proportional to its 
distance from a fixed point in the line and directed toward the fixed 
point. If X denotes the distance of the particle from the fixed point, then 
mx = — {xx, where ju. is a constant. A solution of this equation is 
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x== A sm27Ti't, where A is the amplitude of the oscillations of the 
particle and v the frequency or number of vibrations in unit time. 
Substituting this value of x in the equation mx = — jux we find 

277 y m 

The energy e of the vibrating particle is given by 
€ = I -f -f 

where 6q stands for any energy it may have when at rest in its equi- 
librium position. Putting mx = y, we get 

1 = 4, 

2m(e~€o)"^2(e — €o) 

This relation between x and y is represented by an ellipse in the xy 
plane. The representative point of the oscillator moves round the 
ellipse, making v revolutions in unit time. The area of the ellipse is 

27r{e—€Q)^-, 

> fX 

which is equal to (e — €q) jv. 

According to the quantum theory the possible paths of the particle 
in the xy plane will divide the plane into parts of equal area A. The 
possible paths will be a series of ellipses having areas 0, h, 2A, 37i, 
&c., so that the possible values of the energy are given by € — €q = nhv, 
where = 0, 1, 2, 3, &c. The free energy of the system of .^^oscillators 
when the energy is distributed so that the entropy has the maximum 
value is given (section 5) by ^ = log 

We have .jl -p Q-hvpce ^ -p . , .j 

^-—eQlkO 

~ 1 _ g-hv/M ’ 


SO that F — k:KJ log (1 — -J- 3^^, 


Hence the total energy E of the •^'Cpscillators in the state of maximuni. 
entropy is equal to 


E=F-e 


dF 

dd 


3^v 

^hvlke 


f ^0- 


The average energy of vibration, e — Cq, of one oscillator is therefore 
1), and the fraction Wn of the ^IV^^oscillators which have 
energy e,, — = nhv is equal to or 

The fraction whidi lias no energy is 1 — e-'*"/!*®. At high temperatures 
when IvlM is small the average vibrational energy per oscillator is 
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M, since when Jivjkd is small, and the fraction 

having zero vibrational energy is hvihd, which is small. At low tem- 
peratures when hvIM is large the average energy is much less than hv, 
and nearly all the oscillators have zero vibrational energy. The heat 
capacity of the system of oscillators is given by 

dE _ 

dd 1)2* 

This makes the heat capacity very small at low temperatures and equal 
to Dih at high temperatures. 

It appears that the average energy per oscillator in the equilibrium 
state of maximum entropy depends only on the temperature and the 
frequency of the oscillators. It is easy to see that this result will apply 
to any collection of oscillators, even if they are not all similar, provided 
the energy of each is determined by one co-ordinate and the corre- 
sponding momentum. Thus if we consider a solid body and suppose 
that it possesses 3^-^ modes of vibration of frequency of fre- 

quency ^ 2 , &c., the energy of its vibrations will be equal to 

_l _v 

Qhvjlce I Qhvjkd _ 1 ' * • * ^ — 1 


10. Quantum Theory of Specific Heat. 

In this way Einstein and Debye have worked out a quantum theory 
of the specific heats of solid bodies. We may regard the heat energy 
of the solid as the energy of elastic 
waves travelling through it like 
sound waves through air. The 
possible frequencies of vibration 
are the frequencies of stationary 
waves possible in the solid. 

Consider a cube of the solid 
with sides of length a, and let AB 
(fig. 1) be a plane wave travelling 
in the direction CN. Draw a 
plane A'B' at a distance from AB 
of one-half wave-length. Take the 
origin 0 at one corner of the cube 
and axes x, y, z along its edges. 

Let the cosines of the angles be- 
tween the direction of propagation 

of the plane wave and the axes be I, m, 7i. Let EF be a line parallel 
to the y axis cutting the planes AB and A'B' at C and C\ Then 

A 



CC'- 


Zm 
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If the wave AB is to he one of the systems of standing waves of length 
A we must have n.fiC' — a, where is a positive integer. Hence 

2m 

In the same way, considering lines like EF parallel to the x and 2; axes 


we get 


a, and = < 


Hence 




rp = I = 


If V is the velocity of propagation of the waves and v the frequency, 
then = v, so that 

...... o ... o /2a 


Now let n^, be the rectangular co-ordinates of points, so that 
there will be one point in each unit volume. The number of possible 
frequencies between 0 and v is thus equal to one-eighth of the volume of 

a sphere of radius or number of possible 


frequencies between 0 and v per unit volume is equal to -3-77^-j . 

In a solid there will be longitudinal waves and also transverse waves, 
and the latter can be regarded as forming two sets polarized in per- 
pendicular planes. The total number of frequencies between v and 
V + in an elastic solid is therefore 


where is the velocity of transverse, and that of longitudinal waves. 

The energy of the vibrations in unit volume between the frequencies 
0 and V is therefore 




If the solid contains 5N(^atoms in unit volume their positions could be 
determined by 35N(^co-ordinates, so that we should not expect more 
than 35y^possible modes of vibration per unit volume in the solid. 
Debye therefore supposes that the maximum possible frequency 
is given by 

Q _ A-( ^ t 1 \ ^ / 2 , 1 \ . 


* Cf. J. K. Roberts, Heat and Thermodynamics,, Chap. XX, section 2. 
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The total energy E of the vibrations in unit volume is then given by 


E == ^ttTi 


J 0 


I v^dv 

^hv/kd _ I ' 


If we put hvlhO— X, and ijj— hv^^lk, this equation for E becomes 

The heat capacity of JV^atoms is given by 




6 x^dx 


1 6 


When 6 is very large this reduces to — = ^3^(Jc, which agrees with 
Dulong and Petit’s law. At low temperatures ?/f/0 becomes large, so 
dE ,/0\, 






Thus at low temperatures the atomic heat is proportional to the cube 
of the absolute temperature. Equation (7) shows that the atomic 
heat capacity is the same function of d/i/f for all solid substances. 

ifj is called the characteristic tem.'perature of the substance, and may 
be calculated from the velocities of waves in the substance by means 
of the equations above, which give ifj in terms of and in terms 
of Vi and The velocities % and-tJg can be calculated from the bulk 
and rigidity moduli of elasticity. It is found that the specific heats of 
solids calculated in this way agree very well with those observed. 
In particular, at very low temperatures the specific heat is found to be 
proportional to the cube of the absolute temperature, and so becomes 
negligible at temperatures near zero. 

The free energy of the solid can easily be calculated. We have seen 
that the free energy of a set of ^SQsimilar oscillators of frequency v is 
given by ^ l^g 

The free energy of the solid is the sum of the free energies corre- 
sponding to all the sets of vibrations in it, so that 

F=E, + MS Q, + i) r> log (1 - dv, 

where is the energy in the solid when there is no vibration. As 
before, put x= hv/hd and hv.^a— kijj, so that 




7 - /’ x^ log{l — e^^)dx, 

J A 


* For the muthod of evaluating the integral see section 11. 
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When d is very small, the integral becomes 1 log(l — e~~^')dx 
— — 77^/45, so that 


F=E, 




6ijj^ 

The entropy of the solid at low temperatures is then given by 

do 5^3 


(9) 


. ( 10 ) 


According to this, when 0=0, then <1) = 0, for any solid. But at 
0 = 0 all substances are solids, so that O = 0 at 0 = 0 for all sub- 
stances. This result is Nernsts Heat Theorem^ sometimes called the 
Third Law of Thermodynamics,^ 


dF BF 

Since we have ^ = 0 at 0 = 0. The Gibbs-Helmholtz 

equation E = F — d% shows that E = F at (9 = 0, and also that 
BE 0J' 0^ 

— = 0 at 9 = 0, so that at ^ = 0, and ^ are both zero. 

11. Theory of Heat Radiation. 


Instead of a solid cubical block we consider a hollow cube filled 
with radiation. The energy density of this radiation is independent 
of the nature of the walls and depends only on their temperature. If 
the walls are perfect reflectors, the radiation will form stationary trains 
of waves, and the number of possible frequencies between v and 
8 ^d 

v-{-dv will be — where c is the velocity of light in a vacuum. 

This follows, by differentiation with respect to v, from the expression 
|■v(v/®)3 found in section 10 for the number of frequencies between 
0 and V per unit volume. The additional factor 2 arises because the 
light waves are transverse, so that the radiation travelling in any 
direction may be regarded as made up of two parts polarized in two 
perpendicular directions, just as in the case of the transverse waves 
m the solid block previously considered. The energy in any one of the 
stationary vibrations in the box will be determined by the amplitude 
of the vibration just as in the case of the oscillators, so that according 
to the quantum theory the possible energies of the vibration will be 
given by e= nhv where Jt= 0, 1, 2, 3, &c. The average energy of 
the vibrations having frequencies between v and v + dv will therefore 

Qhvjkd and the energy density EJ,v in these vibrations will 

be given by ^ 

03 ( 6 *’'/*"— 1 )’ 

* Cf. J. K. Roberts, Heat and Thermodynamics, Chap. XVIII. 
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Here may be defined as the energy density per unit range of fre- 
quency. This expression for E^ was first obtained by Planck by means 
of the quantum theory. It is found to agree well with experiments on 
the distribution of the energy in the spectrum of black body radiation. 
When Jivllid is large, the expression takes the form 


E. 




^ — hvjlcQ 


known as Wien’s formula. When livjk 6 is very small, l-{-hvjk 0, 

and Planck’s expression becomes 

STTV^kO 

jD/y = J 


so that each vibration has energy kO, as in the case of the oscillators and 
solid body. According to Newtonian d 3 rnamics we should expect all 
values of the energy of a vibration or oscillator to be possible, since 
energy is supposed to be capable of continuous variation. The possible 
values of the energy of a vibration on the quantum theory are given by 
€=nhv, n=0, 1, 2, 3, &c., so that if h were indefinitely small all 
values of the energy would l3e possible since n can be as large as we 
please. The part of the quantum theory so far considered differs from 
the classical theory only in the supposition that h has a finite value 
instead of an indefinitely small value. If we put ^ = 0 in Planck’s 
formula for it becomes 

^ STTV^kd 


This result is therefore that to which Newtonian dynamics leads, and 
it agrees with Planck’s formula when Tivlkd is very small, that is for 
low frequencies and high temperatures. The total energy density E 
in the radiation is given by 



If we put E^^ STTv^kdjc^ we get an infinite value of E, which is of 
course impossible. The observed distribution of energy in the spectrum 
agrees with Planck’s formula and differs entirely from that given by 
the classical theory even for frequencies of quite ordinary values. 
Newtonian djmamics therefore fails to explain heat radiation and so 
cannot be universally true as was formerly supposed. Of the other 
formulse obtained in this chapter by means of the quantum theory, 
all those which do not contain h agree with Newtonian d 3 mamics, while 
those containing Ji entirely disagree. The formulse of the quantum 
theory all agree with experience, while those of the classical theory 
only do so when they agree with the quantum theory also, 

(I» 814 ) 


7 
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If we put 




S'lTv^h 


SttJcW 

^3^2 ^ — ; 


1) 

■tt SttJi [ v^dv SttJc'^O^ f x^dx 
we get e^WM_ 1“ I e*-l’ 

J 0 *^0 

where x = Jivjkd, Then 

= f °°(e-* + e--“ + e-®* + • • •) 

— 1 Jo 


I 


x^dx 


= 6(l + ^ + gj+...) — 


4 

15' 


Hence 


H = 


' c3A3 ‘ 


Thus according to Planck’s formula the total energy density of black 

body radiation in an en- 
closure is proportional to 
the fourth power of the 
absolute temperature, in 
agreement with Stefan’s 
law. The relation between 
x^ 

y = 



and X is shown 


1 

in fig. 2. We see that as x 

increases y = — — - in- 

creases to a maximum value 
and then diminishes. E,, 
the energy density per unit 
range of frequency is equal 
to SvIcWy jcW, and so for 
any given temperature E^, is proportional to y, and for any given 
value of y is proportional to the cube of the absolute tem- 
perature. 

The energy density E^, of the radiation per unit range of wave- 

length A can be got by putting v=c/A in , and 

c {e ' — i) 


writing E^dv ■ 


■ E)^dX. This gives 


E, 


^5^Qhclke\ — 




IIKAT RADIATION 


W 


<^3 


Th(^ wavt*-length A,» for which A\ is a inuxiniuiu is got by putt ing 

f/ /if,\ 


dX 


tK This gives 


<’ A'^A jji 1 „ 


5 /trim,, 


llte solution of which is 4*9051.,. . The two equations 

, /fC A(M,„ 

\hrVi^ MX enal)le the (sonstants k an<l h to 

(uilculateil from the experimental values of E and A;„, In this way 
it. is fouml that h 0*5.1 x lO””"" (‘rg-sec., and k M7 X 19“™^'* <u’g/ 
ili‘gree. The most prohalde valu(‘s of tlH*s<^ (Constants an^ Ih'Hi^vimI 
fo he h (5*554 X 19““*-^' and k \<m X 19""^«. The, energy hv 
is usually called a <|uantum of iuu^rgy of fre<|uency v. If (huioU^s 
th(‘ fre({uen<\v of the light f<>r which is a maximum so that e 
then we liave 4*9051 kd, Tht‘ av<u‘ag(^ kimduc eiu^rgy of one 

molecule of a gas, as wa^ have sium, is Hi), so that the ipiantum //e,,, 
is equal to 1*11 tinuvs the av<*rage. kinetic miergy of a gas molecuh* at 
the same temperature. Tin* fraction of tlu^ {lossihle vilirntions of fre- 
qmmcy v which hav(‘ energy n/tp is (sjual to w,^ H(‘ction 

5; 1/(1 ^ j _ 

Tfu* fraction whi<di have no energy is ther(‘fon», - 1 so 

tliat tlm fratdion which have any energy is exam{)le, at 

0‘ i\ the fraction of the vibrations of the fr(‘<|uency of yellow light 
(c 5 X 19^'*) which have any tmergy is only about or 19“"*^”. 
The fraction of the vibrations of fnspiency whiedi hav<^ any imergy 
is e ’* ^*‘*‘' or about one in 149. Amirding to classical dynaluics the 
average em‘rgy of tlu^ vibrations of any freijuency shouhl be M 


12. Einstein’s Theory of Heat Radiation. 

S(* far we hav(^ HuppowtHl that the taic'rgy is (tmtrihutJMi among the parts of 
tin* systam <’onHider<*<i in such a way ns to make tlu‘ tmtropy or th(‘ numla'r of 
famsihle mienmctipic state's a maximum, but we have' n<4. consulereHl th(‘ iiatun' 
of till* iietiouH laSwesm the parts hy whieh this <*quilihrium state is producinh 
An iutercHtiiig way {due to Einstein) of getting Plam^k’s formula throws light, 
on this question, anti will now he e(»nHid<T(Hl. l4‘t a larger numlsT of moIet-uh'S 
t>r atoms he eontained in a prfeetly retleeting en<4osur<' so that there must be 
equilibrium fjetwesm the blaek body radiation in the eiudtmun^ and the atoms. 
Also, let ea(4i atom bt' tmly capable of existing in one or other of a si'ries of siatt's, 
having energies «j, eg, . * . * ami let the nurnbiw of atonm in tluw^ stati's be 
Ah. A'a. * .* . Thim the energy density of the radiation it?,, per unit range of 
frequ(‘ney v may be taken to be given by Wien's law, 

E, v*V(0/v), 

wdiieh vm he dedmasi from purely thermodynamieal considerations; ami the 
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numbers of the atoms in the different states may be taken to be given by 
-Yi “ N 2 == .... 

The radiation of frequency v is supposed to be absorbed by atoms in the state 
having energy e^, and as the result of this absorption these atoms are changed 
to another state having energ^^ Sm. The number of atoms changed from state 
n to state m in this way -will be proportional to Nn and to and so may be put 
equal to olNiEv, where a is a constant. The reverse change is supposed also to 
occur and in the same way the number changing from m to n may be put equal 
to ^NmEy. The change from m to w is also supposed to occur spontaneously with- 
out any action of the radiation, and the number changing in this way may bo 
put equal to yiV^i. In a state of equilibrium then we have 

aY 'iiEy = in + ^NinEvi 

or Ev (cxJSf n — ?>Nin) = yNjn. 

Putting Yu = and Y,n = 

we get Ei>{oLpne(^m-^n)/ke _ 

At high temperatures E^ becomes very large, and ^pm may be supposed indepen- 
dent of the temperature, so that we must have apn — pp/u = 0, 

and therefore E uapnid^^n—^ii^PcB __ i) = 

Now Ey only contains 9 in the function /(0/v) of 0/v, so that (e»i-- zn)lk{) must 
also be a function of 9/v, which suggests that zm— sn should be proportional to 
Let sni — zn = where ^ is a constant, so that 

E — y:p>r^l^P>K 

^ ^hvlkB 

At high temperatures this gives 

]p. _ {ypmlo(.pi>.)kQ 
hv 

the quantum theory and classical dynamics agree in 

Ey == 

m!<x.pn) 

hy c® 

and therefore at any temperature 

^ _ Snv^h 

c^ {ehvike_ 1)’ 

which is Planck’s formula. 

The radiation of frequency v absorbed by the atorns in the above calculation 
must be equal to that emitted, so that when an atom goes from state m to state 
71 we must suppose that it emits radiation of frequency v having energy zm. — Zn. 
Accortog to this, when an atom emits an amount of energy, say z, in the form 
of radiation, the frequency of the radiation emitted is given by the equation 
s = hy. This result is the basis of Bohr’s theory of spectral lines and was first 
put forward by him . 


But at high temperatures 
giving 

so that we must have 
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13. According to Bohr’s theory an atom can exist only in a series 
of states having energies ^ 3 . • - , and when it changes from 

a state having energy to another having less energy the fre- 
quency of the radiation emitted is given by — e,j, ~ hv. The 
possible energies are determined in accordance with principles ana- 
logous to those of the quantum theory as outlined above. The appli- 
cation of Bohr’s theory to the spectrum of atomic hydrogen, of which 
it gives a remarkably complete explanation, will now be considered. 
The frequencies of the lines in this spectrum are given with great accu- 
racy by the equation -i -t 

where % = 1 , 2, or 3; ^2 = 8 , 4 . . . ; and K is bl constant. 

Bohr supposes that the hydrogen atom can only exist in one or 
•other of a series of definite states having energies ^ 3 . . . , and 

that it only emits radiation when it jumps from one of those states 
to another with less energy. The frequency of the radiation emitted 
is then given by the equation hv = where is the energy 

of the atom in the first state and that in the second state. If we 
.suppose that — A — Khjn^, and = A — Khjn-^, where A is 
.another constant, then we get the above equation for v. 

The hydrogen atom is believed to consist of a minute nucleus 
having a charge of positive electricity e, and an electron with the 
charge — e. The mass m of the electron is only 1/1860 of that of the 
nucleus, and the electron describes an orbit round the nucleus. Let 
the position of the electron be determined by rectangular co-ordinates, 
X and y, with the nucleus at the origin. The kinetic energy of the 
electron T = y^), and the potential energy V= A — e^jr, 

where r = s/ 0? -f- 2 /^. The volume in the state space enclosed by a 
surface of constant total energy e = T + F is 

j dbX dy dx dy, 

where jdxdy for a given value of T is equal to the area of a circle 
•of radius s/ 2Tjm, so that the above integral is equal to 

27Tm jx dx dy, 

•or 27Tmj{€ — A + e^jr)27Tr dr, 

'The greatest value of r occurs when T = 0, and so is equal to e^l{A — e), 

SO that we get 477 % I { (e — A) r + } dr = - . 

Jo A — € 

for the volume enclosed by the surface of constant energy e. 
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If we now suppose that 

dx dy dx dy = nVfi {n ^ 0, 1 ,2,3... )♦ 

we get 


or 


277%/ 

A — €,i 

E,,. = A — 


nr/r 


U'UAIV 


The frequencies of the light emitted are tluui givim by 


liv - 


"iTrhne^ [ I 




W ‘ 


:=)■ 


This result agrees with the equation 


if 




277%ie^ 



I 


On substituting the known values of ejni, (\ and h we (ddaiti K 
3-294: X 10^^ which agrees as well as couhl be exp(‘ctt‘d with the value 
3-290 X 10^®, which is deduced from the freqtiencit^s cd thi* Iin**H iu I lie 


hydrogen spectrum. 

The spectrum of ionized helium can be explained in the Huiue way, 
The helium atom is believed to consist of a mudtnis with n }M»sitrve 
charge 2e, and two electrons describing orbits round the nueleus. 
Ionized helium consists of helium atoms whi<‘b havt^ lost. <uie t»!eetron, 
The potential energy of the ionized helium atom is therefore 




so that we get 


A 


nHi^ 


and 


- 'V 


The frequencies in the spectrum of ionized lieliutn apree with thin 
expression. The corresponding formula for the. frequencies cinitteil 
hy an atom with a nucleus having a positive charge. Ne and (mu elect r<m 


IS 


_27T^Wm^( 1 IN ( 1 1 \ 


Some spectral lines due to doubly ionized lithium, for W’hicli V :i, 
have been observed. 

In the above calculations of v we 8uppos(>(l th (5 mude.uH to he at rust, 
at the origin. This is not quite correct, since the nucleus although 
much heavier than the electron has not an infinite niass. The snmil 
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correction required can be easily found. The centre of mass of the atom 
may be supposed at rest at the origin, so that the kinetic energy is 


mv' 

MJ 


^ , where m is the mass of the electron, and M that 


+ oM 

" \iyjL / / m\ ' 

of the nucleus. Thus + The potential energy is 

V= A Ne^M r f 1 + ) is the distance from the nucleus 

r{m+My V ‘ M/ 

to the electron. To correct for the mass of the nucleus it is therefore 
only necessary to replace m by m(l + and by e^(l + 

The corrected expression for the frequencies is therefore 


27fiN^me^ M /J. __ _1_Y 
M 4" ^ ^2^^ 

N^KMfJ. 1 \ 

M + 


The mass of the helium nucleus is 4/1-008 or 3-97 times that of the 
hydrogen nucleus, so that if is the frequency of a hydrogen line 
and that of an ionized helium line having the same values of % 
and ^^ 2 , then 

"'^«= 4 + 2 - 97 ^- 

Accurate measurements of v^Jj/^by Fowler give for this ratio 4-001638, 
so that 

2*97/-001638= 1813. 


This result agrees very well with the ratio of the mass of an hydrogen 
atom to that of an electron, as determined by other methods, and so 
gives an interesting confirmation of the theory. 

It is interesting to compare the results of Bohr’s theory with 
those of classical dynamics. In the case of the hydrogen atom we 
should expect the fundamental frequency of the radiation emitted to 
be equal to that of the revolution of the electron round the nucleus, 
and harmonics having multiples of this frequency might also be 
expected. The frequency of revolution would not be constant, but 
would increase as the atom gradually lost energy. 

The theory of central orbits shows that the electron describes an 
ellipse with the nucleus at one focus, and the energy of the atom is 
equal to A — e^l2a, where J. is a constant and a is the length of 
the major axis of the orbit. The frequency of revolution (a>) is 

equal to The energy of the atom on the quantum theory is 
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A KTijn^^ so that we may write a,, = where a,, is the major axis 

of the orbit in the nth possible state. The frequency in the ?^th state 
IS therefore given by ^ ^ 


since K = Bohr’s theory gives 

which may be written v=2K f ' -? = 

J «, a:® 

where may be defined by E = A-Khlx\ so that the possible 
states ot JSohr s theory are got by putting a:= 1, 2, 3 . . . . Thus 
on Bohr s theory x can only have one or other of these values, where- 
as on the_ classical theory it can vary continuously. The frequency 
of revolution w is equal to 2Z/a:», so that the average value of as x 
changes from to may be taken to be given by 

2J5r f^^dx V 

Cll= / 

^^2 — Wg— % 

Hence v — (n^ — n^jcu, or the frequencies emitted on Bohr’s theory 
wt average frequency of revolution of the electron. 

When % and y are very large and nearly equal numbers, will 

havT^^ ^ ^ we 'shall 

V — (n^ — n^)(o, 

so that in this case the Bohr theory and the classical theory agree 
approximately. In this case v is small, so that in the theory of spectra 
as in tha.t of heat radiation the classical and quantum theories agree 
lor very low frequencies. ® 

14. Cases with more than one Quantum Number. 

In the cases so far considered the possible energies (e., e,, e. . . .) of 
the systems have been determined by finding the volume in the state 
space corresponding to a constant value of the energy and then 
assuming that the volumes (F^, F^ . . .) enclosed by the smfaces corre- 
spondmg to the possible values of the energy were multiples of some 
power of Planck s constant A. In the case of monatomic gas atoms 
we ^ssumed V„ = wA®, in the case of simple harmonic vibrations 
vZ case of atoms having a nucleus and one electron 

Vn~n h, . in these cases it was possible to express the possible energies 
m terms of a single integer (ii= 0, 1, 2, 3 . . .) or quantum number. 
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The quantum theory has been applied successfully to several more 
complicated cases in which the possible energies are determined by two 
or more independent quantum numbers. In such cases the volume 
of the surfaces of constant energy in the state space cannot be used 
to determine the possible energies. 

Consider a periodic atomic system determined by co-ordinates 
3^2 •• • corresponding momenta ^1, ^^2 • • • • repre- 

sentative point in the state space describes a curve which in the case 
of a periodic system is closed. The projection of this closed curve on 
one of the co-ordinate planes {p'q') will also be a closed curve, the area 

of which may be represented by jp'dq'. In certain cases it has been 
found possible to obtain correct results by supposing that 

j‘P^dq^=nyh, jp^dq^ = nsh, 


where ... are independent integers 0, 1, 2, 3 ... . As a 

simple example, consider the case of a particle of mass m vibrating in 
the X, y plane under the action of a force directed towards the origin 
and equal to jar where r = The particle describes elliptical 

orbits with period 277 m//x. The energy E is given by 

E = \m[x?‘ -f y'^) + jar^. 


Let 

so that 


H- 

[xx^ _ 

2mEj^ 2E^ 


Thus for a given value of the representative point describes an 
ellipse of area 27tE^\/ mlfx on the (x, mx) plane. Assume then 

2'ttE^s/ 7nJiJi “ nji {n^ = 0, 1, 2 . . .). 


In the same way let ^my^ +■ -Ifxy^ = E^, so that 

277jE'2x/ m/ja = (7^2 = 0, 1, 2, 3 . . . ). 


Then E^E^ + E,= ^ (n^ + 

ZTrvm/ja 

But the frequency of vibration ca is equal to (27rVm//x)'"\ so that 
n 2 )hcx) = nho) (9^ = 0, 1, 2, 3 . . . ). 


This result agrees with that obtained for the one-dimensional oscillator, 
as it should, since the vibrations along x are independent of those 
along y. The two-dimensional oscillator can be regarded as equivalent 
to the two independent one-dimensional oscillators. If w’-e calculate 
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the volume in the state space corresponding to constant energy E it 
is easily found to be If we put this equal to n¥, we get 

E=: {2nfl%oy. 

This gives for the frequency v of the radiation emitted on Bohr’s theory 
V = a>s/ 2 {s/ % — \/ n^. 

This result seems improbable, since we should expect the radiation 
emitted to have a frequency equal to co. If we put the volume equal 
to we get E — nh<o, and so 

V == (% — 


which agrees with v = co, provided n^ — 


15. Sommerfeld^s Theory of the Fine Structure of Spectral Lines. 

An important contribution to the quantum theory of spectra has been made 
by Sommerfeld. So far, we have regarded the mass m of the electron as inde- 
pendent of its velocity, but this is not exactly true, since it is known that the 
mass varies with the velocity according to the law 


^0 


where otiq is the mass when the velocity v is zero, and c is the velocity of light. 
Sommerfeld examined the effect on Bohr’s theory of allowing for this variation 
of the mass. Consider an atom consisting of a nucleus with positive charge Ne 
and an electron with charge — e. The kinetic energy of the electron is given by 




where p = vjc. 
so that 


The constant angular momentum of the electron, p, is equal to 




( 11 ) 


where r is the distance of the electron from the nucleus, and 0 the angle between 
r and a fixed fine through the nucleus in the plane of the orbit. The potential 
energy, F, of the electron is equal to A — Ne^/r, so that the total energy E is 
given by 


E-- 


l Vl - 132 


U + ^- 


Ne^ 

r 


. ( 12 ) 


As before, we suppose that the atom emits no radiation except when the electron 
jumps from one of its possible orbits to another one with less energy. We have 
= y 2 _|_ ^ 202 ^ which -with ( 11 ) on putting r = 1 /w gives 
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Equation (12) with this gives 

-L m2 - (1 

, E-A + NeHy i\ 


^ WoC2 ) J 


The solution of this equation is 

u— (7(1 + a cosyO), 

where Y^= 1— (^") » 

C= -^1^0+ — T2~"j’ 

\ C" J 

3 _ 1 I Y^ (-^ — J.) (■£? — J. + 2mo C^) 

Thus if Y had the value 1 the orbit would be an ellipse, and if y is nearly equal 
to 1 we may say that the orbit is an ellipse with its major axis slowly rotating 
about the origin in the plane of the orbit. When yG = tt, Stc, Stt . . . , so that 
cosyO = — 1, then r = u—"^ has its maximum value and 6 == Tu/y, Stt/y, Stt/y . . . , 

so that the major axis turns through an angle 2 tc ) during each revolution 

of the electron. The two co-ordinates t and 0 and the corresponding momenta 
m.f and mr^O will be the co-ordinates of the representative point in the state 
space. We assume that 

I mr^d dd = nji (% = 0, 1, 2, 3 . . .)? 

and Jmrdr= (% = 0, 1, 2, 3 . . . )• 

In this way we obtain two quantum numbers to define the possible states of the 
atom. The first integral is taken over one complete revolution so that, since 

mr^% = ^ is constant, we get 

I ^^jpdd = 27rp == n^h. 

This fixes the possible values of the angular momentum p. The second integral 
is taken from one minimum value of r to the next one, or from G = 0 to 0 = 27r/y. 

r , rdu , r^'^Jy d% dr 

We have jmrdr=-pj^dr==-I>j^ 

Substituting for ^ and ~ from it = C(1 + a cosyO), and integrating, we find 
a0 a0 

1 -1— (15) 

Vl — 27z _ (^e^/c)- 

This equation determines the possible values of the eccentricity a of the orbit 
for each possible value of p. The possible values of the energy of the^ atom 
E can now be obtained from equations (13), (14), and (15). The term Ne^/c in (15) 
is small compared with p so that for a first approximation it may be neglected. 
Thus, putting p == nJil'2>Tz, equation (15) becomes 


l-> a2 = 
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In (14) for a first approximation we may pnt = 1 and neglect £!- Ain com- 
parison -wnth mgC% so that -w'ith (13) it becomes 

u,2 _ 1 _ (U — A) 


Hence 


E = A— 

»2)2‘ 


The frequency of the light emitted is then given by hj = E,i' — En, so that 
^ ^ / J. _ 

\72,2 72,^2/ 

where has been put for This is the same result as was obtained 

before when the mass of the electron was assumed constant, so that the approxi- 
mations just made are equivalent to neglecting the variation of m. 


The equation 1 — = 


gives the possible eccentricities of the 


(^1 ”{- ^ 2 )^ 

orbits, or if b and a denote the minor and major semi-axes of an orbit, since 
- = '^l — a^, we have 

•'Gi 

b 72-1 

a % H- 712 

if «■! + W 2 ~ 4 then b/a may be equal to 1/4, 2/4, 3/4, or 4/4, 
orbits correspond to nearly the same value of the energy E, since 
h by Ml + Ma = M when m is assumed constant. These orbits 

also have equal major axes for, when E - A is smaU compared with mgC^ and 

Y = 1, we have i = _, 

0 a 

so that n — 

fn\^ I 


»=(-)' - = 
Vm/ o 


AK^Nmge^’ 

**'■!*•“ determined by »= Mi -f n^. To obtain the effect of the 
variation of m it is necessary to calculate E more accurately. 

Equation (14), if we retain only the first power of [E — A)lmgc\ gives 

E-Ar=mgc\h+m), ( 16 ) 

where 1 ; = — 1) (1 — y^) 

Equations (13) and (15) give 


2-f 


h=-. 


2(mi -f n^f 


fl-f ^ 

V Mi(WiH-M2)/’ 


•I STciVe^ 

where m„= and squares and higher powers of have been left out. 


he 


•Substituting this value of k in (16) and putting m = Mi + m^, we get 


El = A 
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or, since 


TT — 

W~~ 


and 


he ’ 


I 7iJ j 


Thus it appears that the effect of the variation of m with the velocity is to sub- 
tract a very small quantity ~ ^ ) from the expression for the energy 

of the atom. If the atom jumps from a state having quantum numbers Ui and 
to another having quantum numbers and 712 , then the frequency emitted 
is given by 


: N^K (- — — 1 /i- 4- M _ 1 (l_L 


where w = -f Tig and ti' = n/ + n^'. 

The Balmer series of lines in the spectrum of atomic hydrogen is got by putting 
iV" = 1, Ti = 2, and ti' = 3, 4, 5 . . . . The first line Ha corresponds to ti = 2 and 
n' =3. For this line therefore may be 1 or 2, and may be 1 or 0, so that’ 

Mi + 

1/16(1/4+ 0/2)= 1/64, 
or 1/16(1/4+ 1/1) = 5/64. 


In the same way n^' may be 0, 1, or 2, and may be 3, 2, or 1. The values 
9ij^ = 0 and Til = 0 are not considered to be possible values, since they corre- 
spond to a line orbit meeting the nucleus. They also make ^ and ^ infinite, and 

% 

so are clearly not allowable. The three possible values of -i- (j + _ 3, 

are therefore ^ 

1/81(1/4 + 0/3)= 1/324, 

1/81 (1/4+ 1/2) = 3/324, 

1/81 (1/4 +2/1) = 9/324. 


We should expect each of these three values to give a spectral line with each of 
the two values of — ( J + ~ ), so that the Ha line should have six components. 

"tli ' • 

The three values of ^ J + ^^ ^ are nearly equal, so that we should expect the six 

components to form two groups of three lines each, the difference between each 
line in one group and the corresponding one in the other being 

%K^h / 5 _ K^h 

mQ& \64 64/ 


Actually, the Ha line is found to be a doublet for which the difference between 


the two frequencies is nearly equal to 


8moC^ 


= 1-09 X 10^*^ vibrations per second. 


This is in agreement with the theory, for the three components of each group 
are so close together that they caimot be resolved into separate lines. The fine 
structure of the other Balmer series lines, and also that of several lines in the 
spectrum of ionized helium, for which iV = 2, is found in the same way to agree 
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Yery well with that predicted by this theory. For example, the helium line 4()8(> 
is found to have six components the positions of which agree remarkably well 
with those calculated. 

16. The Zeeman Effect. Explanation on Classical Theory. 

In 1896 Zeeman discovered that spectral lines are affected when 
the source of light is put in a strong magnetic field. When the light 
is examined along the direction of the field each line becomes a doublet, 
but if it is viewed at right angles to the field a triplet of equally spaced 
lines is seen. The middle line of the triplet coincides with the single 
line emitted when there is no magnetic field, and the other two are in 
the same positions as the doublet lines seen along the field. The light 
of the doublet lines is circularly polarized in opposite directions, and 
the triplet lines are plane polarized, the middle one perpendicular to 
the field and the other two parallel to it. 

The change of frequency v is given by 

eH 

Ap= r — = 141 X 10®jff vibrations per second. 

47rm 

Thus li E= 10,000, then Av= 141 X 10^^ so that, if v = 3 X 10^^ 
the frequency and so the wave-length is changed by about one in 
20,000. The normal Zeeman effect just described occurs only with 
simple single lines; doublets and triplets, however close, give more 
complex effects. It is found, however, that lines which give a complex 
Zeeman effect in ordinary magnetic fields may nevertheless give a 
normal effect in very strong fields. This is called the Paschen-Back 
effect. 

The normal effect can be explained on the classical theory if we 
suppose that the light is emitted by an electron vibrating about a 
position of equilibrium towards which it is attracted by a force pro- 
portional to its displacement. 

The motion of the electron may then be resolved into three mutually 
perpendicular simple harmonic motions all having the same frequency. 
If one of these is taken to be along the magnetic field its frequency 
will not be altered by the field, and the light due to it at right angles 
to the field will be plane polarized perpendicular to the field, while 
along the field it will give no light. The two perpendicular simple 
harmonic motions in the plane perpendicular to the field may be 
represented by 

X— a cosptf 

y=b sinp^, 

so that the orbit is an ellipse, since 

^ ^ = 1 . 



V.] ZEEMAN EFFECT 95 

Let x= x^-\- and y—yx+ y%, where 

Xx — Cx X 2 = Cg cos^^5 

yx = Cx sinpty and = sin^i 5 , 

so that a=Ci + C2, and &=Ci— Cg. Then x-^+y-^=c^, and 
+ y^ = Thus we see that the motion round the ellipse can 
he regarded as made up of two circular motions in opposite directions. 
These circular motions in the plane perpendicular to the magnetic 
field will be affected hj the field. If H denotes the strength of the 
^ magnetic field, and fx the restoring force at unit distance from the 
equilibrium position, then we have 

mroj^ = ju.r + Hero, 

where r is the radius of the circle, m is the mass of the electron, o its 
angular velocity, and e its charge. 

Hence, if oq is the value of o when J? = 0, 

m{o^ — ol) = Heo, 

or 2 moAo= Heo. 

He 

But CO = 27 rv, so that Av = . 

’ 4t7Tm 


If we change co to — co we get Av= — Thus we see that along 

the field we shall get two lines circularly polarized in opposite directions 
having frequencies equal to Vq + 

The classical theory therefore gives a satisfactory explanation of 
the normal Zeeman effect. Since, however, we have good reason for 
believing in the nucleus theory of atoms this theory cannot be accepted. 

17. The Zeeman Effect. Explanation on Quantum Theory. 


The Zeeman effect can also be explained on the quantum theory, 
as was shown by Sommerfeld. Consider a hydrogen atom and take 
axes X, r, 9 with the nucleus at the origin. Let the magnetic field H 
be along the x axis, and let r be the distance of the electron from the 
X axis, and 6 the angle between r and a fixed plane containing the x 
axis. The equations of motion of the electron are then 

— e^x 
(r2+ £t;2)3/2’ 

^ = Herr, 
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The motion along ai is unaffected by the magnetic field. We can show 
that if we change to new axes rotating about a: with angular velocity 
0 . = He 12m, then the motion of the electron referred to the rotating 
axes will be practically the same as the motion relative to the fixed 
axes when ^—0. To change to the new axes we put 6 + cat for d 
51!!p equations of motion the apparent forces 

tbP Or. are the centrifugal force mrw^ and 

the Coriolis force, the components of which are 2mfeo perpendicular 

of 2mra.0 along r. The equations 

of motion referred to the new axes are therefore 


d 


^ (mr^d) = Herr — 2mrrco, 


r^ir = 


-eh 


_j_ ^ 2 ^ 3/2 Herd Herco -f- 2mrcod + mrd'^ -f wrco^. 

liaj = Hej2m the first of these equations becomes ~ {mr^O) ^ 0, which 

is the corresponding equation relative to fixed axes when H=0 The 
second equation becomes 


mr=z 


The term 


rHh^ 

4:m 


(^2 _j_ ^2 


_rW 

4m 


■ mrd^. 


can be neglected in ordinary cases, so that this equation 

also is practically the same as for fixed axes with H = 0 We mav 

aemv awT'® t ^ possible orbits of the electron on the quantum 

theory are the same referred to the rotatmg axes as those referred to 

f 'S'* f ™1““ of J>- aie tletefore 
i ■ ■ to fte lowioa 

hE = h{\mrW) = mr^dhd = pW, 

But S0= CO, so that 

nh He 


SE = pco : 


Stt 2m* 


The change in the frequency v of the light emitted is therefore given by 

He 


8v - 


4:7Tm 


(n — n'). 


Here n n' — 0, +1, +2, +3 According to this the light 

emitted would give a line of the unaltered frequency correspondkg 

one Wl+b ^ ii^os on either side of this 

one, V th the frequency differences He/i^m. The observed light in the 
normal Zeeman effect shows the central unaltered line (n - w'= 0) and 
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one on each, side of it (n — ^^'= + 1 ). In some cases very faint lines 
corresponding to n — n'^ + 2 and n — n'~ + 3 have been observed. 

18. The Stark Effect, 

In 1913 Stark discovered that the spectral lines emitted by an atom are 
modified when the atom is in a strong electric field. This effect is especially well 
marked in the case of atomic hydrogen and helium. The lines are split up into 
a number of components the distances between which are proportional to the 
strength of the field. The electric field alters the electron orbits and so changes 
the possible energies of the atom. In the case of atomic hydrogen and ionized 
helium each line given by the equation 



consists of a group of lines very near together. The small differences between 
the frequencies in these groups are due to the slightly different effects of the varia- 
tion of the mass of the electron with its velocity on the energies of the differently 
shaped possible orbits corresponding to any one value of n. When the atom 
is placed in an electric field the energy associated with any orbit is changed, and 
the change is different for differently shaped orbits. Consequently, the field 
increases the separation between the lines in the group of lines and may also 
cause some of them to split into two or more lines. The quantum theory of this 
effect has been worked out by Epstein and others, the results of the theory agree- 
ing in a most remarkable way with what is observed. The theory, however, is 
too long and complicated for discussion in this book. 

Applications of the quantum theory to photo-electricity, thermionics, X-rays, 
and other branches of physics are discussed in the chapters dealing with these 
subjects. 


Quantum Theory and Wave Theory. 

19. The quantum theory is based on two assumptions: ( 1 ) atoms can 
exist only in one or other of a series of possible states having definite 
energies eg, ^3 . . . ; ( 2 ) when an atom emits radiation the frequency 
V of the radiation is given by 

hv= € — e', 

where e is the energy of the atom before the emission and e' that after 
the emission. It is also believed that when radiation is absorbed by 
an atom the amount absorbed is equal to hv. When X-rays are pro- 
duced by the impact of electrons on a solid body then the greatest 
frequency Vyy^ of the X-rays is given by 

hvyn = e, 

where € is the kinetic energy of the electron. Also, when electrons 
are set free from matter by X-rays or light of frequency v, the energy 
given to each electron by the radiation is equal to hv, whatever may 
be the intensity of the radiation. In general, whenever radiation of 
frequency v is absorbed or emitted by matter, the energy absorbed 

(B814) 8 



98 THE QUANTUM THEORY [Chap. 

or emitted seems to be a multiple of Inv. An exception to this rule 
occurs in the scattering of X-rays by the electrons in light elements, 
in which case, according to Compton, the electron gets energy e less 
than Ifiv and the frequency v of the scattered radiation is given by 

e=hv — hv'. 

This, however, is not really an exception, for we may suppose energy 
hv absorbed and then W emitted. These results seem to show that 
radiation consists of elements or quanta each having energy hv. 
According to the wave theory, radiation consists of transverse waves, 
in which the energy is distributed continuously and not in finite quanta. 
It is di£B.cult to see how the two theories can be reconciled. Consider, 
for example, the interference method by which Michelson has recently 
estimated the diameters of certain stars. The light from the star is 
received on two mirrors 15 ft. apart in the plane of the waves, and 
the two reflected beams are brought together in an eye-piece and 
produce interference bands. According to the wave theory this 
shows that the individual wave fronts extend unbroken over areas at 
least 15 ft. across, so that at any instant the light disturbances at 
two points in the plane of the waves are equal even when the two 
points are 15 ft. apart. Also any desired fraction of the light may be 
cut off by putting up a screen with an aperture of any desired size in 
it. If the light consists of quanta which cannot be divided without 
altering the hequency, then we must suppose that they are small, so 
that the number passing through an aperture is proportional to the 
area of the aperture. But Michelson’s experiment just mentioned 
shows that the wave fronts are at least 15 ft. across. It is clear, 
therefore, that many quanta must exist in the area of one continuous 
wave front. Also interference can be obtained with homogeneous light 
with a path difference of at least 100 cm., so that the train of waves 
in the light must be at least 100 cm. long without any break. Such 
facts on the wave theory show that there can be trains of waves occupy- 
ing a volume of several hundred cubic feet, and such trains can be 
divided into many parts without altering the wave-length. Interference 
phenomena are not affected by changing the intensity of the light. 
An interesting experiment was tried by G. I. Taylor to test this. He 
photographed an interference pattern with a short exposure in strong 
light and also with an exposure of several hundred hours in very weak 
light. The two photographs were identical in appearance. The 
phenomena of interference, diffraction, and polarization support the 
wave theory so strongly that it is difficult to believe that it is based on 
an erroneous conception of reality, but on the other hand the pheno- 
mena of emission and absorption involving the quantum hv seem to 
support the quantum theory so strongly that it also must have some 
basis of truth behind it. 
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When an interference pattern is produced on a screen by two beams 
of light the energy is concentrated into the bright bands, as may be 
proved by means of a linear thermopile. If the light consists of small 
quanta each having energy liv, we must then suppose that these quanta 
only fall on the screen on the bright bands. The quanta of one beam 
must therefore be deviated from their straight paths by those of the 
other beam. The paths of the quanta must be along the direction of 
the flow of energy. If a quantum having energy £ is travelling in the 
X direction with the velocity of light o, and performing oscillations of 
some kind of frequency v, then, since the momentum of the quantum 
is ejc in the x direction, we may suppose that 

( ldx=Ti, or — = A, 

J ao 0 


so that € = hv, since v = clX. Here A is the distance the quantum 
moves along x during one complete vibration. According to this, the 
quantum itself conforms to the quantum theory rule, 


j ^dq = nh, with n - 


WTien light is reflected from a moving mirror its wave-length is changed, 
as it should be according to the wave theory. This effect can also 
be explained on the quantum theory. Suppose a quantum having 
energy Tiv and momentum Jivjc to be reflected normally from a mirror 
moving with velocity v in the opposite direction to the quantum. 
Let the reflected quantum have energy liv' and momentum hv jc. 
During the collision between the quantum and the mirror let the force 
exerted on the quantum by the mirror be F, and let the duration of the 
collision be r. Then we have by the conservation of momentum 


Jiv , hv 

c c 



and by the conservation of energy 

hv —hv—vT Fdt, 


,so that 


V — V V 

=: - j 

V + i; C 


C + V 
V C — V 


which is the same result as is given by the wave theory. 

A quantum theory of the diffraction grating has been suggested by 
Duane and Compton. Suppose a quantum of energy hv to be incident 
on a plane transmission grating at an angle ^ and diffracted at an 
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angle 6. The momentum parallel to the surface of the grating 
the quantum is 




This must be equal to the momentum in the same direction received by 

the grating, which we assume equal to where n—0, +1, + 2 ..., 

c 

and v' = cjd, d being the grating space, so that cjd may he regarded 
as the frequency of the grating. Hence 

• JL I • o 

sm0+ sm^= 


which agrees with the usual grating formula. It must be admitted 
that this theory of the grating is not very convincing. 


20. Bohr’s Correspondence Principle. 

An important principle due to Bohr is the Correspondence Prin- 
ciple We have seen in several cases that the results of the quantum 
theory agree with those of classical dynamics when the frequency 
considered is very small. In particular, the frequency of the light 
emitted by an atom containing an electron is equal to the frequency 
of revolution of the electron, when the energy emitted is very small. 
A si m i l ar result can be shown to be generally true. Consider a system 
determined by co-ordinates and momenta no. . the latter 

being defined as usual by where E denotes the energy of the 

system expressed as a function of the q’s and j’s. If the kinetic energy 
T IS a homogeneous quadratic function of the q’s, we have by Euler’s 
theorem ar. 

= = 


Let the system be periodic so that all the g^’s and p’s repeat their values* 
at equal intervals r, and let 1 = j ^jpqdt, so that I [r is twice the average 

value of the kinetic energy during one period. Now suppose that the 
energy of the system is changed slightly from E to E + 8E, so that T 
changes by SI, where 


The last term represents the variation due to the change in r. 


Now 


f^pSgdt = (pSg) — j'^hqpdt, 


since hqdt = dBq, and we suppose the time reckoned from the same value 
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of q in the varied and unvaried motions, so that Sg' == 0 when t = 0. 
Hence SI (qSp — pSq) dt + {Sg 9 {Sq + jSr) } 

But g at if == 0 is equal to g at if = r since the motion is periodic; hence, 

Sq + gSr = 0. 


when t = r, 


We have therefore SI = ^^2 {qSp — pSq) dU 

Now if E is expressed as a function of the p's and g’s we have 

dE . , dE 


so that il = / S 

But SE is constant so that SI = rSE, or, if co denotes the frequency 
or 

SE dE 

According to Bohr’s theory we have e — e', which we may write 

Ac 

A* 

Also if jpidqi= nji, jp^dq^^n^h, and so on, we may put 

I — j^^pqdt = 'LnJh nil (n = 0, 1, 2 . . . ), 

so that when e changes from e to e' and 1 changes from I to F we shall 
have 

I-r = M^{n-n')h 

and V = (n — n') 

^ ^ A/ 


If n and 9^' are very large integers and n — n' is small, we may suppose 

Sc 

Ae = Sc and A/=SI, so that, since a)=^-, we get v== (7^— ?^')cu. 

Thus according to the quantum theory when c — c' is very small the 
frequency emitted is a multiple of the ‘frequency of oscillation of the 
system, in agreement with classical theory. In any case we may put 

1 cZc 7 T Ac 
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so that w is an average value of the frequency of the system during 
the change of the energy from 6 to e'. Hence we have 

v={n—n')6}, 

and we may say that the frequencies emitted on the quantum theory 
are multiples of the average frequency of the emitting system. In 
the case of Balmer’s series, 



where n'= 2 and n=Z, 4, 5 . . ., frequencies of lines are given by 

P ^32 ^ Ij V ^42 X P ^52 ^ 

and so on. Here, for example, average frequency of revolution 

of the electron during the transition from the state given by n = 4 
to that given by ^ = 2 . According to this, lines in a series like the 
Balmer series may be said to correspond to the harmonics of the fre- 
quency of the atom which would be emitted on the classical theory, 
if the atom had a fixed frequency of vibration. According to Bohr, 
results given by the classical theory as to the different lines emitted 
may be supposed to apply to the corresponding lines predicted by 
the quantum theory. This is Bohr’s Correspondence Principle. For 
example, a simple harmonic oscillator of frequency a> on the classical 
theory only emits radiation of frequency co. But the quantum theory 
gives for the energies in the possible states 

== nho) (n = 0, 1, 2, 3 . . .), 
so that the frequencies emitted should be given by 

hv= €n—€n', 

or v~(n — n')co. 

The Correspondence Principle therefore indicates that n— n'=l, 
or that the intensities of the harmonics of the fundamental frequency 
are zero. In the case of the hydrogen atom we might assume the 
electron to be describing a particular orbit with constant frequency <n, 
and then calculate the relative intensities of the lines having frequencies 
CO, 260 , 3co . . . to be expected on the classical theory. The results obtained 
might be expected to give the relative intensities of the corresponding 
lines of the quantum theory. Thus the line p= K{} — = <^42 X 2 

would be expected to have the intensity of the first harmonic of the 
radiation from an electron describing an orbit with constant frequency 
6 O 42 . The Correspondence Principle has proved of great value. It 
enables the intensity and state of polarization of lines to be predicted 
correctly in many cases. 
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2L Adiabatic Invariants. 

As we have seen, the possible states of a periodic atomic system 
can be determined in certain cases by means of the equations 

jpidqi = nji, ^ 

The quantity I = j'Zpqdt is therefore also equal to nh {n= 0 , 1, 2 . . 
Also, since the kinetic energy T is given by 

2T^i:pq, 

we have for a periodic system 



where T denotes the average value of T during one complete oscillation 
of period t; or, since t= v~'^, we get 

2T , 

— = nh. 

V 

Suppose now that the atomic system is acted on by some external field 
of force such as an electric or magnetic field, and that this field is 
initially zero and gradually increases in intensity to a final constant 
value. The field will alter the motion of the system and will change 
the energies of the possible states. In order that the quantum condi- 
tion J pdq = nh may apply in the presence of the field it is clear that 
jpdq must remain unchanged as the field is applied. Quantities which 

remain unchanged in value according to classical dynamics when a 
field is gradually applied are called '' adiabatic invariants following 
Einstein, Ehrenfest, and Burgers, to whom this idea is due. It can be 
shown on the classical theory that 2T/i/ is an adiabatic invariant, and 
it is suggested that only adiabatic invariants should be put equal to 
multiples of h for the purpose of determining the possible states of a 
periodic system on the quantum theory. The discovery of an adiabatic 
invariant of an atomic system may therefore enable its possible states 
to be determined by the quantum theory. 

22. Physical Interpretation of the Quantum Theory. 

The physical basis of the quantum theory has not yet been discovered. We 
do not know why atomic systems should only be able to exist in certain definite 
states in which they do not radiate, and we do not know why the frequency of 
the radiation emitted should be given by == s “ s'. The moat promising 
attempt to devise a model of an atom to illustrate the quantum theory is due 
to Whittaker, and we wiU now consider a modification of his model. 
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Suppose an atom consists of a filament in the form of a closed curve which 
is a perfect conductor of magnetism. We may suppose the filament to consist 
of a mixture of equal quantities of north and south magnetism which can move 
freely along the filament. Suppose now that an electron with a charge e is moving 
towards this filament. The number of lines of electric induction coming out of 
the electron is 4Tre, so that the number passing through the filament is eco, w 
being the solid angle subtended by the filament at the electron. The electric 
displacement current through the filament due to the motion of the electron 
is therefore ecb /47r. The work to take a unit pole once round the filament 
or the magnetomotive force due to this current is em, so that a magnetic 
current will be induced in the filament by the motion of the electron. This 

magnetic current produces an electric field which retards the motion of the 

electron. . . i - • 

The electric potential due to a constant magnetic current % is equal to ^co, 

so that the force on the electron is — where ds is an element of the path 

as 

of the electron. Hence, if E denotes the kinetic energy of the electron, we have 

£! = Eg- eji^ds, 

where is the initial value of E. Let the number of lines of electric induction 
due to the magnetic current i be EEi, where is a constant and K the specific 
inductive capacity of the surrounding space. Then 

KS^- e^=0, 
dt dt 

since we suppose the filament to be a perfect conductor of magnetism. Hence 

K8i = eo 



As the electron approaches the filament co increases and so E diminishes, so 
that if Eq is not too big the electron may be brought to rest when 


7T» ^ 


If the electron does not pass through the filament it will be repelled and will 
move aw'ay until <o = 0 and E == Eq^ so that it will get back its initial kinetic 
energy. If the electron has enough kinetic energy it may go through the filament 
and move ofi to an infinite distance after going through. In this case co changes 

by 4t: so that the final energy of the electron is given by E = Eq— K8 ' 

electron therefore loses energy when it goes right through, whatever 

its initial energy may be, but if it does not go right through it loses no energy. 
The filament, therefore, can have energy zero or energy StcH^/KS. If a second 
electron goes through the filament in the opposite direction to the first one it 
will get the energy from the filament. If, however, it approaches the 
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filament in the same direction as the first one the energy of the filament will 
be increased again. In this case we have 

KSi — eco = constant, . 

and, when co = 0, K8i = 4cjze, so that KSi — eco = 47re. Hence 

Thus, if the second electron goes right through, its final energy will be given by 


and in the same way for a third electron 




, (4:re)2 
- KS ' 


and so on. The energy lost by the electrons is gained by the filament as the 
energy of the electric field of the filament. The possible values of the energy 
■of the filament are therefore ^ 

(2) i 

(3) # 

(4) ft 

and so on. The possible energies of the filament are therefore given by 


^ _ 72-2 (4,rce)^ 


0, 1,2,3...). 


Thus the filament can exist in a series of states having definite energies, 
and it can change from one state to the next one by giving up the energy differ- 
ence to an electron. In order that an atom may emit radiation, some kind of 
■oscillations must take place in it, and we shall suppose that this oscillation 
is analogous to the oscillatory discharge of a condenser through a circuit having 
self induction. In such oscillations the energy of the system changes from 
electric to magnetic energy and back again. If 0 is the capacity of the con- 
denser and Q the charge on one plate, then 

where E is the energy of the system and L the self induction of the circuit. The 
'Current is eq[ual io — dQldt. The periodic time is given by 

T:==2-K'\/'La 

In the case of the filament we may suppose that it is a conductor for electricity 
as well as for magnetism, so that if the magnetic current in it is i and the electric 
■current j then the energy E is given by 

jr, KSi^ I X c 
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since Sy. will be the self induction of the filament, (jl being the permeability, and 
K the specific inductive capacity of the surroxmdi-ng space. Now the number 
of lines of electric induction passing through the filament is KJSi = 4TC7?e, which 

would come out of a charge Q = = ne. We may suppose the electric field 

47r 

of the magnetic current to be due to two charges Q and — Q suitably distri- 
buted, and that the electric current j is equal to — dQ/dt. Hence we get 




(47^2 

2Z;Sf 


+M§)’- 


Comparing this with the corresponding equation for a condenser discharging 
through a circuit we conclude that the periodic time of the filament will be 


T=27t: 


I S\^S _ s 

\ (47r)2 2 


V 


yJ[. 


The frequency is therefore t] = and so is independent of the energy E. 

The radiation emitted according to the classical theory will have fre(pK‘nci(>s 
Ti, 27], 37) ... . 

According to the quantum theory the frequencies emitted will be given by 

Efi — E)i' = hvf 

nr 


2KS 


{n^ - w'2) == Av, 


so that the possible values of v will be multiples of The two theories 

therefore will agree if 2KSh 

71 = 2 _ (iney 

S Vjn 2K8h’ 

or if ^ = 

As a matter of fact h is nearly equal to 2Tt {4 to)® . / which is Sw times greater 

than the value just obtained. The model, therefore, does not give the correct 
value of h. It seems probable that atoms are really more complicated structures 
than is usually supposed, and that the physical interpretation of the quantum 
theory will not be clear until we know much more about them than ■W'e do now. 


THEORIES OF HEISENBERG, DE BROGLIE, AND SCHRODINGEE 

23. An important step in the direction of a real physical interpreta- 
tion of the quantum theory has been recently initiated by Heisenberg 
and developed by Born and Dirac. De Broglie and Schrodinger have 
also attacked the problem in another new way which, however, turns 
out to be formally equivalent to that of Heisenberg. Schrodinger’s 
development of De Broglie’s ideas will be briefly outlined here, since 
it seems clear that he has really got at the root of the problem. 
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24. Fermat’s Law and Hamilton’s Principle, Least Action. 

It is necessary to begin by discussing some preliminary questions. 
In geometrical optics the path of a ray of light may be determined by 
Fermat’s law, according to which the time taken by the light to pass 
from one point A to another B along its actual path is equal to the time 
along any other path between the same two points which is very close 
to the actual path. If ds denotes an element of the path and u the 
velocity of the light along ds, then according to Fermat’s law 



since ds/u is the time taken to traverse the distance ds. The symbol 
8 here indicates a very small change from the actual path to the other 
path, and the equation indicates that the change in the time from A 
to B when the path is changed from the actual path to any other path, 
very near to the actual path, is zero. 

Fermat’s law can be easily deduced from the wave theory of light. 
Consider a wave from A moving towards B. According to Huygens’ 
principle we may suppose that secondary wavelets start from every 
point on the wave front at any instant. The effect at B due to a small 
area on the wave front will be very small unless the secondary waves 
from the different parts of this small area all arrive at B at the same 
instant. This means that the time to go from any point on the small 
area to B must be the same if the actual path of the ray from Ato B 
passes through the small area. Thus as the wave moves from AtoB 
a small area on it moves along the ray path, and at any point on the 
path the time for the light to go to B from all points on the small area 
is the same. It is clear therefore that the times from Ato B along the 
actual path and all the paths very near to it are equal. 

In the dynamical theory of any material system we have a principle 
which may be expressed in a similar way to Fermat’s law in geometrical 
optics. This principle, known after its discoverer as Hamilton’s 
principle, was in fact suggested to him by Fermat’s law. 

Consider a material system consisting of any number of particles 
having masses m3 . . . . Let the co-ordinates of the particles 

be Xi, yi, x^, y^, 253 ; and let t denote the time. Also 

suppose that the particles are moving in a field of force excited by the 
particles so that the system has potential energy as well as kinetic 
energy. We shall suppose that the total energy of the system is 
constant and that the potential energy depends only on the positions 
of the particles and not on their velocities. 

The kinetic energy T of the system is then given by 

2 T = 
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and the potential energy F is a function of all the co-ordinates of the 
particles. It is convenient to abbreviate + 2/^ +■ z^) into 

it being understood that the sign S then indicates a summation of all 
products like mx^, including the my^ and 

We may regard the positions of the particles in the system as 
determined by the position of a single point the co-ordinates of which are 
Vii ^ 2 ? 2^25 ^^23 ^33 2/33 ^ 3 ** *3 that is, we suppose this representative 
point to be moving in an imaginary space of SiV dimensions, N being 
the number of particles in our system. As the particles move, the 
representative point moves along a path in this imaginary space. 
Now consider two points A and B in this space on a path of the repre- 
sentative point. Let be the time at which the point is at A and 
the time at which it reaches B. Then according to Hamilton’s 
principle 

Bf]UT-V)dt=0, . 

where the S indicates a small change from the actual path from A to 
B to any other path from A to B which is very close to the actual 
path. The small change is not supposed to involve a change in the 
time t That is, we suppose that to each point on the actual path there 
is a corresponding point on the varied path and that the time is the 
same at these two points. 

Since T==i'Emx\ 

we have ST = 'EmxBx. 

Also, since the x component of the force on a particle is equal to mx, 
we have 

— S 7 = 2 (mxSx + myhy -f mz8z), 
or, in the abbreviated form', 

— 87 = 'ZmxSx, 

ST — SV= Hmxhx + Timxhx. 

{mxhx) — mxhx -f mxhx, 

ST — 8V ^ ^ HmxSx, 
at 

Therefore, since we are supposing that S{dt) — 0, 

j ^ j^{LmxSx)dt 


Hence 
Now 
so that 


Hence 
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But the two paths are supposed to coincide at A and B, so that every 
Sx, Sy, and 82: is zero at A and B, and therefore 

(T-r)dt=o. 

Let the total energy be jB == T + F so that T — V = 2T — E, and 

we have rtj^ ^ rtj^ _ , ^ ^ , 

S| V)dt=Sj 2Tdt-8j ^ EdL 


But E is constant, so that 


and therefore, since 8t = 0, 


so that 


' Edt = E{t^ — t 

L 

8P^Edt=0, 

s(‘''2m=o. 


This result follows immediately from Hamilton’s principle and is called 

rtjg 

the principle of least action. / 2Tdt is called the action. 

If we suppose all the particles in the system fixed except one, then 
we have only to consider the three co-ordinates of this particle, and 
the path of the representative point is simply the path of the particle. 
Now consider the path of a ray of light between two points A and B, 
and the path of a particle between the same two points. For the path 
of the ray we have 

8 

J A U 

and for the path of the particle, since 2T = mv^ and vdt = ds, 

Sl^^mvds=0» 

We see that the two paths will be identical if mv == k/u, where k is any 
constant. 


25. Schrbdinger’s Wave Mechanics. 

De Broglie suggested that a train of waves is associated with a 
moving electron, and Schrodinger goes one step farther and regards 
an electron as actually consisting of a train of waves. 

The photo-electric effect and the scattering of X-rays by electrons 
suggest that light has the essential properties of material particles. 
It behaves as though it consisted of particles having energy hv and 
momentum hvjc. Again, the deflection of light by the gravitational 
field of the sun is the same as that of a particle moving with the velocity 
of light. An electromagnetic field has energy and momentum and 
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moves ti^ough space by growing in front and fading away behind, a 
process similar to wave motion. 

The fact that light behaves like particles becomes comprehensible 
if particles are trains of waves like light. In the equation mv— Jcju 
the^ velocity of the particle is v and the velocity of the train of waves 
which would go along the same path is u. If the particle is a train of 
waves, then the wave velocity must be u and the velocity of the train 
or group of waves must be v. Now it is well known that the velocity 
of a group of waves travelling in a dispersive medium is different from 
the wave velocity. We see, therefore, that if u is the wave velocity 
and V the group velocity of the waves which are the electron, then its 
motion will a^ee with Eermat’s law and also with Hamilton’s principle. 

The relation between the wave velocity and the group velocity 
can be easily obtained. Consider two trains of waves of equal ampli- 
tude travelling in the same direction, and let the resultant amplitude be 

y = cos27rv -f cos ^ttv (t ~ — 

^ W \ U J 

= 2 C0S77((V + v')t - (^ + ^) ^ cos 77 ((v L) a;), 

or, putting v—v' = hv and - — — = 

u u \iiJ 

2/ = 2 cos 27TV (t — ^ cos TT {thv — xS y 

Thus we get a train of waves of frequency v and wave velocity u with 
amplitude varying very slowly along x between 2 and — 2. 

The waves between two points at which the amplitude is zero form 
a ^oup of waves, and the group travels with the velocity of its middle 
point, where the amplitude is 2. This group velocity v is given by 

«8v-a:§(-) = 0, so that 1=^ = 4^. 

V X hv 

The velocity v of the particle and the wave velocity u must therefore 
satisfy this equation. 

^ Fermat’s law gives the path of a ray of light and the laws of geome- 
trical optics may be easily deduced from it. The phenomena of inter- 
ference^ and diffraction which appear when the fine structure of the 
light distribution is examined do not follow Fermat’s law. This law 
is merely an approximation valid so long as the scale of the phenomena 
considered is^large compared with the wave-length of the light. 

Hamilton s principle gives correct results for the motion of dyna- 
mical systems consisting of large bodies, but classical dynamics fails 
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to give a satisfactory account of atomic phenomena which are on a very 
small scale. Schrodinger points out the analogy between the failure 
of Fermat’s law for small-scale optical phenomena and the failure of 
Hamilton’s principle for atomic phenomena. According to his view 
both failures are due to the same cause, namely, that the scale of the 
phenomena considered is not large compared with the wave-lengths 
involved, so that the theories based on the paths of rays are inadequate 
and wave theory is required to give a satisfactory account of the 
phenomena. 


26. Schrbdinger’s Wave Mechanics and the Hydrogen Atom. 

Let us now consider a system consisting of one particle moving 
in a fixed field of force. If x, y, and 2 ; are the co-ordinates of the 
particle, the kinetic energy T = ^m{x^ + z^), and we may take 

the potential energy F to be a function of x, y, and 2 ; only. 

Let IF be a quantity defined by the equation 

W = S{x, y, z) ~ Et, 


where ^/ = T -f- F is the total energy, t the time, and S a function of 
X, y, 2 such that = 7nx, ^ = my, and ^ = mz. We have then, 
*since TF is a function of t, x, y, and z only, 


dW dW , dW . , dW . , dW , 

dt dt dx^ dy ^ dz ^ 

= — E + mx^ + my^ + mz^ — 2T — {T + V) 

Hence W = j{T — V)dt-\- constant. 


Now suppose a family of surfaces drawn in the field of force so that 
W is constant over each surface, and increases from one surface to the 
next one by a constant amount A IF. The equation of a surface is 

TFo+ mATf = {x, y, z) - Et, 

where m is equal to 0, 1, 2, 3, 4, &c. The gradient of IF is a vector 
with components dW jdx, dW jdy, dWjdz, and so is perpendicular to the 
surfaces on which IF is constant. If then $ is the distance measured 
along a vector line of grad IF, i.e. a line whose direction at any point 
is that of the vector, grad IF, we have 


fdw\^ 

/aw'N 


fdWS' 

\dsJ~ 

’ \ 8x) 

+ (-8y) + ' 

\dz) 


/aw 2, .0 , , .0. dw 

\ ds) ~ -f. 2/2 Qr 


■so that 
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As the time increases, the surfaces on which W is constant move 
along with a velocity u given by 


dW — 0 — "X — ds -| — r — dtf 
as at 


or, since ds = udt, 


so that 


dw 

ds 


m 

dt 





ds mv 


Any path of the particle is given by 8Tf = 0, according to Hamilton’s 
principle, and is therefore a vector line of grad Tf, that is a line every- 
where perpendicular to the surfaces on which W is constant. For if 
we consider such a line between two points A and S, then it is clear 

that Wjs— ^ the same value when the integration 

is taken along that line or along any other line between A and B 
very close to it, because W is unchanged for any small displacement 
normal to a vector line of grad F. The surfaces of constant W there- 
fore move along any path of the particle with velocity u=Elmv, 
where v is the velocity of the particle. This suggests that the velocity 
Ejmv should be regarded as the wave velocity of the waves composing 
the particle, and that the surfaces of constant W are surfaces of constant- 
phase in these waves, for in a train of waves surfaces of constant phase 
angle move along with the wave velocity. If then xjj denotes the 
displacement in these supposed waves we may assume that 

iff = a cos ^ 

= a cos 277 — = a cos^{S— Et), 


where Z is a constant which has to be introduced since the phase 
angle must be of zero dimensions, and v is the frequency of vibration. 
Hence we must have E= vK, and S = vKsju. 

Since in the quantum theory the energy of a quantum is equal to 
hv, it is natural to assume that K = h, so that E = hv. 

If A denotes the wave-length then we have u = pA, which with the 
equations u = Ejmv and E ^ hv gives A = hjmv. In the case of a. 

particle describing a circular orbit of radius r this gives ~== . 

r mw‘ 

Now m the quantum theory of atoms Ti and the angular momen- 
tum, are of the same order of magnitude, so that it appears that A and t 
are of the same order also. Thus we see that in atomic dynamics we 
are dealing with phenomena the scale of which is not large compared 
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with the wave-length, so that the geometrical theory of rays cannot 
be used but must be replaced by a wave theory. 


The equation u— — , with E=}iv and-y = 
mv 






-Vb / — ■ 

^ s/27n{hv-V) 

Thus u depends on the frequency, so that we have dispersion. 

The reciprocal of the group velocity of the waves is is 


d f\/27n{Jiv~V) 


1 2mA I m 


since Aj^ — F==jE' — V= T, But v - 


l2T 

-\ — , so that V is the group 

V m o j. 


velocity corresponding to the wave velocity u. Thus we may regard 

E 

a particle as a group of waves with wave or phase velocity — 
moving along with velocity v. 

We may suppose that the wave displacement ^ is determined by 
the usual wave equation 

-L _L ^ A 

dx^ dy^ dz^ v? dt^ 


If we assume ib = we get = 27riviL and ^ : 

that 


4:7r^v^, so 


u A 


\/2m{hv — V), 


so that 


^^f>+^{hv-V)^|,= 0. 


In an atom the wave-length A is not small compared with the linear 
dimensions of the atom, so that a particle or electron cannot be regarded 
as a small body describing orbits inside the atom but must be regarded 
as a system of waves occupying the whole volume of the atom. In 
a hydrogen atom the potential energy is —e^jr where r is the distance 
of the electron from the nucleus. If the electron is a system of 
waves or vibrations spread over the space around the nucleus 
it is difficult to see what the potential energy should be. Schr5- 
dinger supposes that it is nevertheless equal to —e^jr where r is 

(D814) 9 
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the distance of a point from the nucleus. He therefore takes 


to be the differential equation for a hydrogen atom. 

Schrodinger succeeded in finding the solutions of this equation, 
and found that the only solutions for which if; is finite and continuous 
everywhere from r = 0 to r = oo give only the following frequencies: 

v>0, 

v = — 2'jT^me^lhV {n — 1, 2, 3, 4, &:c.). 


The negative sign depends on the negative value taken for the potential 
energy. This negative value of course is obtained by taking the 
potential energy zero when r = oo , which happens to be convenient 
for purposes of calculation. The frequencies so calculated are the 
natural periods of vibration of the atom vibrating like an elastic solid. 


The problem of 
equation 


finding the possible frequencies allowed by the 


is similar to the problem of finding the possible frequencies of a 
stretched string fixed at both ends. 

If one end of the string is at cc = 0 and the other at a? = Z, and 
if y denotes the lateral displacement of the string, then 

0 

where the velocity v of waves along the string is equal to s/T/fM, T 
being the tension and the mass of the string per unit length. The 
solution of this problem is weU known and gives the possible frequencies 
of vibration of the string or its natural periods. These are found to 
be given by v = vnl2l where n= 1, 2, 3, i . . . . The fundamental 
frequency is vj2l, and the others are multiples of this. In the case 
of the hydrogen atom the fundamental frequency is — 27 r^'me^ /h^, and 
the others are got by dividing this by 4, 9, 16, &c. The vibrations of 
the atom, mathematically, extend to r= oo, but the amplitude falls 
off exponentially and becomes negligible when r is greater than about 
10“^ cm. 

If we put i/r = and substitute in the differential equation, 
assuming A and a to be constants, we find 

Alp = 


so that 
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so that 


~7r~ 


and a = 
27T^me^ 


4=7r^me^ 

~W~' 


II5 


Thus in the case of the fundamental vibration of the atom 


ifi == Ae 


'--4ir2j«e2 


T-^^irivt 


where A may have any value and v= — The amplitude 

of vibration at r = 0 is equal to A, The energy of the atom E—hv 
= — ^TT^me^jh^n^ and is independent of the amplitude of vibration. 
These values of E are the same as those of Bohr’s theory. 

According to Schrodinger, the atom radiates when it is vibrating 
with two of its possible frequencies. For example, if 

and ifj = 4“ 

then Ai^+ A^ + A^A^ 4. 

Schrodinger supposes that the density of the electricity p in the 
atom is proportional to and that the variations of p produce radia- 
tion in accordance with the classical electromagnetic theory, ifip 
oscillates with frequency 1/2 — v-j., so that radiation of this frequency 
is emitted. If then we imagine an atom oscillating with a fundamental 
frequency Vg and so having energy Avg, and that it somehow changes 
from this state to another with frequency and energy hv^, then if 
during the transition it has both frequencies it will radiate with fre- 
quency V given by v == vg — vi, and the energy emitted will be 

hv — h{v2 — vi) = Fg — 


which is the fundamental equation of the Bohr theory. 

Schrddinger and others have shown that his theory agrees with 
the facts of spectroscopy as well as or better than Bohr’s theory, and 
it does not require the aid of any correspondence principle. So far as 
the writer is aware the photo-electric ef ect has not yet been explained 
on Schrodinger’s new theory. 

This undulatory form of dynamics involves a new view of the 
nature of energy. It seems that the universe consists of a collection 
of oscillators, the atoms and the light quanta. The energy of any 
oscillator is equal to hv, so that the principle of the conservation of 
energy merely means that Sv is constant. The amplitude of vibration 
of the oscillators has nothing to do with the energy. 

A crude analogy is the case of a large collection of tuning forks. 
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An investigator measures all their frequencies at different times and 
places, and finds the sum of all the frequencies constant. He then 
announces the general principle of the conservation of frequency and 
ignores the amplitude of vibration of the forks. 

. Schrddinger’s theory seems somewhat obscure as yet in parts, but 
it is undoubtedly a step in the right direction and of the highest interest 
and importance. 

The equation j j)dq = nh of Bohr’s theory may be easily interpreted 

by means of Schrodinger’s theory. If s is the length of an electron 
orbit, and v the velocity along the orbit, we may put and 

dq — ds, so that J mvds = nh. With the equation u = livjmv this gives 

(^=^nh. 

J u 

But if A is the wave-length of the waves in the electron, vX = u, so that 



Now / dsjX is the number of waves in the length of the orbit, so that the 
equation fpdq= nh means that the number of waves in the lengt.li 
of the orbit must be equal to n, which is an integer 1, 2, 3, 4, &c. 

On Schrodinger s theory the waves are not regarded as travelling 
along the orbit only but as forming a system of waves filling up the 

surrounding space. lijds/X is not equal to an integer, then if the 

tram of waves extends a number of times round the orbit the waves 
wiU mterfere and destroy each other. In this way we see that the 

equation only applies to very small orbits the length of 
which is less than that of the train of waves in an electron. 
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CHAPTER VI 

The Critical Potentials of Atoms 

1. Quantum Theory and Critical Potentials. 

According to the quantum theory atoms can only exist in a series 

of states characterized by definite energies W^, Wz-- 

these so-called stationary states the atom does not emit radiation. 
The normal state of the atom is the state of smallest energy W^. To 
change an atom from its normal state to another state requires energy 
Wn — be given to the atom. An atom not in the normal state 

is usually called an excited atom. Excited atoms emit radiation of 
frequency v given by hv = — Wn when they change from a state 

having energy W^n, to one having energy and they usually quickly 
revert to the normal state. 

If a stream of electrons all moving with the same velocity v is 
passed into a gas it is found that the gas atoms may be excited by 
collisions with the electrons, provided the kinetic energy of the electrons 
is great enough. The kinetic energy ^7nv^ must be at least equal to 
for the electrons to be able to change an atom from its normal 
state with energy to the state having energy Wn- 

If P denotes the potential difEerence required to give an electron 
the kinetic energy so that Pe~ where e is the electronic 

charge, then if Pe = — Wn the potential difference P is called a 

critical potential of the atom for which and Wn are possibly energies. 
The potential difference required to give an electron just enough energy 
to ionize the atom, that is to knock an electron right out of it, is called 
an ionization potential of the atom. If F' is the energy of the ionized 
atom, and F^ its normal energy, then Pe= W' — Wj gives the ioniza- 
tion potential of the atom when in its normal state. 

2. Lenard’s Measurements. 

The critical potentials of atoms were first directly measured by 
Lenard with an apparatus shown diagrammatically in fig. 1. Electrons 
from a hot filament F are attracted by a wire grating or grid G which 
is charged positively by connecting it to a battery, and some of them 
pass through the grating. A plate P on the other side of G is connected 
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to one pair of the quadrants of a quadrant electrometer E, and the 
other pair of quadrants is connected to the earth. The plate P can 
be insulated when desired by opening the key K. If Pq denotes the 
potential of the grid andPj^, that of the filament, then Pf. — Vet 
is called the accelerating potential, and the kinetic energy of the 
electrons from the filament, when they reach the grid, is approximately 
given by = 7^^* The potential difference between the grid and 

the plate P is called the 
retarding potential V^ — 
P^. The filament is kept 
at a positive potential less 



than Pq so that TV is 
greater than The 

filament, grid, and plate 
are inside a bulb con- 
nected to a pump through 
a tube T, and the gas 
pressure in the bulb is adjusted so that the mean free path of the 
electrons is greater than the distance from the filament to the grid. 
The electrons which pass through the grid are repelled by the plate 
and, since 7r>Va, none of them can get to it. If, however, the 
energy of the electrons is great enough they ionize some of the gas 
molecules by collisions in the space between the grid and plate, and 
the positive ions produced are attracted by the plate P and give it a 
positive charge which is indicated by the electrometer when the key 

K is open. If 7^ is gradually 
increased, keeping Vr always 
greater than 7„, then the smallest 
value of Va for which the plate 
gets any positive charge can be 
found. 

Fig. 2 shows the relation be- 
tween V a and the positive charge 
received by the plate in a given 
time with hydrogen gas in the 
apparatus. No charge is ob- 
^ntil Va is about 10 volts. 
Ihe charge mcreases slowly up to about 16 volts and then begins to 
increase rapidly with the accelerating potential. This shows that 
hydrogen has critical potentials of 10 and 16 volts approximately 
The positive charge received by the plate P, however, is not neces- 
sarily due to positive ions; it may be caused by ultra-violet light 
emitted loy the gas falling on the plate and causing it to emit electrons. 

he electrons from the filament may have enough energy to excite 
the gas molecules but not enough to ionize them. If the molecules 
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are excited by tbe electron collisions they emit light when they go back 
to the normal state, and this light may cause the plate to emit electrons, 
and so become positively charged. Lenard’s method shows that the. 
hydrogen has critical potentials at about 10 and 16 volts, but it does, 
not enable us to determine whether these potentials are ionization 
potentials or excitation potentials. 


3. Results of Franck and Hertz with Mercury Vapour. 

A great many modifications of Lenard’s original method have been devised 
but only a few of these can be described here. A full account is given in the 
Bulletin of the National Research Council, No. 48, “ Critical Potentials ”, by K. T. 
Compton and P. L. Mohler. 

If the gas pressure in the apparatus is increased so that the mean free path 
of the electrons becomes con- 
siderably smaller than the dis- k 
tance from the filament to the ^ 
grid and if also the retarding | 
potential is made quite small ^ 

(about volt), then, with mon- ^ 
atomic gases, the current to the ^ 
plate rises and falls periodically 
as the accelerating potential is 
increased. Results obtained in 
this way by Franck and Hertz 
with mercury vapour are shown 
in fig. 3. 

The potential differences be- 
tween the successive maxima 
are 4-9 volts. It is supposed 
that the electrons, when their kinetic energy corresponds to less than 4*9 
volts, collide with the mercury atoms without loss of energy. The collisions 
are then said to be elastic. An electron from the filament therefore loses 
no energy due to collisions as it moves towards the grid until its energy 
corresponds to 4-9 volts, and then it excites a mercury atom and loses all its 
kinetic energy. The energy of the electron then increases again as it moves along 
in the electric field until it again corresponds to 4-9 volts, w^hen it again excites 
a mercury atom and loses its energy, and so on. In order to get to the plate 
an electron must arrive at the grid with energy greater than that corresponding 
to the small retarding potential Fr* Hence as F« is gradually increased the 
current increases until Va is about 4*9 volts, when it drops, because the electrons 
lose their energy just before reaching the grid. The current then increases again 
as Ya is increased until it reaches 2 X 4*9 volts, when it again falls and so on. 
The lowest critical potential of mercury atoms is therefore 4*9 volts. Similar 
results have been obtained with helium and other monatomic gases. 

More precise results can be obtained by using two grids, one near the filament 
and the other near the plate. The one near the plate is kept at a slightly higher 
potential (about 0*1 volt) than the one near the filament. The electrons which 
pass through the first grid then move with nearly constant velocity in the space 
between the two grids, so that the number of collisions occurring with any given 
energy is greatly increased, and the breaks in the curve giving the relation between 
plate current and accelerating potential are much more distinct. The second 
grid can be used with Lenard’s method at low pressures and with Franck and 
Hertz’s method at higher pressures. In this way a great many critical potentials 
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have been observed; for example, in mercury there are critical potentials of 
4*68, 4*9, 5-29, 5*78, and 6-73 volts. 

4. Methods distinguishing Ionization and Excitation Potentials. 

A modification which enables ionization and excitation potentials 
to be easily distinguished was used by K. T. Compton and by Boucher. 
Two plates were provided, one consisting of a metal sheet, as usual, 
and the other of a grating of fine wire. The two plates were connected 
together and either of them could be moved into position in front of 
the grids when desired. The area of the metal sheet was much greater 
than that of the grating so that the current due to radiation was much 
greater with the sheet than with the grating, but the current due to 
positive ions was about the same with either plate. The ratio of the 
plate current with the sheet to the plate current with the grating 
remained nearly constant as the accelerating potential was increased 
p so long as only excita- 

ig Q -1 tion of atoms was tak- 

I g ing place, but began to 

t |n fall rapidly as soon as 

Q ionization began, 

o-'v Pig. 4 shows dia- 
grammatically an appa- 
ratus due to Hertz 
which enables two dif- 
ferent methods to be used. BB is a cylindrical box with flat ends. 
In one end at N is a hole covered with a grating. The sides of 
the box GG are made of wire gauze. Surrounding the box is a 
metal cylinder PP. A filament is set up near the hole at N and 
there is a second filament Fj inside the box. 

To determine ionization potentials the filament Fg is heated and 
the current from box to filament due to a small potential difference 
IS measmed. The temperature of F^ is raised until the current is 
mdependent of the temperature, showing that the current is limited 
by the space charge on the electrons emitted. If now electrons from 
the other filament F^ are accelerated into the box through the hole 
at N by a potential difference 7„, they have no effect on the current 
unless they produce positive ions in the box by collisions with the gas 
molecules present. The positive ions neutralize some of the space 
charge and so increase the current. Owing to the mass of the positive 
ions being much greater than that of the electrons the ions remain 
m the space mide the box much longer than the electrons, so that 
the mcrease of current is enormously greater than the current carried 
by the positive ions. This is therefore a sensitive method for detectinc^ 
an lomzation potential. ^ 

The same apparatus can also be used to detect any kind of critical 
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potential by another method. The filament Tg inside the box is not 
used but is merely connected to the box. Electrons from are 
aceelerated into the box through N and some of them escape from the 
box through the gauze sides to the cylinder P. The current to P 
carried by these electrons is measured with a galvanometer G' con- 
nected to P. ^ A switch S is provided in the galvanometer circuit by 
means of which a potentiometer Q arranged to give a small P.D. of 
about OT volt can be introduced into the circuit when desired. The 
current is observed with the small P.D. on, and also with it off. With 
the P.D. on, the electrons from the box cannot get to P unless they 
have enough energy to carry them across the small P.D., but with 
the P.D. off all the electrons from the box get to P. The difference 
between the galvanometer cur- 
rents with the P.D. off and 
with it on therefore gives the g 
number of electrons coming ^ 
out of the box which have | 
kinetic energies between zero ^ 
and the energy corresponding S 
to the small P.D. I 

If Va is the accelerating 
potential driving the electrons 
from into the box and if 
Vc is a critical potential for the 
gas in the box, then if Va— Vc ; 
is between zero and the value 
of the small P.D. there will 
be electrons in the box with energies between zero and that corre- 
sponding to the small P.D., some of which will escape from the box 
and produce a difference between the two currents observed. If, 
however, Va Pc is greater than the small P.D. or less than zero there 
will be no such electrons present and the two currents will be equal. 

As the accelerating potential is gradually increased the two currents 
remain equal until a critical potential is reached, when a difference 
appears which rises to a maximum and falls back to zero when Va — Fc 
becomes greater than the small P.D. On Va being further increased, 
when a second critical potential is reached a difference between the 
two currents appears again and then disappears, and so on. Pig. 5 
.^ows the results obtained by Hertz with a mixture of neon and helium, 
ihe two maxima at A and B are due to critical potentials of helium 
and those at C and D to neon, as can be shown by trying the two gases 
separately. 

^ All the above methods are subject to an error on account of the 
initial velocity of the electrons emitted by the hot filament. The 
energy of the electrons is greater than that corresponding to the 
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accelerating potential 7^. This error is best determined by measuring 
known critical potentials, or hy measuring the difference between the 
critical potential which it is desired to find and a known critical potential. 
Possible errors due to contact potential differences are also eliminated 
in this way. 

5. Agreement of Results with Quantum Theory. 

By means of the above and other more or less similar methods the 
critical potentials of many different atoms and molecules have been 
determined. These results provide a remarkable confirmation of one 
of the fundamental assumptions of the quantum theory, viz. that the 
energy of atoms does not vary continuously but that atoms can only 
exist in a series of definite states having definite energies. Electrons 
collide elastically with an atom unless they have enough kinetic energy 
to change the energy of the atom from its actual state to another 
possible state. 

According to Bohr’s quantum theory of spectra, moreover, we have 
fiv= W.„^—Wn, 

so that if P denotes the critical potential corresponding to the change 
from energy Wn to energy T7„i, we have 

Jiv = Pe. 

If P is expressed in volts and v as the wave number or number of waves 
in 1 cm. in a vacuum, then on substituting the values of li and e we get 

P=T2344 x 10-^v, 

It is found that the observed critical potentials in many cases agree 
accurately with the values calculated by means of this equation. 
Since the wave number can be determined with much greater accuracy 
than the critical potential P, it follows that when the spectral line 
correspondmg to a particular critical potential has been definitely 
identified, then the value of the critical potential can be most accur- 
ately obtained by calculation from the wave number of the spectral 
line. 

The results which have been obtained with the alkali metals arc 
especially simple. The vapours of these metals are monatomic, and 
are found to absorb the lines of the principal series in their spectra 
strongly. This shows that the lines of this series are emitted when the 
atoms revert to the normal state from a series of states having greater 
energies. See Chap. VIII. 

An excitation potential has been found for these atoms which 
agrees with that calculated from the wave number of the first line in 
the principal series, and also an ionization potential which agrees with 
that calculated from the wave number of the limit of the principal 
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series. The following table gives the observed and calculated results 
in volts. 


Metal. 

"Wave Number 
of Limit, 

Ionization Potential. 

Wave Numbers 
of First Line. 

Excitation Potential. 



Cal. 

Obs. 


Cal. 

Obs. 

Sodium . . 

41,449 

5-116 

5-13 

1 

16,973 

16,956 

2-096 1 
2-093 f 

2-12 

Potassium 

35,006 

4-321 

4-1 


13,043 

12,985 

1-610 i 

1-603 J 

1-55 

Rubidium 

33,689 

4-159 

4-1 

- 

12,817 

12,679 

1-682 1 
1-663 / 

1-6 

Csesium . . 

31,405 

3-877 

3-9 

1 

11,732 
t 11,178 

1-448 1 
1-380 J 

1-48 


The first lines of the principal series are doublets, but the measure- 
ments of the excitation potentials were not sufficiently precise to 
distinguish between the two critical potentials. 

Excitation potentials corresponding to the other lines in the principal 
series have not yet been observed. We should expect the ionization 
potential to agree with that calculated from the limit of the principal 
series because the successive lines are supposed to correspond to states 
in which the outer electron is farther and farther from the nucleus, 
so that the limit should correspond to the case when the electron is 
entirely removed from the atom. 

The following table contains the observed and calculated critical 
potentials of helium in volts. 


Calculated. 

Observed. 

19-73 

19-73 

20-56 

20-53 

21-12 

21-2 

22-98 

22-9 

24-48 

24-5 


The calculated values are got from the wave numbers of spectral lines 
believed to be emitted when the helium atom reverts to its normal 
state, except the last number, which is got from the limit of the corre- 
sponding series, since 24-5 volts is the ionization potential. 

In the case of mercury, eighteen critical potentials have been 
observed ranging from 4-68 volts to the ionization potential 10-39 
volts. Most of these agree with values calculated from the wave 
numbers of spectral lines believed to be emitted by mercury atoms 
reverting to the normal state. Similar results have been obtained 
with many other elements. 
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6. Smyth’s Application of Positive Ray Analysis. 


Very interesting and important results have been obtained by Smyth by 
means of a combination of Lenard’s method of measuring critical potentials 

and positive ray analysis. In this 
way it is possible to determine the 
nature of the positive ions pro- 
duced in gases by electron colli- 
sions. 

The most essential parts of 
Smyth’s apparatus are shown dia- 
grammatically in fig. 6. Electrons 
from a filament F are accelerated 
to a grid G and then stopped by a 
retarding potential between the 
plate A and the grid. Positive ions 
produced by electron collisions be- 
tween G and A are accelerated to- 
wards A and some of them pass 
through small holes in the dia- 
phragms A, B, and C into a box K, 
where they are deflected by a 
uniform magnetic field perpendi- 
cular to the plane of the paper. 
In this field they describe circular 
paths and by adjusting the field 
strength may be made to enter a 
slit at B, where they fall on an 
insulated electrode E. The charge received by E is measured with a quadrant 
electrometer. The box K and the spaces between the diaphragms A, B, and C 
are kept highly exhausted by means of powerful pumps connected to the tubes 
Tj, Tg, and Tg, so that the positive ions are not stopped by collisions with gas 

molecules. A slow stream of the gas 
to be investigated is passed into the 
apparatus through the tube Tp, making 
it possible to have sufficient gas pres- 
sure in the space between the grid and 
plate to obtain enough ions by colli- 
sions although the rest of the appa- 
ratus is kept highly exhausted. 

The accelerating potential Va be- 
tween the filament and grid is kept 
constant, as also the retarding potential 
between G and A. The potential be- 
tween A and B which accelerates the 
positive ions produced between G and 




^ ab vfciiutja ana rne magnetic held 

' kept constant. The values of m./e for 

1 . 1 j; XT- T r. 1 . positive ions can be easily calcu- 

lated from the radius of the path which they describe, the potential accelerating 
them, and the strength of the magnetic field. 

. 1 , the charge received by the electrode E varies with 

the value of m/e for the positive ions reaching E is shown. In this case the gas 
used was mtrogen and the accelerating potential Va was 100 volts. The value 
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of mje is expressed in terms of m/e for protons, so that it is equal to the atomic 
weight in the case of ions carrying a single electronic charge. 

The curve shows three maxima at m/c equal to 7, 14, and 28. These must 
clearly he due to positive ions consisting of atoms of nitrogen with two electronic 
charges, atoms with one electronic charge, and molecules with one electronic 
charge. The relative amounts of these three sorts of positive ions given by nitrogen 
was determined for a series of values of the accelerating potential Va- It was 
found that when Va is less than 25 volts only molecules Nt with one electronic 
charge are obtained. Above 25 volts small amounts of and appear. 
This shows that when nitrogen gas is ionized by collisions with electrons prac- 
tically all the positive ions produced are Nt. The nitrogen molecule is evidently 
a very stable system not easily dissociated into two atoms. This result explains 
the chemical inertness of nitrogen. 

Very similar results were obtained with hydrogen. Ht ions were readily 
formed but was obtained more easily than N'^. 

The critical potentials of atoms corresponding to the production of charac- 
teristic X-rays are discussed in the chapter on X-rays. 


Reference 

“ Critical Potentials.” K. T. Compton and F. L. Mohler. Bulletin oj the 
National Research Council, Washington, D.C. 



CHAPTER VII 


X-Rays and Y-Rays 

1. Nature of X-rays. 

X-rays or Eontgen rays were discovered by Eontgen in 1895. 
Jle was using a Crookes tube in which the cathode rays struck the 
glass walls of the tube, and he noticed that a piece of paper coated with 
bariurn^ylatmocyanide, which happened to be lying near, fluoresced 
when the tube was working. On putting objects between the tube 
shMows were obtained in the fluorescent light, showing 
that the tube was emitting some kind of radiation. It was found that 
this radiation was remarkably penetrating. It passed readily through 
black paper and thin sheets of aluminium which were quite opaque to 
ordinyy light. It was found that the new radiation could not be 
refracted or reflected but travelled along straight lines through objects 
fielX^ ®^^P®> ^as not deflected by either magnetic or electric 

A u discovered that the X-rays produce electrical con- 

ductivity m gases and other insulators when passed through them. 

It was found that the X-rays are emitted where the cathode rays 
strike any solid object. In 1881 J. J. Thomson pointed out that if 
^thode rays are rapidly movmg charged particles, then, according to 
Maxwell s electromagnetic theory, they should produce electromagnetic 
radiation when suddenly stopped. He suggested that the green 
fluorescence of the glass walls of Crookes tubes produced by the 
cathode rays may be produced by this radiation emitted when the rays 
strike the glass. Soon after the discovery of X-rays Stokes and Wie- 
chert suggested that the sudden stopping of the cathode rays when they 
strike a solid body causes the emission of electromagnetic pulses or 
waves of very short wave-length which are the X-rays. It is believed 
now that the ea,thode rays penetrate the atoms of the solid body and 
are not stopped suddenly. The cathode rays ionize and excite the 
atoms by collisions and the X-rays are emitted when the atoms revert 
o their normal state. X-rays are simply light or electromagnetic 
waves of very short wave-length. Barkla in 1906 showed that polLized 
.X.-rays can be obtamed, and it is now known that X-rays can be 
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difiractedj reflected, and refracted, and so have all the properties of 
light on which the wave theory of light is based. 

2. The Coolidge Tube. 

The X-rays from ordinary Crookes tubes are very feeble, and 
powerful X-rays are now obtained from specially designed tubes. 
The most satisfactory X-ray tubes are the Coolidge tubes, in which 
the electrons emitted by a hot filament are accelerated towards a metal 
anode usually made of tungsten or molybdenum. 

A Coolidge tube is shown diagrammatically in fig. 1. 

The cathode C consists of a small flat spiral of tungsten wire sur- 
rounded by a tungsten cylinder. The spiral is heated by a current 



from a battery through the wires B and B' sealed through the glass. 
The anode A consists of a plug of tungsten or molybdenum set in the 
end of a copper rod which is cut off at 45° as shown. The other end 
of the copper rod, outside the bulb, is cooled by means of several copper 
discs which expose a large surface to the air. The bulb is very com- 
pletely exhausted, so that no electrical discharge can be passed through 
it when the filament is cold. 

A difference of potential of about 50,000 to 100,000 volts is main- 
tained between the anode and cathode, and the filament heated so that 
it emits electrons. The current through the tube can be measured 
with a milliammeter and may be up to 50 or 100 milliamperes. The 
electrons emitted by C are concentrated on to a small area on the end 
of A by the electrostatic repulsion of the charge on the end of the 
cylinder surrounding the filament. The X-rays are emitted by this 
small area about equally in all directions. They are absorbed of course 
by the anode when they go into it. The anode of a tube taking, 
say, 50 milliamperes at 100,000 volts or 5 kilowatts rapidly gets hot, 
for nearly all the energy of the electrons is converted into heat when 
the electrons are absorbed by the anode. Less than 1 per cent of the 
energy goes into the X-rays. 

3. Scattering. Diffraction. Characteristic X-rays. 

When X-rays are passed through matter they are partly scattered 
in all directions, while at the same time the matter may be caused to 
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emit secondary X-rays different in quality from the incident rays. 
Barkla discovered that the secondary X-rays emitted by different 
elements have properties characteristic of the particular element 
emitting them which vary in a regular way with the atomic weight of 
the element. X-rays also cause matter to emit electrons, an effect 
analogous to the emission of electrons due to ultra-violet light. 

In 1912 Laue discovered that X-rays can be diffracted by crystalline 
substances, which act on the rays in the same sort of way as a diffrac- 
tion grating acts on light. By means of this effect it is possible to 
determine the wave-lengths of X-rays, and it is found that the X-rays 
emitted by different elements have definite wave-lengths characteristic 
of the element, just like the wave-lengths of the spectral lines in the 
optical spectra of the elements. Lane’s important discovery placed 
the study of X-rays on a new quantitative basis and will now be con- 
sidered in detail. 


X-RAYS AND CRYSTAL STRUCTURE 

4. Crystallography. Law of Rational Indices. 

Crystals are homogeneous solid bodies bounded by plane surfaces which are 
called the faces of the crystal. The faces are arranged in sets, all those in a set 

being perpendicular to the same plane; 
these sets are called zones. The faces 
in a zone intersect in parallel lines. 
The faces occur in parallel pairs on 
opposite sides of the crystal. 

The geometrical character of the 
crystals of any substance is determined 
by the angles between their faces, which 
are invariable, and is independent of 
the size of the particular crystal 
selected. Crystals grow by the deposi- 
tion of uniform layers on their faces, so 
that they get larger without the angles 
between the faces changing. 

, -£11 , different faces of a crystal can 

be specified by the mtercepts cut off from three axes by the faces. As axes, 
lines parallel to three edges of the crystal which do not lie in one plane are used. 

In fig. 2, let OA, OB, and OC be the three axes selected, and let E, F, G be 
the points at which a face of the crystal intersects them. Let OE = a, OF = 6, 
j ~ ratios a‘.hic wiU always be the same for the corresponding axes 

and face on any crystal of the same substance, whatever the size of the crystal. 
Any other plane parallel to the face EFG will cut off lengths from the axes in the 
same ratios as a 6 ; c and could equafiy well be taken to be the face of the crystal. 

* .^ow let a\ h', and c' be the intercepts for any other face of the crystal; ‘ then 
it IS found that there is always a simple numerical relation between a% h\ cf 
and a, h, c. The ratios a' : b' ; c' are equal to the ratios ajk-.hlh: cjl, where k h 
and I are integers which are usuaUy quite small and are called the indices of the 
face they specify. Thus 

“/* = «: so that 



bJA 


k a 6'’ 
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H ^ ~ ^ ~ L we have a' \ h' i c' a :h \ c, and so have the original face. 

It k~ = 1 and Z = 2 we have a' :h' : c' a :b : c/2; and if k = 1, A = 2, and 
/ — 3 we have a' :b' :c' = at bl2 : c/3, and so on. Thus any face of the crystal 
can be specified by giving the values of k, h, and I for that face. The values of 
k, ti, Z, of course, depend on the 
particular edges chosen as axes 
and on the particular face selected 
as the Z; = ^ = Z = 1 face. 

If a face is parallel to one of 
the axes, as frequently happens, 
then its intercept on that axis is 
infinitely long, so that the integer 
becomes zero. Thus if Z; = 0, 

A — 1, Z — 1 so that a' = ajO 
= CO , 6' — Z>, c' = c, the face is 
parallel to the axis OA. The 
indices 1% A, and Z can be positive 
or negative integers or zero. Any 
face of a crystal can therefore be 
specified by giving the values of 
A, A, and Z for that face. The 
numbers are usually put inside a 
bracket, thus (112) denotes the face with intercepts a, b, and c/2. Negative 
values are indicated by a minus sign above the number thus (112). 

By properly selecting the axes and reference face (111) it is usually possible 
to represent all principal faces by quite small values of A, k, and Z 

As an example consider a cube (fig. 3) and let the origin be at its centre 
and the axes parallel to three of its edges which meet at one corner. In this 
case, if a = 6 c, the six sides of 

the cube are (100), (100), (010), 

(010), (001), (001), since each side 
is perpendicular to one axis and 
parallel to the other two. The 
reference face EFG passes through 
the three points where the positive 
directions of the axes cut the sur- 
face of the cube. It is not one 
of the faces of the cube, but is a 
possible face for a crystal having 
faces parallel to the sides of the 
cube. Eight possible faces are 
(HI), (ill), (Hi), (111), (111), 

(lii), (ill), (lil). These eight 
faces are shown in fig. 4. They form an octahedron. 

The fact that the indices are positive or negative integers or zero for any face 
ot a crystal is kriown as the law of rational indices. This law, which was first 
discovered empirically, can be explained in a simple way on the atomic theory 
We suppose that crystals consist of a regular arrangement of atoms, the same 
throughout the volume of the crystal. The atoms are arranged in groups or sets, 
all groups being similar and similarly orientated. In a crystal of a compound 
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body each, group will usually consist of the atoms forming one molecule of the 
compound. In crystals of an element each group may consist of a single atom. 
The position of a group is fixed by the position of any definite point in it, for 
example, the centre of one of the atoms in it. We shall for the present speak 
of each group as being located at the point fixing its position. The groups must 
be arranged in the crystal in such a way that every group is related to its neigh- 
bouring groups in the same way. Thus if ^3 and are two groups in a cr^^stal (fig. 
5) then there must also be groups at A2, A5, Aq on the line joining A^ and A^, 

and the groups must be equally 
spaced along this line. If Bi is 
another group near Ai, then there 
must also be groups at Bn, B^, 
B^, &c., in such positions that 
A2B2 — A-yB-^, AyA^ = ByB^, &c. 
In this way it is easy to see that 
aU the groups in a crystal must 
be arranged at the intersections 
of three sets of equally spaced 
parallel planes. Such an arrange- 
ment is called a space lattice. 

Three sets of equally spaced 
parallel planes divide space up into equal parallelepipeds as shown in fig. 6, and 
there is one group of atoms at each point where three planes intersect. The 
number of groups of atoms is equal to the number of the parallelepipeds. 

If a plane is drawm through any three groups of atoms in the space lattice, 
the plane will contain groups of atoms arranged at the intersections of two sets 
of parallel lines, and it is supposed that such a plane is a possible face of the 
crystal. The faces usually observed are those determined by planes which pass 
through three groups of atoms which are near together in the space lattice. If 
three sides of one of the parallelepipeds, meeting at a point, are taken as the 

axes then any plane drawm 
through three groups will 
have intercepts on these 
axes which are multiples 
of the lengths of the sides 
of the parallelepipeds. Let 
these lengths be an, so 
that the intercepts are nyCty, 
noctg, where Un, 
are integers. For another 
plane through three other 
groups let the intercepts 
be Tly Uy, Ti^ ^2s ^'3 ^3* If 
we put nyay : nna^ : 

= ny'ayjh : n^a^jh : 

7/r // / , , we have hf k — n/n-,ln/nn, 

® ® integers and therefore the ratios hi'k 

nf J/jr, ratios of integers. Thus we see that the law 

of rational inchoes follows from the theory that crystals consist of groups of 
atoms arran^ m space lattices and that the faces are planes drawn throuc^li 

so thirthe reference face (11 1) are chosen for any particular crystkl 

so that the other faces are given by the simplest possible sets of indices. ^The 

usually be specified without using integers greater 
than 2. It should be observed that there are many difierent sets of equaUv 
spaced paraUel planes the mterseetions of which form any particular space lattice^ 







Fig. 5, Chap. XIIL — Photographs of a-ray tracks through nitrogen, by P. M. S. 
Blackett, showing collision between a-ray and nitrogen atom, at which a track branches 
into a thin straight track due to the ejected proton and a thick track due to the nitrogen 
atom combined with the a-ray. See p. 225. 
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VIL] DIFFRACTION PATTERNS 

6. Diffraction Patterns. 




If we draw planes througli every group in a crystal, all parallel to 
one of the faces, we get a set of equally spaced parallel planes. Since 
all the groups of atoms are supposed to be similar and similarly 
orientated it follows that the arrangement of atoms is repeated at 
regular equal intervals measured from the face along any normal to 
it. When X-rays are passed through matter they are partly scattered 
in all directions. It is supposed that this scattering is produced by 
the electrons in the atoms. If the X-rays are a train of waves of 
definite wave-length A, each electron is supposed to be made to vibrate 
with the frequency c/A of the rays by the electric field in the rays. The 
electron therefore emits radiation of the same wave-length as the rays 
falling on it. 

If a narrow beam of X-rays is 
passed through a crystal, then in 
certain directions the scattered rays 
from the regularly arranged atoms are 
all in phase and together form a com- 
paratively intense scattered beam. 

The apparatus used in Lane’s original 
experiment is shown in fig. 7. The 
rays from a tube T are passed through 
a series of small holes in lead screens 
A, B, C, and the narrow pencil of 
rays falls on a crystalline plate P about 1 mm. thick. A photo- 
graphic plate S is put up a few centimetres behind the crystal. 
After an exposure of several hours to the X-rays, on developing the 
plate a symmetrical pattern of spots is found on it. These spots are 
arranged round a central spot formed by the rays which pass straight 
through the crystal. Some of the diffracted rays may make angles of 
40° or more with the incident pencil. Fig. 8 shows reproductions of 
such diffraction patterns. (See Plate.) 

6. W. L. Bragg’s Theory of Diffraction Patterns. 

The theory of these diffraction patterns was worked out by Laue 
and was found to agree exactly with the facts. Lane’s theory was 
complicated, and a greatly simplified form of the theory was proposed 
by W. L. Bragg. Bragg’s theory gives the same results as Laue’s and 
will be considered here. 

Consider a narrow beam of X-rays from a source S (fig. 9) falling 
on a plane EF, and suppose that single atoms are distributed over this 
plane. Each atom scatters a minute fraction of the rays falling on it 
in all directions. Suppose that the scattered waves from two atoms 
at A and at A' which are near together arrive at a point P at the same 
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time so that the waves reinforce each other at P. For this to happen 
we must have 

SA + AP=SA' + AT, 

Now if SA + AP — constant, A must be on the surface of an ellipsoid 
of revolution about SP with foci at S and P. If the plane EF is a 
tangent plane to this ellipsoid at A^ the scattered waves from 

all the atoms on the plane EF 
which are very near A will 
arrive at P together, so that 
there will be regular reflection 
of a very small fraction of the 
X-rays along the path SAP. 
If EF is a tangent plane to 
the ellipsoid, then SA, AP, 
and the normal AN to EF at 
A lie in the same plane, and 
the angle SAN is equal to the 
angle NAP. 

Now suppose that the plane EF is on the face of a crystal. As we 
have seen, the atoms in the crystal are regularly arranged in groups 
about equally spaced parallel planes of which the face is one. Let 
the distances between these equally spaced plane layers of atoms be 
d. Then each layer will regularly reflect a small fraction of the rays 
falling on it. If the rays reflected from all the layers are in the same 
phase and so reinforce each other a strong reflected beam will be 
obtained. In fig. 10 let S be the source of the rays and A^, A^, A^, &c., 




the equally spaced layers of atoms. Let the rays from S be reflected 
at ^ 1 , Aq, Aq, &c., to P, and suppose that the reflected wave trains from 
each plane arrive at P in the same phase and so reinforce each other 
at P. This requires that 

(SA, + A,P) - (SA^ + ^iP) = 

(SAq + AqP) — (SA, + A 2 P) = n\ 

(SA, + A,P) - (SA, + A,P) = nX, 
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where n is a positive integer; that is, the path differences for the suc- 
cessive planes must be a multiple of the wave-length A. The distance 
d between the reflecting planes is very small compared with SA and 
AP so that the rays near A are practically parallel. The path differ- 
ences are therefore easily calculated. In fig. 11 let ^ and be two 
successive reflecting planes so that AA'= d, and let the angles ANA' 
and AMA' be right angles. The path difference is NA' + A'M, which 
is equal to 2d sind where 6 is the angle between the incident or the 
reflected rays and the reflecting planes. The condition for strong 
reflection from the crystal face is therefore 


where >^== 1, 2, 3 


2d ^md~nX, 


Such reflection of X-rays at a crystal face, of course, is not a reflec- 
tion at the surface of the crystal 
but is reflection by a very large 
number of the equally spaced 
layers of atoms. The distances be- 
tween the layers are of the order P 
of magnitude 10“^ cm., so that p> 
there are a million layers in a 
thickness of the order of mm. 

The angle 6 is usually called 
the glancing angle, and d is often called the crystal grating 
space. There is no appreciable reflection at angles differing even 
very slightly from the values given by 2t?sin<9=nA. For if the 



path difference is A(^n + instead of n\ where m is a large whole 


number, then there is a path difference A(nm + |-) between the rays 
reflected from any plane and the mth plane below it. The number nm 
is an integer, so that the two wave trains interfere and destroy each 
other. The reflected wave trains therefore interfere in pairs and there 
is no appreciable reflection, unless m is comparable with the total num- 
ber of reflecting planes, which is very large. When a beam of X-rays 
is passed through a crystal as in Lane’s experiment, the rays may be 
reflected from all the sets of planes into which the groups of atoms can 
be supposed arranged. If the X-rays are not homogeneous but have 
a continuous spectrum so that all wave-lengths between certain limits 
are present, then each set of planes reflects the rays of wave-length A 

S*™"'’? Msine-nA. 


where d is the glancing angle between the set of planes and the incident 
beam. In this way the diffraction patterns obtained can be explained. 

The intensity of the reflection from any set of layers increases with 
the number of atoms per square centimetre in the layers, so that, other 
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things being equal, sets for which d is small reflect less than those for 
which d is large. The more intense spots in the patterns are those 
from sets of planes which can be drawn through three groups of 
atoms which are close together in the crystal. 

7. W. H. Bragg’s X-ray Spectrometer« 

The reflection of X-rays from the faces of crystals enables the wave- 
lengths of the rays to be found and also the arrangement of the atoms 
in the crystal. This method of studying X-rays and crystals is due 
to W. H, Bragg. The instrument used for measuring the glancing 

angles is called an X-ray spectro- 
meter. 

Fig. 12 shows the essential 
parts of an X-ray spectrometer 
used by W. H. Bragg. The 
X-rays from the anti-cathode S 
of a Coolidge tube pass through 
two slits A and B and fall on 
the face of a crystal at C. The 
crystal is mounted on a table 
which can be rotated about an 
axis in the crystal face and the 
angles through which it is turned 
can be read off on a scale by the 
vernier V. The reflected rays 
pass through a slit at D and then 
through a thin aluminium win- 
rig. 12 dow into an ionization chamber 

BE'. The slit D and chamber 
can be turned about the same axis as the crystal and the angles read 
off by the vernier V'. 

The ionization chamber is a cylindrical lead box about 15 cm. 
long and 5 cm. in diameter. The narrow beam of rays passes along the 
centre of the chamber and ionizes the gas in it. The chamber contains 
an insulated electrode, which is connected to some form of sensitive 
electrometer. C. T. R. Wilson’s tilted gold leaf electroscope is fre- 
quently used. The chamber is charged to about 100 volts by con- 
necting it to a battery, and the insulated electrode is kept near zero 
potential. The conductivity produced in the chamber by the X-rays 
can be measured with the electrometer. The chamber is usually filled 
with ethyl bromide vapour or some other gas which absorbs the rays 
strongly. 

To study the reflection of the X-rays by the crystal, the chamber 
slit is set so as to receive the reflected rays. The angle between the 
chamber slit and the incident rays must be twice the angle between the 
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crystal face and the incident rays. If the ionization is measured for a 
series of glancing angles a curve may be drawn showing the variation 
of ionization with the angle. Fig. 13 shows such a curve obtained by 
Bragg with the X-rays from a rhodium anticathode and a diamond 
crystal. The ionization shows two maxima at about 36-5° and 36*9° 
which are due to two lines in the X-ray spectrum of rhodium. The 
small amount of ioniza- 
tion obtained at other 
angles is due to the con- 
tinuous part of the X-ray 
spectrum. 

Instead of using an 
ionization chamber the 
reflected rays may be 
received on a photogra- 
phic plate and the angles 
found by measuring the 
distances between the images on the plate. The ionization method 
has the advantage that it gives the relative intensities of the lines 
accurately. Any particular line is only reflected when the crystal 
is set so that the glancing, angle satisfies the equation 

nX = 2d sin0. 

To photograph all the lines which can be reflected from a crystal face 
it is therefore necessary to slowly rotate the crystal backwards and 
forwards during the exposure of the plate. In this way a photograph 
of all the lines reflected in the range of angles covered can be obtained. 
Each line can be reflected at all the angles given by nX= 2d sin0, 
with ^ = 1, 2, 3, 4, &c. nX of course must be less than 2d, since sind 
cannot be greater than 1. The lines are 
usually observed on both sides of the 
incident beam, and half the angle be- 
tween the two positions is taken as 
the value of d so as to eliminate zero 
errors. 

8. Example of Use of X-ray Spectrometer. 

As a simple example of the use of the X-ray 
spectrometer to determine the structure of 
crystals and the wave-lengths of X-rays we 
will consider the reflection of the X-rays from 
a palladium anticathode by crystals of sodium 
and potassium chlorides. A full account of the 
subject is given in X-rays and Crystal Structure, by W. H. and W. L. Bragg. 

Sodium chloride and potassium chloride can be obtained in cubical crystals 
the faces of which are specified by the indices (100), (010), (001). Besides these 
faces the faces (110) and (111) often appear. Fig. 14 shows these faces. 
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The (100) face of KCl gives strong lines at 5° 23', 10° 49', 16° 20'. The sines 
of these angles are as 1 : 2 : 3, so that we conclude that they correspond to the 
same wave-length X with n— 1, 2, and 3. 

With the (110) and (111) faces the angles ioTji— 1 are 7° 37' and 9° 23'. 
Now sin 5° 23' : sin 7° 37' : sin 9° 23' == 1 : V2 : ^/3 almost exactly. It appears 
therefore that the grating spaces for the faces (100), (110), and (111) are as 

1 ; JL ; This is what we should obtain if the space lattice of the crystal con- 

V2 Vs 

sisted of equal cubes with an atom or group of atoms at each corner. The grating 
space for. the (100) face would then be equal to the edge of a cube, for the (110) 
face to half the diagonal of a face of the cube and for the (111) face to one-third 

of the diagonal of the cube. These lengths are as 1 : in agreement with 

the results obtained. We conclude that the crystals of KCl behave like a simple 
cubical space lattice. 

The glancing angle for the same X-ray line from the (100) face of sodium 
chloride is 6° O', The grating space for this face is therefore smaller than for 
potassium chloride in the ratio sin 5° 23' : sin6° O' — 1 : T115. If the NaCl 
and KCl crystals have the same structure, which we should expect to be the 
case, then the grating spaces should be proportional to the cube roots of the 
molecular volumes. 

The molecular volume of KCl is equal to the molecular weight 39-10 + 35-40 

23-00 4 - 35-40 

= 74-56 divided by its density 1-99 or 37-5 and that of NaCl is ^^.163 

= 27-02 and 1-115, which agrees with the ratio of the grating spaces 

exactly. 

The glancing angle for the (110) face of NaCl agrees with that for KCl in the 
same way, but for the (111) face of NaCl the glancing angle is just one-half that 
to be expected from the angle for KCL In the case of NaCl the grating spaces 

for the faces (100), (110), and (111) are as 1 : instead of 1 : as with 

- V2 V3 V2 v3 

KCl. The numbers of electrons in K, Cl, and Na atoms are 19, 17, and 11 respec- 
tively, so that K and Cl atoms should be nearly equally efficient as scatterers of 
X-rays but Na atoms little more than half as efficient. Thus in a KCl crystal 
aU the atoms are nearly equal as regards X-ray scattering, so that it makes little 
difference whether a K atom or a Cl atom is at any particular point. This sug- 
gests that in the simple cubical lattice of a KCl crystal the group is either one 
K atom or one Cl atom, and that in a NaCl crystal the arrangement of tlie atom 
is the same as in a KCl crystal, but that the effect on X-rays is not the same 
because of the difference between the number of electrons in Na and Cl atoms. 

Since the grating spaces for the (100) and (110) faces correspond we conclude 
that the planes parallel to these faces contain equal numbers of metal and chlorine 
atoms in each case, whereas in the case of the (111) faces the pianos contain all 
metal atoms and all chlorine atoms alternately. In the case of KCl the (111) 
grating space is the distance from a plane containing only K atoms to the next 
plane containing only Cl atoms, since these planes are practically equal as scatterers, 
but in the case of NaCl crystals the (111) grating space is the distance from a plane 
containing only Na atoms to the next plane containing only Na atoms and so 
is twice that corresponding to the (HI) face in KCl. The arrangement of the 
atoms is therefore as showoi in fig. 15. The black circles represent one sort of 
atom and the white circles the other sort. The atoms with equal numbers arc 
all in the same (111) plane. Each sort of atom is arranged in a face-centred 
cubical lattice, that is, at the corners of cubes and in the middle of each face. 
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relative intensities of the reflected rays for different values of n in the 
L n\ = 2(1 sin6, or the relative intensities of the spectra of different orders, 
e information about the arrangement of the atoms. For example, it 
that with the (111) face of sodium chloride the lines for which 71 ~ 2 
tiger than those for which n~\. The grating space in this case is the 
from a layer of Cl atoms to the next layer of Cl atoms. The rays reflected 
e layers of Na atoms in between, when n = l, are half a wave-length 
bhe waves from the next layer of 
•S and so diminish the intensity 
•eflected beam but, when 71 = 2, 
from the Na atoms are in phase 
i rays from the Cl atoms and so 
; reflected beam is obtained. In 
i of potassium chloride the rays 
e layers of IC atoms are practi- 
ual to the rays from the layers 
oms, so that if d is regarded as 
xnce from a Cl layer to the next 
, then when w == 1 there is practi- 
5 reflected beam, so that d is 
tly the distance from a Cl layer to 
er, as we have seen. These con- 
>ns serve to support the assumed 
ment of the atoms in these crystals, 
n the arrangement of the atoms in a crystal has been decided, the abso- 
ues of the grating spaces can be calculated from the known masses of 
ais and the density of the crystal. The mass of a NaCl molecule is 

< T663 X 10“-^ grams, since 1.663 X 10“24: jg the mass of one atom of 

n of atomic weight 1*0077. This gives 9*797 X 10 "23 grams. The volume 
1 by one atom of either sodium or chlorine in the crystal is therefore 

10 — 23 

= 22*65 X 10""24 c. c. The grating space for the (100) face is 

•163 

) the edge of the elementary cubes, of which there is one to each atom, 
d(io()) = (22*65 X 10-24)1/3 = 2*83 X IQ-s cm. 

ve-length of the X-ray spectral line for which 0 = 6° 0' when 71 — 1 is 
X = 2 X 2-83 X 10-s X sin(6° O') = 0-692 X 10-8 cm. 

he grating space for a face of a crystal has been found, the crystal can be 
determine the wave-lengths of X-ray spectral lines. The crystals usually 
xl are calcite (d— 3*028 X 10“^ cm.) or rock salt (cZ= 2*814 X 10—s cm.). 

ve-lengths of Characteristic X-rays of the Elements. Moseley’s 
ork. 

3 X-rays of any element are obtained by using it or one of its 
unds as the anti-cathode of an X-ray tube such as the Coolidge 
The elements can also be made to emit their characteristic 
i by exposing them to X-rays of sufficiently short wave- 

e wave-lengths of the lines in the X-ray spectra of many of the 
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elements were first measured by Moseley, who discovered the very 
important fact that the frequencies vary in a regular way with the 
atomic number. 

The X-ray spectral lines of any element can be arranged in series 
or groups of lines. The series having the highest frequencies is called 
the K series, that with the next highest frequencies the L series, and 
so on. The K series usually contains four strong lines known as 
and Ky, The following table gives the wave-lengths 
of these K series lines in Angstrom units (= 10”® cm.) for several 
elements, and the atomic numbers of these elements. The atomic 
number of an element, except in one or two cases, is the number giving 
the position of the element in a list of the elements arranged in the 
order of increasing atomic weights. Thus the atomic numbers of 
hydrogen, helium, and lithium are 1, 2, and 3 respectively. 



Atomic 

Wave-lengtha of K Series. | 

Element. 

Number. 

ag. 

tti- 


7- 

Sodium 

11 



11-8836 

11-591 

— 

Potassium . . 

19 

3-738 

3-7339 

3-4464 

— 

Iron. , 

26 

1-932 

1-9324 

1-7540 

1-736 

Bromine 

35 

1-040 

1-035 

0-929 

0-914 

Rhodium 

45 

0-6164 

0-6121 

0-5463 

0-5342 

Cfesium 

55 

0-402 

0-398 

0-362 

— 

Tungsten 

74 

0-2134 

0-2086 

0-1842 

0-17901 


Moseley found that if the square roots of the frequencies of the E^. 
lines are plotted against the atomic numbers then a curve is obtained 
which is very nearly straight. Approximately, if is the frequency, 

where N is the atomic number, a is a constant, and JS is a constant 
which is equal to the Rydberg constant of the formulae for optical 
spectral series. For example, the frequencies of the series in the 

spectrum of atomic hydrogen are given by v = B where n 

and m are integers. For the strongest line of the L series, the L^, line, 
Moseley found 

“ inr E{N — h)^. 

rl 1 - 1 - ^ 

4— 12 22 36 22 33* 


Now 
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10. Quantum Theory of Spectra. Energy Levels. K, L, M, and N 
Series. Quantum Numbers. 


According to Bohr’s quantum theory, the frequencies of the spectral 
lines of an atom consisting of a nucleus with a positive charge Ne 
and a single electron are given (Chap. V, section 13 ) by 



Moseley’s formulse for the and lines are clearly closely related to 
this last equation, and it was immediately seen that Moseley’s results 
indicate that the atomic numbers of the elements are equal to the 
nuclear charges expressed in terms of the protonic charge e. This has 
been confirmed by all subsequent work, and in particular by researches 
on the scattering of a-rays. 

According to the quantum theory of spectra the frequencies of the 
lines are given by 


where h is Planck’s constant, and and denote the energies of 
the atom in two of its possible states. The radiation is emitted when 
the atom changes from a state with energy to one with less energy 
Wm the change being supposed to consist of an electron dropping 
from an outer possible orbit to an inner vacant orbit. In the case of 
an atom having only one electron outside the nucleus we have 

h ’ 


so that 


h 



For atoms with more than one electron outside the nucleus no theo- 
retical expression for the energies of the possible states or energy 
levels of the electrons has been worked out, but since every frequency 
emitted gives the difference between two energy levels it is possible 
to deduce the energy levels of an atom from the frequencies of the lines 
which it emits. 

The principal lines in the X-ray spectra of any element can be 
regarded as due to transitions of electrons between energy levels which 
are called the K, L, M, and N levels. The K series is due to transitions 
from the i, M, and N levels to the K level, the L series to transitions 
from the M and N levels to the L level, and the M series to transi- 
tions from the N level to the M level. Each of these levels except 
the K level is really not a single level but a group of levels which 
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do not differ much from each other. The number n in the equation 


is called the quantum number fixing the state of the atom, and the state 
is referred to as an ?i-quantum state, or an ^^-quantum energy level, of 

the electron. This terminology is 
carried over to the more compli- 
cated atoms, and the K, L, M, and 
N states or energy levels are referred 
to as one, two, three, and four quan- 
tum states or energy levels respec- 
tively. 

The energy levels and the tran- 
sitions between them are shown dia- 
grammatically in fig. 16. The hori- 
zontal lines represent the energy 
Fig. 16 levels, and the vertical distances 

between them the energy differences 
such as Wj^ — The vertical distance between the K level and 

the line at the top is supposed to represent the energy required to 
remove an electron from the K level right out of the atom. The X-ray 
spectral lines are represented by the vertical lines, which show a transi- 
tion from the level at the top of the line to that at the bottom. We 
see at once that 

with other similar relations. It is found that these relations between 
the frequencies are accurately true. 



11. X-ray Absorption Spectra. Energy Levels. 

The absorption spectrum of an element for X-rays can be observed 
with the X-ray spectrometer by passing the X-rays from a Coolidge 
tube through a plate of the substance, and examining the spectrum 
of the transmitted rays either photographically or with the ionization 
chamber. It is found that there are certain critical wave-lengths at 
which the absorption suddenly increases as the wave-length diminishes. 
A critical absorption wave-length characteristic of an element is a 
wave-length such that the element absorbs X-rays of shorter wave- 
length than the critical value more than it does wave-lengths longer 
than the critical value. If the element is present in a gas through 
which the X-rays are passed, the ionization of the gas is greater for 
X-rays with wave-lengths shorter than the critical value than for 
longer wave-lengths. The increased absorption is accompanied by 
increased ionization. According to the quantum theory, absorption 
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occurs when an electron in the atom is moved from its orbit or energy 
level to the free state outside the atom. In a normal atom all the 
energy levels are occupied by electrons, so that it is not possible for 
the radiation to move an electron from one .level to another. If 
denotes the energy required to move an electron from an 72.-quantum 
level to a position outside the atom, then the incident radiation can 
only move the electron if its frequency v is at least as great as that 
given by hv — E^- When an electron drops back from just outside 
into the vacant level the atom emits a quantum of radiation hv = E^- 
The critical absorption frequencies of an element therefore give the 
values of E,^ for the element. The K series, for example, is due to 
electrons falling from the i, M, N, &c., levels into the K level. The 
frequency of the line in the K series of highest frequency should there- 
fore be practically identical with the critical absorption frequency 
corresponding to the K level, for the highest energy level must nearly 
correspond to a point just outside the atom. It is found in fact that 
the K critical absorption frequencies are only a fraction of one per 
cent greater than the frequencies found for the K lines of highest fre- 
quency. 

The critical absorption frequencies therefore give valuable informa- 
tion about the energy levels in the atom. 

If Wq denotes the energy of a normal neutral atom which has all 
its energy levels occupied by electrons, and W^n the energy of the atom 
when one m-quantum level is vacant, then 

If now an electron drops from an n-quantum level to the vacant m- 
quantum level the energy of the atom diminishes by 

Wn - = {Wo + En) - (Wo + = E,, - E,,, = hv, 

where v is the frequency of the radiation emitted. Since we are only 
concerned with energy differences, we may if we like take Wq to be 
zero and the energy of an atom with one m-quantum level vacant as 
equal to E^n> the work required to move an electron from an m-quantum 
level in the normal atom to just outside the atom. It is found that 
there is only one one-quantum or K level, but that there may be three 
L levels, five M levels, seven N levels, five 0 levels, and three P levels. 
These levels are found from the critical absorption frequencies when 
these have been observed, or from the frequencies of the lines in the 
different series. Tt is supposed, for example, that the three L levels 
correspond to electron orbits of different shapes but about the same 
size. The three L levels arenumbered 2(1, 1), 2(2, 1), 2(2, 2) respectively. 
The electrons in the normal atom are supposed therefore to be arranged 
in groups or sets corresponding to the groups of levels. This question 
is discussed in the chapter on Constitution of Atoms (Chapter XII). 
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12. Energy of Electrons and FreQ.uency of Rays. De Broglie s Ap- 
paratus. 

As we have seen, an element may be caused to emit its characteristic 
X-ray spectrum "by bombarding it with electrons, as when it forms the 
anti-cathode of a Coolidge tube. The bombarding electrons do not 
excite a particular spectral line unless they have enough energy. 
Por example, to cause the anti-cathode to emit its K series lines the 
bombarding electrons must have at least as much energy as is required 
to remove an electron from the K level outside the atom. When the 
K level is vacant, electrons may fall into it from any of the higher levels, 
so that all the K lines appear together as the energy of the bombarding 
electrons is gradually increased. If the potential difference between 
the cathode and anti-cathode is V, the energy of the bombarding 

electrons is Ve, so that to 
excite a series of lines due 
to electrons falling into a 
vacant n-quantum level re- 
quires that It is 

found that these conclusions 
from the theory are in 
agreement with the facts. 

Pis. 17 The anti-cathode always 

emits a continuous X-ray 
spectrum as well as the spectral lines. It is found that this con- 
tinuous spectrum ends sharply at a definite frequency, and no rays 
with a greater frequency than this limit are observed. The fre- 
quency at the limit is given hj Ve = hv. This equation was shown 
to be accurately true by Duane and Hunt for values of V from 4500 
to 170,000 volts. 

When X-rays are passed through matter they cause the atoms to 
emit electrons. A quantum hv of the incident rays is absorbed by an 
electron. If En is the energy required to remove the electron just 
outside the atom from its energy level, the electron is shot out of the 
atom with kinetic energy equal to hv — E^- By measuring the kinetic 
energies of the electrons shot out by rays of known frequencies the 
energy levels of the atoms can be determined. The results obtained 
in this way agree with those obtained by the other methods. 

The apparatus used by De Broglie for measuring the energies of the 
electrons emitted by matter when acted on by X-rays is shown in fig, 
17. DD is a heavy metal block into which a small piece of the sub- 
stance to be investigated is put at A. A narrow beam of X-rays is 
allowed to fall on the substance at A as shown. Some of the electrons 
from A pass through a slit at B and are deflected by a uniform magnetic 
field perpendicular to the plane of the paper so that they describe 
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circular paths and fall on a photographic plate PP' at C. The whole 
apparatus is contained in a box which is exhausted, and the electrons 
are consequently not deflected by collisions with gas molecules If 
m IS the mass of an electron and v its velocity, then the radius E of its 

circular path is given = Hev, where H is the strength of the 


magnetic field. We have also m = 


''' ~~ where niQ is the inass 

when V = 0. By means of these equations v can be found, with the 
help of the known value of The kinetic energy of the rays is 

equal to ( ^ \ 

and so can be calculated. 


It is found that a series of lines is obtained on the photographic 
plate, showing that the electrons come off with definite velocities in 
accordance with the quantum theory. The energies of the electrons 
are always equal to hv-E,„ where v is a frequency of the incident 
iX-rays and is the energy required to remove an electron from one 
of the energy levels in the atoms of the substance at A. 


13. Scattering of X-rays. Classical Theory. 

When a narrow beam of X-rays is passed through a thin plate of 
a substance of small atomic weight, in which the rays do not excite 
the characteristic X-rays of the substance, scattered X-rays are emitted 
by the plate in all directions. The intensity of these scattered rays 
in any dir<!ction_ can be measured by passing a narrow beam of them 
into an ionization chamber and measuring the conductivity they 
produce in it. 

It is found that the intensity of the scattered rays varies with the 
angl(‘- betw(5en their direction and that of the incident beam. It is 
greatest wlnm this angle is small, least at 90°, and greater near 180° 
than at 90°. If the intensity at 90° is taken as unity then that at 180° 
is about 2 and near 0° about 0. 

If we assume the radiation to be scattered by free electrons according 
to the classical (dectroinagnctic theory, it is easy to calculate the total 
•energy of th(( scattered rays. On the classical theory (p. 15), an electron 

moving with an acco.leration / radiates energy at the rate of — 

077 

ergH per second. If F denotes the electric field strength in the incident 
X-rays then mf- - Fe where m is the mass and e the charge of the elec- 

e4jr/'2 

tron. Th<'. rate of radiation is therefore ^ The energy density 

in the incident rays is where H is the strength of the 

magnetic field. But F II, and the energy density is therefore 
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t.he (‘lu^rgy flowiiiji^ throit^h unit umi in unit tint** Ih r*/*". Ih 
F’^ <l<‘not(?s tin* avtnu^t^ vnlun nf F” irt tin* int’i<li*nt ravM, an*! tin' » n* u 

f^F- 

seiittt*r<*(l l>y llnj t 4 t‘(!tron in unit* lima is . 

iinFnr 

If a pituH^ of mat-tar aonlaininjn .V alactnms is plaaa*! iti tin- m* l i- s 
liaaiti, tint total tmar^y of tlia rays st*att<T**<l l»y it will !«*' *40. >i ] 
NFF'^ 

Tint ra.tio of tin* scat t<*ra<l <‘n*’r»jfV to t In* ♦‘n**rt*v titiMU; 

()77a‘o>r ’ j 

unit artMi in t-Int inai<l(‘nt l>aam is tln‘iM‘rora / . Hiis ratio * 01 \ 

(l(‘tt*nnin(Ml approxinuitaly by nnNisnrinu tha ioni/.at i*tns |»ri‘'liii • <i I 
tint inaidtmtainl S(*at.tanMl rays, ami thus X aan bo lomnl. In tbi h.i 
B arkla shoW(‘(l tha-t t-ha nnmbar of alai-trons in atoms *♦! small 
wai^ht likit carbon is not far from tin* atonii** ntimbar, Tbr rl.i'-no 
theory thus a[)|H‘a.rs to f»:iva n*sults for li^ht ah‘nn*nts which aao 1 * 
any rabt roughly with tint obsarvad scattering. 


l b A. H. Compton’s Quantum Theory of Scattering, 

It is louinl that» tint wave length of th<* saatt*‘ra«l rays is »n»f »‘'|md 
to that oi the in(*i<lant. rays, as it- shonhl bt* aa<’»»r«iing to tin' * !.o^a,i| 
theory. This clumgit of wavelength by scattering has b*’cn imrw.n 
gated by A, H, (^ompton, who has slmwn that- it aan be aNplaoa'd mm 
tha (jnantuni t-haory in a. simph* way. 

W(t stifiposa t-luit tha i‘li’atron raaaivas a jpiaiitnm *»f hr 

from tint inai(h‘nt rays ainl emits a ipiantum hv* *»f Hf*attcr**»i m d 
diicction making an anght 0 with the ilins’tion of the inanlcni rnvs. 
Tin* tnomatitmn of tin* incident tpmntmn isZ/r carni that of the siaUrri'd 
(juantum is hv'/(\ so that, tint ah*atron raia’ivas an impnisc an«l ^fartn 
oh with a velocity a in a dire<’tion makitigan angle with the dire< tmn 
ot the in<*i(h‘nt rays. Compton HUpposaH that energy and monnmium 
are conserved, so that 
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where m is tint mass of an ehadron at n*Ht. Thus wa Iniva three eipni 
tions to (httermine a, and Hlimitmting frenn the last two 
onjuationH we get 
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wliicli with the first equation gives 

v' = v/{l + a(l — COS0)} 

where a = hvjmc^. 

If A is the wave-length of the incident rays and A' that of the 
scattered rays, so that vA = vX' = c, then 

^=l + a(l — COS0) 

A 

or A' — A = (hlmc) (1 — cos0). 

Thus this theory indicates that A' is greater than A unless ^ = 0. The 
difference A' — A is independent of A, and the percentage change is 
therefore large for small wave-lengths but small for large ones. Putting 
in the known values of A, m, and c we get 

V~A= 0-0242(1 - cos 0), 

where A' — A is in Angstrom units (1 = 10""^ cm.). Solving the equa- 
tions for the angle cf), we get 

c^)_ 

1 + a 

and for the kinetic energy of the electron we get 

2mc^o? cos ^(f>l (1 -f 2a sm^(j>). 

The electrons which receive energy from the X-rays in this way are 
called recoil electrons to distinguish them from photo-electrons, which 
receive energy hv, 

A. H. Compton in 1923 scattered X-rays from a molybdenum anti- 
cathode by a carbon plate and measured the wave-lengths of the 
scattered rays with a Bragg spectrometer. It was found that the 
lines in the spectrum of the scattered rays were usually doublets, each 
doublet consisting of an unmodified line of wave-length A and a modified 
line of wave-length A'. The differenceA' — A was approximately equal 
to 0-0242(1 — cos 6) in agreement with the quantum theory. This 
result has since been confirmed by several other observers. 

15. Experiments supporting Quantum Theory of X-rays. 

The quantum theory of the scattering of X-rays seems to require 
that the X-rays consist of particles having energy hv and momentum 
hvlc. We may suppose that these particles execute some kmd of 
oscillation of frequency v as they move along with the velocity m light 
c. It is difficult to see how phenomena such as diffraction of X-rays 
by crystals, which apparently depend on interference between trams 
of waves, can be explained on this theory. 

(DSU) 
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Some very interesting experiments have been made by Botlie and 
Geiger, and by Compton and Simon, which strongly support the particle 
or quantum theory of X-rays. Bothe and Geiger passed a narrow beam 
of X-rays through hydrogen. Two ionization chambers were arranged 
on either side of the beam in such a way that if a scattered quantum 
entered one chamber the scattering electron according to the theory 
would enter the other. The ionization in the chambers was greatly 
increased by ionization by collisions so that the effect due to a single 
quantum or electron could be detected. According to the theory wc 
should expect that when ionization was produced in one chamber 
ionization would be produced at the same instant in the other. It 
was found that simultaneous ionizations occurred in about 1 0 per cent 
of the observed cases, which Bothe and Geiger considered to be con- 
siderably more than could be explained by chance coincidences. 

Compton and Simon passed a narrow beam of X-rays of very short 
wave-length into a C. T. R. Wilson cloud chamber, and examined 
the electron tracks produced. The recoil electrons produce short 
tracks and the photo-electrons or j8-rays emitted by atoms with energy 
approximately Jiv produce much longer tracks, so that it is easy to 
distinguish between the two. It was found that occasionally a recoil 
track started from the path of the X-ray beam and simultaneously a 
jS-ray track from a neighbouring point outside the beam. The jS-ray 
track was assumed to be produced by an electron shot out of an atom 
by the scattered quantum which produced the recoil track. The 
angle </> between the initial direction of the recoil track and the X-rays 
was observed, and also the angle 6 between the X-ray beam and the 
direction from the beginning of the recoil track to the beginning of the 
^-ray track. It was found that the values of (f> observed agreed ap- 
proximately with those calculated by means of the equation 




cot (0/2) 
1 CL 


These results and those of Bothe and Geiger seem to support very 
strongly the particle theory of X-rays and to be quite inexplicable on 
the wave theory. It appears that there is a large number of facts 
which agree with the classical wave theory of light and X-rays and 
also a large number of facts which agree with a particle or quantum 
theory. Each set of facts agrees with one theory and seems definitely 
inconsistent with the other theory. Since agreement between a theory 
and a set of facts does not prove the theory true, whereas disagreement 
does prove the theory untrue or at least inadequate, the proper con- 
clusion to be drawn is clearly that both theories are inadequate or 
untrue. ^ Presumably a new theory will eventually be discovered 
which will be capable of explaining all the facts. 
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16. y-rays. 

The most penetrating rays emitted by radioactive bodies are called 
y-rays and are found to have properties similar to those of very pene- 
trating X-rays. They are not deflected by electric or magnetic fields 
and carry no charge of electricity. They afiect a photographic plate 
and ionize gases like X-rays. The y-rays from 30 mgm. of radium 
can be detected, after passing through 30 cm. of iron, by the ionization 
they produce, y-rays are only emitted by radioactive bodies which 
also emit ^-rays. This suggests that y-rays are produced by ^-rays or 
vice versa. It has been shown that ^-rays produce y-rays when they 
are stopped by lead, just as X-rays are produced by the impact of high- 
velocity electrons on the anti-cathode of an X-ray tube. It is also 
found that y-rays produce ^-rays when they are absorbed by matter, 
just as X-rays cause the emission of )S-rays. Rutherford showed that 
when ^-rays are produced by y-rays, which were produced by ^-rays 
from a radioactive body, then the j8-rays produced by the y-rays have 
the same energy as the ^-rays which produced the y-rays. 

The spectra of the y-rays from radioactive bodies have been ex- 
amined by means of the Bragg crystal spectrometer or similar apparatus, 
and it is found that the spectra contain lines having wave-lengths 
characteristic of the elements emitting the rays. The wave-lengths 
range from 0-07 X 10“^ cm. to 0*4 X 10“^ cm. The y-rays from some 
radioactive bodies appear to belong to the K ox L series of X-rays, 
and so must be due to an electron falling from an outer level in the 
atom into the K or L level. The jS-rays emitted by the radioactive 
nucleus may be supposed to knock an electron out of the K ox L level 
and the y-rays to be emitted when an electron falls into the place left 
vacant. 

When y-rays are scattered by light elements like carbon, modified 
rays having a longer wave-length ‘are obtained as with X-rays. The 
change of wave-length appears to agree with that calculated on 
Compton’s theory of X-ray scattering. 

17. The J Phenomenon. 

The scattering of X-rays has been studied very extensively by 
Barkla, who finds results which apparently are not in agreement with 
Compton’s quantum theory. The following summary of Barkla’s 
results is quoted from one of his recent papers. (1) "V^en a hetero- 
geneous X-radiation is scattered, the scattered radiation has either 
precisely the same absorbability as the primary, or there is a well- 
marked difference between the absorbabilities when measured in any 
one substance. (2) When scattered radiation is different from the 
primary when measured in certain substances, its absorbability may 
be, and frequently is, precisely like that of the primary when measured 
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in certain other substances. (3) Even after transmission through 
substances which show difierences between primary and secondary 
radiations, there is still no difference between the two when measured 
in certain other substances. (4) When the scattered radiation is 
observed in different directions making angles of 30°, 60°, and 90° 
with the primary beam, and when these radiations differ from the 
primary in their absorbability in a certain substance, they in general 
differ by precisely the same amount. When a difference appears with 
increasing angle of scattering it takes place abruptly by a jump. 

The changes in absorbability are referred to by Barkla as the J 
phenomenon. He considers that a heterogeneous beam of X-rays has 
properties depending on the distribution of energy in its spectrum 
which cannot be deduced from the properties of the beams of homo- 
geneous rays of which the heterogeneous beam may be regarded as 
composed. He considers that his results do not agree with either the 
classical wave theory or the quantum particle theory of X-rays. 

Barkla’s results seem to show that absorbability does not define 
the properties of a heterogeneous beam of X-rays. The absorbabilities 
of two beams may be the same in some different substances and different 
in other substances. 

18. Millikan’s Cosmic Rays. 

It has been known for a long time that there is present at the earth’s 
surface a small amount of highly penetrating radiation which produces 
ionization in gases and is probably similar in nature to y-rays. A 
gold-leaf electroscope slowly loses its charge, even when the leak along 
the support of the gold leaf is prevented, showing that the air in the 
electroscope is being ionized to a small extent. It is found that sur- 
rounding the electroscope by a thick layer of lead diminishes the 
ionization in it, showing that some of the ionization is due to pene- 
trating radiation. McLennan found that the ionization in an electro- 
scope could be diminished by sinking it to a considerable depth in Lake 
Ontario. 

Even when aU the penetrating radiation coming in from outside 
is cut off in this way some ionization remains, which may be attributed 
to the radiation from minute traces of radioactive bodies in the walls 
of the electroscope. The ionization may be reduced to only 2 or 3 ions 
per cubic centimetre per second in this way. It is found that the 
ionization in an electroscope increases when the electroscope is taken 
up in a balloon, which suggests that there may be some penetrating 
radiation com in g downwards from the upper regions. 

This question has recently been carefully investigated by Millikan. 
Millikan measured the ionization in an electroscope at different levels 
on mountains in California, and also the ionization in the electroscope 
when sunk to different depths in lakes at different levels in the moun- 
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tains. He found that the ionization due to penetrating radiation 
produces 14 pairs of ions per cubic centimetre per second at sea-level, 
2*6 at 1600 m., 4*8 at 3600 m., and 5*9 at 4300 m. above sea-level. 

On sinking the electroscope in Muir Lake, which is 11,800 ft. above 
sea-level, the ionization dropped from 13*3 ions per cubic centimetre 
per second at the surface of the lake to 3*6 at 50 ft. below the surface, 
and remained constant at greater depths. In Arrowhead Lake at 
5100 ft. it dropped from 7 at the surface to a minimum of 3*6 at depths 
greater than about 40 ft. The 6700 ft. of air between the levels of the 
two lakes is equal in weight to about 6 ft. of water, and it was found 
that the ionizations in Muir Lake were equal to those in Arrowhead 
Lake at depths 6 ft. greater in Muir Lake than in Arrowhead Lake. 

In both lakes the ionization diminished with depth, so that the 
difference between the ionization at a depth x and that at great depths 
(3*6) was roughly proportional to where /z is a constant. The 
values of /x found are from 0*18 per metre of water to 0*3 per metre of 
water. It was found that the intensity of the penetrating radiation 
was the same at all times, night and day, and it was concluded that 
the rays come into the atmosphere from the surrounding space equally 
in all directions. The wave-length of these cosmic rays as estimated 
from their absorption co-efficient is about 0*0005 X 10“® cm., which 
is much shorter than that of any previously known rays. Millikan 
obtained evidence of the existence of high-velocity produced 

by the cosmic rays. It seems possible that these cosmic rays may be 
produced by radioactive changes in the small amount of matter sup- 
posed to be diffused throughout interstellar space. However, it is not 
clear why this matter should emit such rays if the matter on the earth 
does not do so. 
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Optical Spectra 


1. Principal, Sharp, Diffuse, and Fundamental Series. 

The spectra of atomic hydrogen and of ionized helium are discussed 
in the chapter on quantum theory, and X-ray spectra in the chapter 
on X-rays. In the present chapter the series of spectral lines found 
in the optical spectra of many elements will be considered. 

About 1890 Kayser and Eunge discovered series of lines in the 
spectra of the alkali metals, and soon after this Eydberg showed that 
the frequencies * of these lines could be expressed approximately as 
the differences of two terms, each term being of the form 

N 

■■ {n + af' 


where iV is a constant having the same value in all the series, a a small 
constant, and n an integer. Eydberg’s formula is analogous to Balmer’s 
formula for the frequencies in the spectrum of atomic hydrogen, which 
are equal to the difEerences between two terms each of which is N jrfi. 

Eitz showed that a more exact expression for the frequencies is got 


by taking the difference between two terms of the form 


(n + a + 


where a and jS are small constants. 


{n + a + ^/ny^ 


A particular series is represented by 



where n' has the same integral value in all the lines of the series and 
n=n' -\- 1, n' + 2, + 3, &c. When n is very large (n + a)““^ == 0, 

and we get as the limit of the series N/{n' + a)^. The lines in a series 

* In practical spectroscopy, the word frequency is habitually used in the sense of 
number of wave-lengths per centimetre”. The word wave-numher is sometimes used 
with the same meaning. To prevent the possibility of confusion, frequency in this 
conventional sense will be denoted here by the symbol v, and frequency in the strict 
sense by v as hitherto. The constant iV, called the Kydberg constant, has the value 
109732cm.-i . The constant K of Chap. Y, section 13, is nearly equal to Nc and v^cv. 
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get fainter as the limit is approached. Four such series have been 
found in the arc spectra of the alkali metals and alkaline earth metals. 
These series are known as the principal series, the sharp series, the 
diffuse series, and the fundamental series. The formulae usually used 
for the frequencies in these four series are: 

Principal: P(n) = P(oo ) — 2V'/()^ + P)^, n = 2, 3, 4 . . . , 

Sharp: S(n) = N/in + S)^ ^ = 2, 3, 4 . . . , 

Diffuse: D{n) = D{^)- N/{n + Df, ^ - 3, 4, 5 ... , 

Fundamental: P (n) == P(oo ) — ]Sfl(n~\- P)^ n = 4, 5, 6 . . . , 


where e.g. P{n) is the frequency of a line in the P series, and P, 
S, Z), P are the values of the constant a in the respective series. In 
many cases each line of a series is not a single line but a doublet or 
triplet. Each series according to the above formulae is determined 
by two constants, such as P(°o) and P, which are different in different 
series. It was shown by Eydberg that these constants for different 
series are related in a simple way. He found that 

«<»)=■»(“)- (afpji' 

N 

and also that P{^) = ^ 

From this it follows that P(°o ) — 8 {<^) is equal to 

Eunge pointed out that D(oo ) — ¥{«>) = D(3), 
or + 


The four series may therefore he represented by 


P(n)- n=2,S,i..., 

(1 + 5)2 (n + P)2 

N N___, n=2.3,4... , 

{2 + P)2 (n+/S)2 

^=3,4,5..., 

^W-^2 + Pf. (n + Df 

N , n = 4,5,6... , 

(t + w {n+F? 


8{n): 


Fin): 


so that only four constants S, P, B, and P are required besides N. 
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These formulae are usually written in an abbreviated form as follows: 

P{n) = IS — nP, 


S(n)==2P- 
D{n) = 2P- 
F{n) = 3I)- 


■ nS, 

■ nD, 
’TiF. 


Thus D{2>) means the spectral line in the D series for which n—2>, 

N 

but 3Z) stands for the term /a — r-y^ - vo ' 

(6 + uy 

2. The Combination Principle. 

Eydberg and Eitz pointed out that spectral lines with frequencies 
given by the differences between any possible pair of the terms nP, 
7iS, nD, and nF might be expected to appear. For example, 2S ~ nP, 
3S — nP, and so on. A great many such lines have been discovered, 
so that according to this principle, known as the combination principle, 
lines may occur with frequencies given by the abbreviated expression 
nX — n'X\ where n and n' are integers, and X and X' stand for P, 
S, D, or P. This result may be compared with the formula for 
the frequencies of the lines in the spectrum of atomic hydrogen, 

V = ^ where n and n' are integers. 

It appears as though spectral lines could be arranged in an infinite 
number of series each having an infinite number of terms. Of course 
only a comparatively small number of the lines indicated by these 
formulae have been actually observed. 

According to the quantum theory the terms like nP, nS, &c., 
represent energy levels in the atoms. When an electron falls 
from one energy level to another having less energy, radiation is 
emitted of frequency v given by hv—E^ — E^, The line P(3) given 
N N 

by P (3) = “ ( 3 ^ 1 - p) 2 =’ example, is supposed to be emitted 

when an atom changes from a stationary state having energy 

AT'Tivi 

C-- 


■where 0 is a constant, to another state ha'raig energy 


_Mc_ 

(3 + P)2’ 

Nhe 

C — SO that the frequency of the radiation emitted is given by 

■ N (G N \ 

' he he (Z + P)^ \hc il+SW’ 


(1 + . 


he (3 + Pf \hc ( 1 + 5)2 


or 


v=P{ 3 ) = 


N 


N 


(1 + 5)2 (3 + P)2 
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3. Spectra of Atoms which have lost Electrons. 

By using sparks between electrodes very near together in a very 
perfect vacuum and working with very large potential difierences, 
Millikan and Bowen have obtained the spectra of many atoms which 
have lost one or more electrons, thus extending work of this kind 
initiated by Fowler, Paschen, and others. 

We should expect atoms containing the same number of electrons 
but different nuclear charges to give similar spectra. Increasing the 
nuclear charge must diminish the distance of the electrons from the 
nucleus and so increase the energy of the atom, but it should not alter 
the arrangement of the electrons or the relative sizes of their orbits. 
Thus increasing the nuclear charge, keeping the number of electrons 
in the atom constant, should shift the whole spectrum towards shorter 
wave-lengths without altering the arrangement of the lines in it. In 
the case of atoms having only one electron we should expect the 
frequencies to be given by 



where Z is equal to the number of ionic charges in the nucleus, or the 
atomic number, as in the cases of atomic hydrogen and ionized helium. 

4. Spectra of Atoms containing 1, 2, 3, and 4 Electrons. 

If we indicate the number of electrons lost by an atom by a suffix, 
so that, for example, Ojn indicates an oxygen atom which has lost 
three electrons, then the atoms 

H, Hcj, Liji, Bcxii, Bj[VJ ^vi5 

which all contain only one electron, should all give spectra represented 
by the above equation with Z = 1 for H, Z = 2 for Hej, Z = 3 for Li^i, 

and so on. Lines given by v = ZW have so far only been 

observed in the spectra of H, He, and Li. 

The following atoms all contain two electrons: He, Lij, Be^i, B„.. 
C,v, Nv, Oyi, Fvii- The spectra of these atoms should contain series 
represented approximately by 

where Z is equal to the atomic number, since such series have been 
found in the spectra of helium and Ben. 

The following atoms all contain three electrons: Li, Bejr, Bji, Cxn, 

^1V> Oy, Fyx. 
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TEe spectrum of Li contains series represented by 

__ N N 

^ {n' + a)^ {n + a)^ 

so we sEould expect similar series, with ZW instead of N, in the spectra 
of the other atoms with three electrons. Such series have been found 
by Fowler, Paschen, Millikan and Bowen, and others. 

The following table given by Millikan and Bowen gives the values 
of the series terms for Li, Be^, B^^, and Cm. The difference between 
two such terms for the same element gives the frequency of a spectral 
line. 


n = 

109732/«== 

2. 

27,433 

3. 

12,192-8 

4. 

6,858-4 

5. 

4,389-4 

fLi 

28,582-5 

12,560-4 

7,018-2 

4,473-6 

Ber~4 

28,736-3 

12,596-2 

7,030-1 

4,477-6 

Pi terms . 9 

28,616-1 


— 

— 

ICiii^ie 

28,465-3 

12,504-3 

— 

— 

fLi 



12,203-1 

6,863-5 

4,389-6 

T^ , Ber -T- 4 



12,206-9 

6,865-1 

4,393-7 

Pterms. 

— 

12,207-8 

— 

— 

-i- 16 

— 

12,208-3 

s 

— 

fLi 





6,856-1 

4,381-8 

F terms. | Be^ -r 4 

— 

— 

6,858-8 

4,389-5 

lBn^9 

— 

— 

6,860-2 

““ 


The second row of this table gives the values of iV = 109,732 
divided by = 4, 9, 16, or 25. These are the values of the terms in 

the equation v = ^ which gives the frequencies of the spectral 

lines of atomic hydrogen. 

The remaining rows give the values of the series terms deduced 
from the observed frequencies of the lines of Li, Be, B, and C atoms. 
The terms attributed to Bci are divided by 4, those attributed to B^ 
by 9, and those attributed to Cm by 16. 

We see that the resulting quotients are nearly equal to the values 
of and are nearly the same for the different atoms. Thus, for 
example, the spectrum of Bn contains lines having nearly nine times 
the frequencies of lines in the spectrum of Li. 

It is supposed that in these atoms, which contain three electrons, 
two electrons describe small orbits near the nucleus and the third a 
much larger orbit. The outer electron has a number of possible orbits 
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according to the Bohr theory, and lines with frequencies nearly equal 

to Z^N (\: — are emitted when the outer electron drops from one 

outer orbit to another farther in. The nucleus and the two inner 
electrons form a small group having a total charge (Z — 2)e where Z 
is the atomic number, so that so long as the orbits of the outer electron 
do not come near this group the orbits are very similar to those of a 
single electron moving' near a nucleus with charge (Z — 2)c. 

For Li, Z = 3, so that (Z — 2)e = e; 

for Be, Z=.-4, so that (Z-2)e=2e; 

for B, Z — 5, so that (Z — 2)e = 3e; 

and for C, Z = 6, so that (Z — 2)e = 4e. 

Thus the appropriate constants for Li, Be^, Bj^, and Cm are N, ^ 
9N, and 16iV. 

The following atoms all contain electrons: 

Be, Bj, Cji, Niji, Ojv, Fy* 

These atoms have two outer electrons and should therefore give series 
represented by 

zm zm 

(n' + ay {n+af 

since such series are found in the spectra of Ca, Sr, Ba, and Ra, which 
all have two outer electrons. 

5. Spectra of Atoms with 11 Electrons. 

The following atoms all contain 11 electrons: 

Na, Mgi, Alji, Sijii, Pjv, Sy. 

Sodium is supposed to have 2 electrons very near the nucleus, 8 farther 
out, and 1 outer electron which describes orbits usually well outside 
the inner group consisting of the nucleus and 10 electrons. The 
electrons in the other atoms with 11 electrons should be arranged in 
the same way, so that we should expect all these atoms to give series 
containing lines represented by 

Z^N ( — - 1 . 

+ (n+a)^J 

This is found to be the case. The following table gives the term values 
for these atoms divided in each case by (Z — 10)^, Z being the atomic 
number. 
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n — 

3. 

12,192-78 

4. 

■6,858-44 

5. 

4,389*40 

6. 

3,048-19 


^Na/1 

41,499-0 

15,709-5 

8,248-3 

5,077-3 


Mg/4 

30,316.9 

12,865-6 

7,120-3 

4,517-3 

- 

Al/9 

25,494-89 

11,476-82 

6,535-29 

— 


Si/16 

22,756-83 

10,633-65 

6,168.72 

— 


P/26 

20,979-66 

10,061-63 

5,914-35 

— 


VS/36 

19,729-56 

9646-22 

— 

— 


fNa/1 

24,475-7 

11,176-1 

6,406-3 

4,151-3 


Mg/4 

21,376-6 

10,154-0 

5,949-6 

3,909-2 

P - 

Al/9 

19,504-01 

9,526-85 

5,664-93 

— 


Si/16 

18,272-62 

9,105-63 

5,471-16 

— 


P/25 

17,401-88 

8,802-20 

— 

— 


^S/36 

16,753-64 

— 

— 

— 


rNa/1 

12,276-2 

6,900-4 

4,412-5 

3,061-9 


Mg/4 

12,444-3 

6,988-8 

4,461-6 

3,091-6 

D - 

Al/9 

12,611-0 

7,074-3 

4,508-72 

3,119-96 


iSi/16 

12,733-65 

7,131-84 

4,539-22 

— 


P/25 

12,811-8 

7,164-04 

— 

— 


^S/36 

12,856-59 

— 

— 

— 


/Na/1 



6,860-4 

4,390-4 

3,043-0 


Mg/4 

— 

6,866-8 

4,394-3 

3,051-2 


Al/9 

— 

6,871-28 

4,397-61 

3,053-83 


Si/16 

— 

6,874-19 

4,399-97 

3,055-97 


P/25 

— 

6,876-38 

4,401-46 

— 


lS/36 

— 

6,878-11 

— 

— 


^Na/i 

— 

— 

4,388-8 

— 


Mg 4 

— 

— 

— 

3,048-7 


Al/9 

— 

— 

4,391-80 

3,050-30 

£ ■' 

Si/16 


— 

4,392-31 

3,050-84 


P/25 

— 

— 

4,392-74 

3,051-14 


lS/36 

__ 

— 

4,393-32 

— 


fNa/1 

— 

— 

— 

3,046-3 

F"\ 

Mg/4 

— 

— 

— 

— 


Al/9 

— 

— 

— 

3,049-64 

1 

Si/16 

— 

— 

— 

3,049-81 


lP/26 

— 

— 

— 

3,050-21 


This table is taken from a paper by Bowen and Millikan {Physical 
Review, March, 1925). The values of the series terms in it are due to 
Towler, Paschen, and Millikan and Bowen. 

It will be seen that the quotients of the D and F terms are nearly 
equal to the corresponding values of Njrfi. This is interpreted, as 
before, to mean that the orbits of the outer electron involved are well 
outside the inner orbits. Similar results to the above have been ob- 
tained with several other sets of atoms. We may remark, for example, 
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tliat potassium can be made to give a spectrum very similar to that of 
argon. The normal K atom has 19 electrons and the argon atom 18. 
It is therefore supposed that the K spectrum which resembles that of 
argon is due to K atoms which have lost one electron. 

r>. Analogy with Moseley’s Law. Second Quantum Numbers. 

These results on optical spectra are closely analogous to Moseley’s 
law for X-rays. Moseley found that the frequencies of the lines 
in X-ray spectra arc given by 




SO that V V is proportional to Z — a, where Z is the atomic number 
an<l a is a constant. The square roots of the values of the series terms 
of which the quotients by (Z— 10)**^ are given in the above table are 
luuiT'ly proportional to Z — 10, except in the cases of the terms near 
the top of the table. This result is analogous to Moseley’s law with 
a~ 10 . 

Millikan and Bowen have pointed out that Moseley’s law applies 
to the optical spectra of many other similar series of atoms. 

The ([uantum theory of the fine structure of the atomic hydrogen 
and ioniixed hcdium lines is discussed in Chapter V. It appears that 
two int.(^g(irs or quantum numbers % and are required to define the 
idc^ctron orbits, and that the series terms are approximately equal to 
d- nJK The major axis a of the orbit is determined by 

Hi “ h the minor axis b by the equation ^ is of 

* (Jb Tl-I — p 

(tourse equal to or less than % + but the value % == 0 is not ad- 
missibl<‘, because the electron cannot be supposed to pass through the 
nuedens. 

It is supposed that similar principles apply to the orbits of the 
(h'ctroim in other atoms besides H and Hop Each orbit or atomic 
(energy level is ther(ifore supposed to be characterised by a principal 
([uantum number and a second number which determines the shape 
of the orbit. The energy levels are not the same for orbits with the 
same principal number but different second quantum numbers. It is 
supposed that the terms of the different series are determined by the 
values of the second quantxim number as well as by the principal 
([uantum number. For an S term % — 1, for a P term 2, for 
a 1) term rq 3, and for an F term % = 4, 

For example, the principal series given by P(n) 1/S— nF is due 
to transitions from P levels for which 2 to the IS level for which 
iu 1, Wc should expect n in the terms nP to be equal to the sum 

' . ^ ZW 

since 


of the two quantum numbers % + since nP = — , a-nd for 
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atomic hydrogen the terms are nearly equal to so that 

(^1 + ^2)“ 

n-{- P corresponds to % + 5 ^ 2 - terms which are nearly equal to 
ZW 

^ it is clear that n=n-, 4- but in other cases the value of ^9 
may not be kilown. 

According to Sommerfeld only such transitions between S, P, D, 
and F terms are ordinarily possible as involve a change of + 1 in the 
second quantum number %. This selection principle was derived by 
Sommerfeld in the case of atoms having only one electron by applying 
the principle of the conservation of momentum to the atom and the 
radiation emitted. It is assumed to apply to more complicated atoms 
also. The values of assigned to the S, P, D, and F terms are in 
conformity with this selection principle. 


7. The Series Terms for Sodium. 

The values of the series terms for sodium are shown graphically in 

the accompanying figure due to 
Bohr (fig. 1). The distances of 
the black dots from the vertical 
line on the right are propor- 
tional to the values of the series 
terms. The S terms are in the 
top row, the P terms in the 
second row, and so on. The 
curved lines are drawn through 
terms having the same principal 
quantum number, and the dis- 
tances of these lines from the 
vertical line on the line for 
= 5 are proportional to the 
corresponding terms of a hydrogen atom. 

We see that the D, F, and % = 5 terms are nearly equal to the 
hydrogen terms but the S and P terms are much larger. It is supposed 
that the S and P electron orbits penetrate into the group of 10 elec- 
trons around the nucleus and so are acted on by the strong field of the 
nucleus, which increases the energy of the orbits. All these terms are 
for a neutral sodium atom, and correspond to the different possible 
orbits of the outer electron. The first term of the principal series 
according to this diagram is due to a transition from the orbit with 
principal number 3 and second number 1 to the orbit with principal 
number 3 and the second number 2. This series is represented by 
P(n) = IS — nP, so that in this case the principal quantum number 
is equal to + 1 since = 2 for the first line of the principal series. 

The possible transitions, with emission of light, on the diagram are 
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from any dot to another dot which lies to the left on the next line above 
or the next line below, and so corresponds to less energy, because the 
energy is proportional to a constant minus the term values. 

If n is the principal and % the second quantum number of an 
orbit or atomic energy level, then the level may be designated by n 
with a suffix n^. Thus denotes the lowest energy level of the neutral 
sodium atom according to the diagram. 

8. Series Lines and Absorption. 

The normal state of an atom is the state of smallest energy. An 
atom in a given state can only absorb light the quanta of which are 
equal to the quanta which the atom emits when it changes from another 
.state of greater energy to its actual state. Thus, according to the 
quantum theory, sodium vapour at comparatively low temperatures 
at which all the atoms are in the normal 3^^ state should absorb light 
with the frequencies of the lines of the principal series. This is found 
to be the case. When white light is passed through sodium vapour 
the absorption spectrum obtained shows the principal series lines only. 
The same thing is true of other elements. If the frequency of the 
incident light is greater than that of the limit of the principal series, 
the outer electron may be removed right out of the atom by a quantum 
of the incident light. The light is absorbed in this case and the vapour 
is ionized. It is found that the absorption spectrum shows continuous 
absorption of frequencies greater than the limit of the principal series, 
exactly in agreement with this deduction from the quantum theory. 

9. Doublets and Triplets. 

The lines of many series are not single lines but doublets, triplets, or more 
complicated groups of lines. The P terms are double or triple and the different 
values may be indicated by a suffiix thus, mPi, where i = 1 or 2 for a series of 
doublets, and i = 1, 2, or 3 for a series of triplets. If the P terms are double, then 
the S and D series lines are doublets with constant frequency differences, since 
^2P — nS and Din) = 2P — nD. The constant frequency difference is 
2P^ — 2P2* In this case the P series lines are doublets with frequency difference 
9 ^P^ — TiPg. This difference diminishes to zero as n increases, since both nP^ and 

nPo tend to zero. . j. • 4 . 

On the quantum theory the double nature of a term is taken to indicate 
a third type of quantizing requiring a third quantum number to fix the state 
•of an atom. This number is called the inner quantum number. 

The lines of the principal series of the alkali metals are doublets. The well- 
known D lines of sodium are the first doublet in the sodium P series. Millikan 
•and Bowen have observed the first doublet of the principal series of the atoms 
Li, Bei, Bn, Cm, Niv, and Oy, which all contain three electrons. If A v denotes 
the frequency difference of one of these doublets then they find that VAv/O’SCS 
is nearly equal to Z — 2 in each case. Tor example, for l ithium Z 2=1 
and \/Av7o¥65 = 0-981, and for oxygen 2;— 2 = 6 and 'VAv/0-365 = 6-184. 
According to Sommerf eld’s theory of the fine structure of the spectral lines of 
H, Hei, liii discussed in the chapter on the quantum theory, Av for the Ha. line. 
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the first line in the Balmer series, is 0*365, and for other similar doublets should 
be proportional to the fourth power of the nuclear charge Ze. In the case of the 
atoms Li, Bej, Bji, Cin* Niv, and Ov the charge on the nucleus and group of 
two electrons near the nucleus is {Z — 2)e, so that on Sommerf eld’s theory we 
should expect Av to be nearly equal to 0-365 (Z ~ 2)^, which is just what Millikan 
and Bowen find. Similar doublets with separations given by about 0-365 {Z — s)^, 
where s is about 3*5, have been found in the X-ray spectra of practically all the 
elements. 


10. Band Spectra. Quantum Theory. 


The spectra of many compounds and of diatomic elements contain groups 
of lines which are called bands. In these bands the lines get closer together from 
one side of the band to the other, so that one side of the band has a well-defined 
edge called the head of the band where the lines are very close together. Such 
spectra frequently contain a series of such bands, all with heads on the same 
side. A good example of such a band spectrum is the spectrum of the light from 
the inner cone of a Bunsen flame, which is usually attributed to carbon monoxide. 
Cyanogen and hydrochloric acid also give band spectra. Many elements give 
so-called many-lined spectra, which are probably band spectra in which the dif- 
ferent bands overlap and so become confused. An example of such a spectrum 
is the many-lined spectrum of hydrogen, which is attributed to Hg. Several 
bands have been located in this spectrum by 0. W. Richardson and others. 

According to the quantum theory the bands are emitted by rotating molecules. 
The rotating molecules are supposed to be only able to exist in a number of 
definite states characterized by definite rotational energies, and to emit light 
when they change from one such state to another with less energy. The frequency 
of the light emitted is given by the usual equation Let K denote 

the moment of inertia of a molecule about its axis of rotation, and 0 the angle 
through which it has turned. Then according to the quantum theory we have 

/ 2n- . . . 

KMO = nil, where n is an integer. Hence, since 0 is constant, X0 = ?i^/27r. 

0 

The kinetic energy of the molecule is therefore given by 




1 ^ 

8tu2 K 


We assume that n can only change by one unit at a time, so that when it is 
+ it can change to — 1, and when — to 4- 1- The frequency of the light emitted, 
is then 


V 


Bn — Bn—\ h 

I 8 ^'” 




h 


(2n-l), 


when 71 is -f , and v = 


h 


{2n + I)> when 


n is 


The frequencies emitted are therefore 


n. 


V. 

+ 4 


7vo 

+ 3 


H 

+ 2 


3vo 

+ 1 


Vo 

0 


-Vo 

- 1 


Vo 

- 2 


3vo 

-4 


7vo 
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where The frequency — Vq for w=0 indicates an absorption of 

energy by the molecule. The spectrum should therefore consist of lines with 
frequencies Vq, 3vq, 5vq, &c. Such spectra have been observed far in the infra- 
red, notably for water vapour, by Rubens and Bahr. 

If we suppose that the molecule also vibrates with a frequency v^, then accord- 
ing to the quantum theory its vibrational energy can only change by so 
that the frequencies which wiU be emitted when the vibrational and rotational 
energies both change will be given by 

or = Vi + Vo(di !)• 

In this case, when is greater than Vq, as is usually the case, n can change 
to -f 1 or to — 1, with emission of light. The frequencies emitted are 


n. V. 


4 


''l + 

^^1 — 

9vo 

3 


Vi + 5vo 

^1 — 

7^0 

2 

.... 

vi + 3vo 

^1 — 

5vo 

1 

.... 

^'1+ '<0 

Vi~ 

3vo 

0 

.... 

1 

H 

> 

- 



Thus a band is obtained with frequencies Vj + Vq, Vj, — Vq, Vj -[- Svq, Vj — Svq, 
and so on, but not with frequency Vj. Such bands are observed in the infra-red 
spectra of HCl, HBr, and other diatomic molecules. The line Vi -(- Vq is usually 
absent. 

So far we have supposed that the moment of inertia of the molecule is a con- 
stant independent of its rotational and vibrational energies, and that the internal 
energy of the molecule does not change. In the case of bands in the visible or 
ultra-violet regions it is necessary to suppose that the internal energy of the mole- 
cule changes as well as the rotational and vibrational energies. The change in 
the internal energy, however, may be supposed to involve a change in the moment 
of inertia and so of Vq. The frequencies emitted are therefore given by 

V = Vi + V2 + ± 1)2, 


where Vq' is the new value of Vq, and Vg corresponds to the change in the internal 
energy. 

This gives v = ^ i Bn + Cn^, 

where = Vi + Va — Vq', B ~ 2vq', O = Vq — 


It is found that many bands can be represented very well by this expression. 
The frequencies given by v_ = ^ — Bn + C7i^ are said to form the negative 
branch of the band, and those given by ^ -f Bti + C7i^ the positive 
branch. 

The head of the band is at the minimum value of v on the negative branch, 

and is given by ^ = — R -f- 2C7i = 0, orn = , so that 

an 2C 




= A~B 


2G 


==A- 


4C' 


If B/2C is not equal to an integer then the head is at the value of v given by 
(DSU) 12 
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the integer nearest to BI2G, The relation between v and n can be made very clear 
graphically, as shown in fig. 2. 

The curves represent as a function of v, and horizontal lines are drawn to 



represent the positive integral values of n. The values of v in the band are then 
indicated by the intersections of the horizontal lines and the curves. The head 
of the band is at H. 
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CHAPTER IX 


Cathode Rays, p-Rays, and a- Rays 

CATHODE RAYS 

1. Crookes’ Experiments. 

Cathode rays were discovered by Pliicker in 1859; he observed that 
when an electric discharge was passed between two electrodes through 
a tube and the gas pressure was reduced to a sufficiently small value, 
the glass walls of the tube near the 
cathode emitted a greenish-coloured 
light. This light could be moved 
about by bringing a magnet near the 
tube, and appeared to be produced 
by something coming from the 
cathode and striking the glass. 

Cathode rays were later investigated 
by Hittorf and Goldstein and in 
1879 by Crookes, whose beautiful 
experiments made clear many of 
the properties of the rays in a 
striking way. 

As the pressure in a discharge tube is reduced the distance between 
the negative glow and the cathode increases, and when the Crookes 
dark space reaches the walls of the tube the green light observed by 
Pliicker becomes very bright. 

If a solid body is put up between the cathode and the walls of the 
tube a sharply defined shadow of it appears in the green light emitted 
by the walls. This was clearly shown by Crookes with the famous 
'' Crookes tube ” shown in fig. 1. The glass tube is conical in shape 
with a nearly flat end at S, At C a small aluminium disc supported 
by a wire sealed through the glass serves as the cathode. The anode is 
a wire A in a side tube. At X a piece of mica or aluminium sheet in 
the form of a cross is supported on a hinge so that by tilting the tube 
it can be put in either a horizontal or vertical position. The gas pres- 
sure in the tube is reduced to about 0-01 mm., so that the Crookes 
dark space fills the tube and the greenish light is emitted by the flat 
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end when the cathode and anode are connected to an induction coil. 
Ir^Tien the cross is up it throws a sharp shadow on the end of the tube, 
showing clearly that something is emitted by the cathode which is 
stopped by the cross. Also the shadow is sharp although the source 
is of considerable size, showing that the rays are not emitted in all 
directions from every point on the cathode but in only one direction. 
It is found that the rays are emitted in a direction perpendicular to the 
surface of the cathode close to its suface. Thus Crookes showed that 
by using a concave cathode the rays could be focused on to a small 
area, and if a piece of platinum foil was put up at the focus the foil 
became very hot and could even be melted. The cathode rays are 
deflected by a magnetic field* as we should expect negatively charged 
particles to be deflected. A Crookes tube for showing this is shown 

in fig. 2. 

The cathode is a 
disc at C. Parallel to it 
a few centimetres away 
is a metal sheet, with 
a slit S cut in it, which 
forms the anode. The 
narrow beam of ca- 
thode rays which pass 
through the slit falls on 
a slightly inclined screen 
EF coated with cal- 
cium sulphide, or some 
other substance, which fluoresces brightly when struck by the rays. 
A bright streak of light appears on the screen which can be deflected 
by a magnetic field perpendicular to the screen. In the figure a magnet 
is shown with its S pole in front and its N pole behind the tube, deflecting 
the rays upwards as shown. 

2. The Wehnelt Cathode. Magnetic and Electric Deflection. 

It was found by Wehnelt that calcium and barium oxides emit 
cathode rays very freely when heated to a red heat and negatively 
charged. By means of a cathode consisting of a strip of platinum foil, 
which can be heated by a current, having a small area on it coated 
with calciurn or barium oxide an intense narrow beam of cathode rays 
can be obtained. If the gas pressure is not too low the narrow beam 
causes the gas to emit light so that its path through the tube can be 
easily seen in a dark room and the deflection of such a beam by a mag- 
netic field observed. A tube with a Welmelt cathode is shown in fig. 3. 
The anode A is a small aluminium disc and the cathode C a strip 
of platinum foil about 2 mm. wide supported by two wires E and E. 
A small patch of oxide is on the strip near its middle. E and F are 
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connected to a battery and the strip heated to a dull red heat. A 
potential difference of a few hundred volts between C and A is then 
sufficient to produce an intense beam of cathode rays from the oxide 
patch which comes out perpendicular to the surface of the foil and 


diverges slightly. By means of a 
deflected along a curve as shown in 
The potential difference re- 
quired to produce a discharge in 
a Crookes tube, in which the dark 
space fills the tube, is usually of 
the order of 10,000 volts or more, 
which is much greater than is 
necessary with a Wehnelt ca- 
thode. The magnetic deflection 
of cathode rays increases as the 
potential difference used to pro- 
duce them decreases, so that the 
rays from a Wehnelt cathode using 
a few hundred volts are much 
more easily deflected than the rays 
in a Crookes tube. Cathode rays 
are deflected by an electric field 
like negatively charged particles. 
A tube used by J. J. Thomson to 
show this is shown in fig. 4. The 


magnet the beam of rays can be 
the figure. 



Fig. 3 


cathode is a small aluminium disc at C. The anode is a metal disc 


A having a small hole in it through which a narrow beam of the rays 
from C passes. The beam is further limited by a second disc B with 
a small hole in it, and then passes between two parallel metal plates 
D and E to the end of the tube near P, where it produces a luminous 
spot on the glass. If D and E are connected together the rays pass 
along the axis of the tube, but if a potential difference is maintained 
between them by means 
of a battery the rays are 
deflected towards the posi- 
tively charged plate. 

That the cathode rays Mg. 4 

carry a negative charge was 

first shown directly by Perrin in 1895. He passed a beam of the rays 
into a metal cylinder and found that the cylinder received a negative 
charge. Hertz noticed that cathode rays can pass through very thin 
metal foil, and Lenard showed that they can he passed -through a 
thin metal window in a discharge tube into the air outside or into 
another tube containing a gas at any desired pressure. 
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3. Cathode Rays are Negatively Charged Particles. Charge and Mass. 

The experimental results described above show that cathode rays 
are negatively charged particles moving with a high velocity, and for 
a time it was generally believed that they were negatively charged 
atoms of the gas in the discharge tube or of the metal of the cathode. 
About 1897, however, several physicists succeeded in measuring the 
ratio of the charge e to the mass m of the cathode ray particles and 
found this ratio to have a surprisingly high value, about 10" electro- 
magnetic units per gramme. It was also shown by Lenard that they 
have considerable penetrating power and can pass through several 
millimetres of air at atmospheric pressure. 

Before 1897 the highest ratio of charge to mass known was that 
for the positively charged hydrogen ion in solution for which ejm is 
about 10^ E.M. units per gramme. The charge on a univalent ion in 
solutions was believed to be a sort of atomic unit of electricity because 
ionic charges in solutions are always multiples of it, so that physicists 
were inclined to expect that gaseous ions would be found to carry the 
same charges as ions in solutions. The high value of ejm for cathode 
rays might have been explained by supposing e to be about 1000 times 
the charge on one hydrogen ion in solutions and m equal to the mass of 
one hydrogen atom. J. J. Thomson, who was one of the first to 
measure ejm for cathode rays, pointed out that the cathode rays could 
not have the high penetrating power observed by Lenard if they were 
of atomic dimensions, and suggested that the high value of ejm was 
due to m being about 1000 times smaller than the mass of one hydrogen 
atom, the charge e being the same as that on one univalent ion in solu- 
tions. J. J. Thomson supported this revolutionary theory by many 
ingenious experiments, and it is now universally accepted. Other 
physicists, notably Wiechert and Kaufmann, also measured ejm for 
cathode rays at the same time as J. J. Thomson, and Wiechert sug- 
gested the same explanation of its high value, but to J. J. Thomson 
as the principal advocate of the new theory belongs the greater share 
of the credit for it. 

The cathode ray particles or electrons, as they are now called, can 
be obtained from all kinds of matter, and are one of the two constituents 
of which atoms appear to be composed. The discovery of particles 
1000 times lighter than hydrogen atoms, obtainable from all kinds 
of matter, may be said to mark the beginning of modern physics as 
distinguished from the classical physics of Faraday, Clerk-MaxweU. 
and Hehnholtz. 
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4. Ratio of Charge to Mass. Measurements of Kaufmann and J. J. 

Thomson. 

The methods used to measure e/m for cathode rays will now be 
considered. The apparatus used by Kaufmann is shown in fig. 5. 
The cathode C and anode A were connected to a Wimshurst machine, 
and the potential difierence V betw^een them was measured with an 
electrostatic voltmeter. The anode was a thin straight wire, and 
the cathode rays produced a shadow of it on the plate P which closed 
the lower end of the tube. A nearly uniform magnetic field perpen- 
dicular to the rays and parallel to the anode wire was produced by a 
large coil SS' which surrounded the part of the tube below the anode 
as shown. The magnetic field 
deflected the rays and the deflec- 
tion of the shadow of the anode 
on the plate P was measured. 

The velocity v of an electron 
starting from the cathode is given 
by the equation 

Ye = 

where e is the charge and m the 
mass of the electron. In the mag- 
netic field {H) the electrons move 
along a circular path of radius r 
given by = Hev. The radius 
r was calculated from the observed 
deflection and the dimensions of the apparatus. These equations give 
elm = and v = 27/JTr. The potential difierence 7 was 

varied from about 3000 to 10,000 volts by reducing the gas pressure 
in the tube from 0-07 mm. to 0*03 mm. The final result obtained was 

- = 1-77 X lO'^ E.M. units per gramme. 

A possible objection to this method is that some of the electrons 
may be liberated in the gas between the cathode and anode and so not 
fall through the whole of the potential difference V . Such electrons, 
however, would not produce a sharp shadow on the screen because they 
would be deflected through different distances depending on their 
velocity. The sharp shadow which was obtained must have been 
due to electrons all having the same velocity, so that they must have 
started at the surface of the cathode as Kaufmam assumed. In 
discharges at low pressures the cathode rays are mainly produced by 
the impact of positive ions on the cathode. 

J. J. Thomson, using a tube like that shown in fig. 4, measured 
the deflection of the rays by a magnetic field and then balanced the 





i68 CATHODE RAYS, /5-RAYS, AND a-RAYS [Chap. 

magnetic deflection by the electric field between the plates D and E. 
The magnetic field was perpendicular to the rays and parallel to the 
surfaces of the plates D and E, and extended over the space between 
these plates. In this case Fe = Hev, where F is the electric field 
strength, so that v~ FjH. Eor the magnetic deflection mv^/r — Hev, 
so that elm = F /H^r. In this way J. J. Thomson found ejm to be 
about 10'^, and v to be about 3 X 10^ cm. per second when the gas 
pressure was 0*01 mm. 

J. J . Thomson also measured ejm by another method. A beam of 
the rays was received in a small metal cylinder, and the rate of rise of 
temperature of this cylinder was determined with a thermocouple. 
The charge received by the cylinder was measured by connecting it 
to a galvanometer. In this way the energy W and charge Q of the 
rays were found. ^ We have then WIQ=lmv^le, so that if v is found 
from the magnetic and electric deflections or otherwise, ejm can be 
calculated. In this way J. J. Thomson found ejm to be about 10*^, 
as in his previous experiments. 

The value of ejm for cathode rays has, since 1897, been carefully 
measured by many physicists. The value now accepted for slowly 
moving electrons is 1*769 X lO"^ E.M. units per gramme. It was 
found that ejm for the cathode rays is the same for discharges in 
different gases and with cathodes made of different metals. It is also 
the same for the cathode rays emitted by hot bodies or set free by 
ultra-violet light, and for the ^-rays or electrons emitted by radioactive 
bodies. It appears that electrons of identical properties can be ob- 
tained from any kind of matter; they must therefore be one of the 
constituents of the chemical atoms. 

5. Cathode Rays and Ionization of Gases. 

When cathode rays are passed through a gas they produce ions by 
collisions with the gas molecules. The ionization produced by electrons 
naoving thnough a gas under the action of a uniform electric field is 
discussed in the chapter on the motion of electrons in gases. When 
cathode rays are passed into a gas the velocity with which they move 
is gradually diminished by collisions with the gas molecules. High 
velocity rays travel in straight lines through gases at low pressures with 
little loss of energy, but slower rays are deflected by the molecules and 
describe paths of irregular shape until they are stopped. The number 
of pairs of ions produced by cathode rays per centimetre of path has 
been determined by Durack and by Glasson. Durack found that 
cathode rays produced 0*4 pair of ions and that ^-rays from radium 
produced 0*17 pair of ions per centimetre in air at 1 mm. pressure. 
The velocity of the cathode rays was probably about 4 X 10^ cm. 
per second and that of the fi-mys about 2 X 10^® to 2*8 X 10^® cm. 
per second. 
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Grlasson obtained catbode rays of known velocity by deflecting 
them by a uniform magnetic field and obtained the following results: 


Velocity in 
Cm. /Sec. 


Pairs of Ions produced 
per Cm. in Air at 
1 Mm. Pressure. 


4-08 X 103 _ _ 2*01 

4*76 X 103 .... 1-53 

5*44 X 103 , _ 1.26 

6-12x103 .. . 0-99 


It appears that the ionization produced diminishes as the velocity 
increases. The number of molecules struck by an electron in going 
1 cm. through air at 1 mm. pressure must, according to the kinetic 
theory of gases, be about 180. For more slowly moving electrons 
Townsend found the maximum number of pairs of ions formed to be 
14*6 per centimetre in air at 1 mm. pressure. 


6. Absorption of Cathode Rays. 

The absorption of cathode rays by thin metal sheets and by gases was investi- 
gated by Lenard in 1895. The cathode rays in a discharge tube were passed, 
through a small window of aluminium foil in the wall of the tube, into another 
tube. A screen of barium platinocyanide was put up in the second tube opposite 
the window so that the cathode rays fell on it and caused it to phosphoresce. 
The intensity of the rays at the screen was estimated by the brightness of the 
luminosity of the screen. The absorption of the rays by thin sheets of metal and 
by gases at different pressures was determined by interposing them between the 
window and the screen and measuring the diminution of the luminosity. It was 
found that the intensity of the rays transmitted was nearly proportional to 
where X is a constant and t the thickness of the absorbing substance. The con- 
stant X depends on the nature of the absorbing substance and on the velocity of 
the rays. It was found that for rays produced by a potential difference of 30l000 
volts the constant X was nearly proportional to the density d of the absorbing 
layer. The following table gives some of Lenard’s results. 


Substance. 

X cm.“b 

d gm./cm.'*. 

X/d. 

Hydrogen at 3 mm. pressure 

0-00149 

3-5 X 10-7 

4,040 

Hydrogen at 760 mm. pressure .. . 

0-476 

8-5 X 10-5 

5,610 

Air at 760 mm. pressure . . 

3-42 

1-2 X 10-3 

2,780 

Paper 

2,690 

1-3 

2,070 

Mica . . 

7,250 

2-8 

2,590 

Gold 

55,600 

19-3 

2,880 


Thus it appears that for a range of d from 3-6 x 10“’ to 19*3 the quotient 
\/d only varies by a factor of less than 3. This extremely interesting result was 
obtained by Lenard in 1895. If M denotes the mass per unit area of the absorbing 
layer then M = dt, so that It = XMjd. Since X/d is nearly the same for all sub- 
stances this shows that the absorption depends almost entirely on the mass of 
the screen and not on the kind of matter of which it is made. According to the 
modern theory of atoms each atom consists of a positively charged nucleus sur- 




1 70 CATHODE RAYS, j8-RAYS, AND a-RAYS [Chap. 

rounded by a number of electrons. The number of electrons is roughly half the 
atomic weight, so that the number of electrons per cubic centimetre in any kind 
of matter is roughly proportional to the density of the matter. In the case of 
heavy atoms like gold the number of electrons is much greater than the number 
of nuclei, but in the case of hydrogen there is only one electron to each nucleus. 
Thus the sum of the numbers of electrons and nuclei per unit mass of matter for 
hydrogen is about double its value for the heavier elements. The absorption of 
the cathode rays may be attributed to coUisions with the electrons and nuclei, 
so that we should expect the ratio X/d for hydrogen to be about double its value 
for the heavier elements, as was found by Lenard to be the case. The absorption 
of cathode rays is nearly the same for different kinds of matter because all kinds 
of matter consist of electrons and nuclei. The electrons and nuclei only occupy 
a very minute fraction of the volume of the matter so that cathode rays are able 
to pass through. We should expect any kind of atom to pass through matter 
as easily as cathode rays, but we cannot obtain atoms moving with the high velocity 
of cathode rays. 

W. Wilson measured the velocity V of cathode rays before and after passing 
them through thin sheets of metal. The velocity was found from the radius of 
the circle described in a magnetic field of known strength. He found that 

where Vq is the velocity before entering the sheet, F that after passing through, 
t the thickness of the sheet, and Jc a constant. The rays are deflected in the sheet' 
by collisions with the atoms, so that the distance they actually travel in the sheet 
may be considerably greater than t. Since the energy of the rays is nearly pro- 
tional to and the number of collisions to t, this indicates that the energy lost 
per collision is inversely as the energy of the rays. 

p.RAYS 

7. Kaufmann’s Experiments- 

The ^-rays which are emitted by many radioactive substances are 
found to be of precisely the same nature as cathode rays. They carry 
a negative charge and are deflected by electric 
and magnetic fields. The velocities of /3-rays 
range up almost to the velocity of light. 

The ratio ejm for /8-rays was investigated 
accurately by Kaufmann and later by Bucherer. 
Kaufmann’s apparatus is shown in fig. 6. A 
particle of radium bromide was placed at R in 
a depression in a thick metal plate. The /8-rays 
from the radium passed between two parallel 
metal plates A and B to a small hole P in a 
thick metal sheet. Prom P the narrow beam 
of rays passed on to a photographic plate CD. 
A potential difference was maintained between 
A and B by means of a battery, and the whole 
apparatus was placed in a uniform magnetic 
field parallel to the direction of the electric field between A and B. 
The magnetic field deflects the rays so that they move along circular 



Fig. 6 
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paths, in planes perpendicular to the field, of radius r given by = 
Hev. The circular path of the rays is shown in fig. 7. The radium 
is at R and the rays pass through the small hole at P and fall on the 
photographic plate at Q so that R, P, and Q lie on the circle. Let 
the magnetic deflection OQ = y, RO = a, and RP = b. Then we have 

2y ^ 

SO that T can be calculated when y, a, and b have been measured. 

The electric deflection, which 
will be denoted by z, is perpen- 
dicular to y on the photographic 
plate. To calculate 2 : approxi- 
mately we may assume the elec- 
tric field uniform, and equal to F 
from R to P, and to zero from 
P to the plate. The path of the Fig. 7 

rays in the plane of the electric 

field is shown in fig. 8. It is parabolic from R to P, and straight 
from P to Q'. The acceleration of the electrons due tb the electric 
field is Fe/m, so that approximately 



where v' is the initial transverse velocity component of the rays whicii 

set to P. Hence v' = i f The transverse velocity at P due to 
® "\m/v 




Fe b 
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This equation and mvlr ~ He enable v and ejm to be calculated. The 
^-rays emitted by radium bromide have velocities varying from lO’-® 
cm. per second to almost B X 10^® cm. per second. Kaufmann thus 
obtained a curve on his photographic plates the co-ordinates of points 
on which were y and z. Each point on the curve corresponds to rays 
haying a definite velocity, so that by measuring y and 2 ; for different 
points on the curve ejm could be found for rays having different 
velocities. Kaufmann found that elm decreases as v increases. The 
variation observed agrees nearly with the equation 


e 

m 





where c is the velocity of light and ejm^ is the value of e/m when vjc 
is small. 


8. Bucherer’s Experiments. Mass and Velocity. 

The apparatus used by Bucherer is shown in fig. 9. AB and CD 
are two parallel circular metal discs only a fraction of a millimetre 

apart. A small particle of 
radium, R, was put between 
them at their centres. The 
^-rays from the radium 
moved out from R radially 
in all directions between the 
discs and fell on a cylindrical 
photographic film PP' which was concentric with the discs. The 
discs and film were in a metal box in which a good vacuum was 
maintained. An electric field F was produced between the discs by 
connecting them to a battery, and the whole apparatus was put in a 
uniform magnetic field H parallel to the plane of the discs. Since the 
discs were so near together the electrons from the radium could not 
get to the photographic film unless the force on them due to the 
electric field was equal and opposite to that due to the magnetic field. 
We have therefore, for rays going along a radius making an angle B 
with the magnetic field, 

Fe= Hev siaB, or v— F/H sin0. 

Bucherer made F/H equal to -Jc in most of his experiments, so that 
1/2 sin0. If z;== c this gives sin0 = -J, so that l9= 30° or 150°. 
Now y is never greater than c, so that no rays should get to the film 
except between 6= 30° and 6= 150°. Bucherer found that this was 
the case. When 6=7t/2 then v = Jc, which is therefore the smallest 
velocity of the rays which can get to the film when F/H is equal to ic. 
The rays which get out from between the discs are deflected by the 
magnetic field and so give a curve on the photographic film. The 
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deflection is approximately equal to \o?He smdjmv, where a is the 
difierence between the radius of the film and that of the discs, for the 
magnetic field gives the electrons an acceleration Hev sin0/m which 
acts for a time ajv. 

In this way Biicherer found v and ejm for several values of v. The 
following table gives his results: 




X 10“^ 

l/C. 


m\/l- v-jd- 

0-3173 


1-752 

0-3787 


1-761 

0-4281 


1-760 

0-5154 

.... 

1-763 

0-6870 


1-767 


The second column gives the observed values of e/m multiplied by 10“'^ 
and divided by It appears that this quantity is practically 

constant and equal to lO”^ X e/m for cathode rays, which is 1*769. 
If we assume that the charge e is independent of v then these experi- 
ments show that 

mo 


where mo is the mass when = 0. 

This variation of the mass with the velocity is shown in the chapters 
on the electron theory and on relativity to be due to energy possessing 
mass equal to the energy divided by the square of the velocity of light, 
so that when the kinetic energy of a particle of any kind is increased 
then its mass is also increased. At one time it was supposed that the 
observed variation of the mass of electrons with their velocity gave 
information as to the nature of these particles, but it is now clear that 
if energy possesses momentum equal to Evjc^, where E is the energy, 
V its velocity, and c the velocity of light, then the mass of any particle 
varies with its velocity so that 


m = 


^0 


The observed variation of the mass of electrons with their velocity is 
therefore presumably the same as for all other bodies and gives no 
information about their constitution or the distribution of the charge 
in them. So far as we know, electrons behave like particles of mass m 
and charge e, so that the equation of motion of an electron is 


where F is the resultant force on the electron and mv its momentum. 
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9. Scattering of p-rays by Matter. Mathematical Theory. 

When p-rays are passed through thin sheets of matter they are scattered like 
cathode rays, but owing to their higher velocities the scattering is less. If a narrow 
parallel beam of (3 -rays is allowed to fall normally on a thin metal sheet, of 
thickness t, then the rays which emerge on the other side form a diverging beam 
the intensity in which is greatest along the normal to the sheet and falls off 
gradually as the inclination to the normal is increased. The angle between the 
emerging p-rays and the normal, or the deviation from their original direction, 
is called the scattering angle and will be denoted by 9. In passing through the 
sheet any particular p-ray passes through a large number of atoms, so that the 
angle 9 through which it is finally deviated is the resultant of a large number of 
small deviations. 

Let the initial direction of the beam be horizontal and let the deviation of 
a p-ray in the horizontal plane be x and in the vertical plane y, so that when 9 
is small we have 9^ = -f- y^. Let the number of rays for which x is between 

X and a; + da; be 

nj{x)dx, 

where is the total number of P-rays considered, and f{x) denotes a function of 
X only. In the same way let nQf(y)dy denote the number for which y is between 
y and y dy. Then, since it is clear that the distribution as regards x is inde- 
pendent of that as regards y, the number for which x is between x and x-\- dx 
and also y between y and y dy must be 

Put this must be a function of x^ -}- y^ since the distribution must clearly be sym- 
metrical about the origin at a; = 0 and y = 0. Hence 

■nof(x)f{if)dxdi/=nQ<li(xi^ + y^)dxdp, 

where 'Jj {x^ y^) denotes some function of x^ -j- y^. Hence 

Differentiating this with respect to x and dividing one side by f{x)f(y) and the 
other by 4^ {x^ + y^) we get 

fix) 4)(x2 + 2 / 2 ) • 

In the same way = 2y 

fiy) t}j(a^+ 2 / 2 ) 


SO that 


1 

2x f{x) 2y /(y) 


Hence both these quantities must be equal to a constant, say —a, so that 


m 


— 2aLX, 


which gives 


or 


log/(x) = — 4- constant, 
f{x) = 
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where A is another constant. To determine the constants we have 

- -{-00 

% I /(®) 

J —00 

.and, if f- denotes the average value of x% 

r4" 00 

TIq / dx = TIqX^. 

'These equations give A = 1 and ^ = x^9 so that a = Hence 

f(x) = 

and in the same way /(y) == Ae—y^l^^\ 

Also, if denotes the mean value of 92_then, since x^-\- we have 
^ 4 - p = 2 ^, for ^ must be equal to Hence 

+ ( 9 ") = /(^)/(2/) = 

'The number of p-rays for which 9 is between 9 and 9 CZ9 is therefore 

n^A^z 27 r 9 cZ 9 , 

■or 7 znQAH~^^l^'^d{(^^)» 

The number for which 9 is less than a given value 9 is therefore 

TtV" = 7tMo^V(l _ s-ri¥). 

Hence, if 71q denotes the number of rays passing through the sheet and n the 
number for which the deviation is less than 9, we have 

nluQ— 1 — 

The deviation 9 is the resultant of the deviations due to individual atoms in the 
sheet. Let denote the horizontal deviation due to a single atom and 2/1 the 
vertical deviation. Then we have 

so — 

y = S2/1, 

■where + 9^ and Ski denotes the sum of all the horizontal deviations of 

an electron ■while passing through the sheet. Hence 

a? = 

because the products of t^wo different aji’s are as likely to he positive as to be 
negative, and so their sum must be zero. In the same way 

y® = Sy;. 

so that 9® = S(a:f + y;) = Sepf, 

where 91 is the deviation due to one atom. The mean value of 9® is therefore 
given by ^=i^9f, 

where N is the number of atoms which a p-ray passes through in the sheet and 
9j is the mean of the squares of the atomic deviations. Hence we have 

TO/n.o = 







Lv>rJ' 
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Mmber“f atoljtl ^ ^ 

for this is the number of sheet and H the radius of an atom, 

P-ray going straight through the she^t wS" alsSJugi^ ^ 

njn^ = 1 _ z-¥l(.-r[>(R^\tx 

10. Experiments on Scattering of p-rays. 

iS-rats isTow!f • investigate the scattering of 

P y hown in fig. 10. The radioactive body was placed at R in 

a vertical hole in a lead block. 
The ^-rays from E passed out 
downwards and were deviated 
sideways by means of a magnetic 
field perpendicular to the plane 
of the paper, so that they tra- 
versed a circular path EAB, the 
beam bemg limited by dia- 
phragms so that only rays having 
a definite velocity got to P. At 
P the rays fell on a thin sheet 
of metal and emerged from it as 
a diverging beam. The fraction of 
the rays which passed through a 

^ measured by pa, A.g them mto “eSS 

ir or some other gas,_ and findmg the conductivity produced. The 
ra 10 0 the conductivity with the scattering plate at P to the con- 
any scattering plate is approximately equal to nin.. 

kss th?n 5n-iS^ through the aperture S is 

ess tfian tan {a/d), where a is the radius of the aperture and d its 
distance from the scattering plate. perjure ana a its 

The results obtained by Crowther and other physicists aoree an- 
proximately with the equation — '' -*2/1-/ , - P 


Fig'. 10 


Wlou urn ef^uaiiion i ^ ia o 

stant. With different sized apertures the thickness of the plate required 

the^tSrv ^ K'fln y w '' ^ “ ag^reement with 

+b! ^ following table gives some results obtained by Crow- 

ther and Schonland with 9S = 0-11 for the scatterine of d-ravs W 


t. 

(Observerl). 

t log 

‘iiQ—n 

1 

— 

0-86 

0-85 

2 

0-67 

0-96 

3 

0-52 

0-96 

4 

0-46 

1-07 

5 

0-38 

1-03 

— 


(Calculated). 


0-89 

0-67 

0-52 

0-43 

0-36 
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The first column gives the number of gold foils used as the scatteriug 


plate, whicli is proportional to If — = 1 — then 






t log 




Un — n 


so that the numbers in the third column should be constant according 
to the theory. The last column gives the calculated values of n/riQ, 
taking equal to 0*97, which is the mean of the numbers in the 
third column. Crowther and Schonland’s results give Jc = 680 for 
gold. Now Ic — so that we can calculate if we know 

and R. The number of atoms of gold per cubic centimetre is 6 X 10^^, 
and we may assume R = lO""® cm., so that we get 



680 

7T X 6 X 1022 X 


= 3*6 X 10-5. 


According to this the root mean square deviation of the ^-rays by an 
atom of gold was only 6 X 10-^ or about | of a degree. The j8-rays 
for which the above results were obtained had a velocity corresponding 
to a fall of potential of 4*6 X 10^ volts. 

If we assume that the atoms consist of a positively charged nucleus 
surrounded by a number of electrons it is possible to calculate the average 
deviation of /3-rays passing through such atoms, and the results ob- 
tained are consistent with the observed average deviations. For the 
details of such calculations the original papers may be consulted. 

11. Absorption of p-rays. 

When [3 -rays from a layer of radioactive material are absorbed by placing a 
thin sheet of metal over the layer, so that the rays fall on the sheet in all direc- 
tions, then the intensity of the rays getting through is proportional approximately 
to where p. is a constant and t the thickness of the sheet. The intensity may 
be measured by the ionization produced by the rays. The constant p, is roughly 
speaking proportional to the density p of the material of the sheet, as with cathode 
rays. The following are some values of p/p for the p-rays from uranium. 


Substance. 


h-Ip 

Silver 


7*3 

Aluminium 


4-1 

Lead 


9-75 

Sulphur . . 


4-5 

NaCl 


4*7 

KI 


7-8 


For the p-rays from radium-E p/p varies from 15-8 for carbon to 22*1 for tin. 
The following table gives, in centimetres, the thickness of aluminium penetrated 
by p-rays which describe a circle of radius jR in a magnetic field of strength H 
perpendicular to the plane of the circle, 

HR = 1,380 2,535 3,790 5,026 7,490 11,370 

Thickness = 0-018 0-124 0-279 0-440 0-785 1*36 

(DSU) 13 
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When p-rays pass through thin sheets of matter their velocity is decreased. 
The change in the product RH due to a sheet weighing 0-01 gm. per square centi- 
metre is given approximately by 


where v is the velocity of the rays, c that of light, A {RH) the decrease in RH 
and K a constant. The constant K is about 35 for mica, from 23 to 32 for tin, and 
about 28 for gold. 

a-RAYS 

12. Ratio of Charge to Mass. 

The properties of a-rays will now be considered, a-rays are rays 
emitted by many radioactive bodies; they are much less penetrating 
than the ^-rays. They are deflected by electric and magnetic fields 
in the opposite direction to ^ and cathode rays, and are found to carry 
a positive charge. 

The ratio of the charge e to the mass m of a-rays has been found 
by a method similar to that used by Bucherer for j8-rays. The 
a-rays were passed between two parallel plates very near together and 
a potential difference was maintained between the plates. The ap- 
paratus was put in a -uniform magnetic field perpendicular to the 
electric field between the plates and to the path of the rays. By 
properly adjusting the field strengths the force on the rays due to the 
electric field could be made equal and opposite to that due to the 
magnetic field, so that the rays were not deflected and could pass between 
the plates. In this case we have Fe = Hei\ where F is the electric 
and H the magnetic field strength, so that the velocity v of the rays is 
given by ?; = FjH. After passing between the plates the rays emerge 
into the uniform magnetic field and describe circular paths in it of 
radius r given by mv^/r = Hev. The rays fell on a photographic plate 
on which their deflection could be measured, and the radius r could be 
calculated from the deflection and the dimensions of the apparatus. 
In this way it was found that ejm— 4823 e.m.u. per gramme, and 
that V is between 1-4 x 10^ and 2-2 X 10^ cm. per second for the 
a-rays from different radioactive bodies. 

13. Counting of a-rays. Scintillations, Ionization. 

A remarkable property of a-rays was discovered by Sir William 
Crookes. He found that when a-rays fall on a screen coated with 
powdered zinc-blende the screen emits minute flashes of light easily 
visible in a low-power microscope. These flashes or scintillations are 
each due to the impact of one a-ray particle, so that when the rays are 
sufficiently feeble it is possible by counting the scintillations to deter- 
mine the number of a-ray particles falling on the screen. Other 
fluorescent substances besides zinc-blende may be used— diamond, for 
example, makes a very good screen. 
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a-rays ionize gases strongly, and the ionization due to a single 
a-ray particle can be easily detected, which gives another method of 
counting the particles. The apparatus used by Eutherford to count 
the a-rays emitted by radium-C is shown in 11. The radium-C 
was deposited on a small cone at S in a long glass tube EF provided 
with a stop-cock at T. At D there was a metal diaphragm having a 
small circular hole in it through which some of the a-rays from S 



passed into a metal box in which there was an insulated electrode A. 
The potential difierence between the box and the electrode, and the 
gas pressure in the apparatus, were adjusted so that an electron set 
free in the box produced a large number of ions by collisions with the 
gas molecules. In this way the ionization due to a single a-ray entering 
the box through D was made sufficient to cause an easily observable 
deflection of a quadrant electrometer connected to the insulated elec- 
trode A. The electrode A was also connected to the earth through 
a very high resistance K, so that the deflection due to an a-ray was 
not permanent but rapidly disappeared. The number of deflections 
due to a-rays was counted, and so the number passing through 
the hole at D in a known time 
found. The total number emitted 
by the radium-C could then be 
calculated by assuming the rays to 
be emitted equally in all direc- 
tions. 

14. Charge carried by a-rays. 

The charge carried by the a-rays 
emitted by radium-C was found 
with the apparatus shown in fig. 12. The radium-C was deposited 
on a plate C supported in a highly exhausted glass tube. The a-rays 
from C were received on an insulated electrode A after passing through 
a sheet of thin foil B and another sheet of thin foil covering the front 
of A. When a-rays strike a metal surface they cause the emission of 
electrons which leaves a positive charge on' the metal in addition to 
the charge carried by the- a-rays. To prevent these electrons from 
escaping from the electrode A it was covered with the thin foils which 


A= 

1^ 


Fig. 12 
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allowed the a-rays to pass through but stopped the electrons. The 
apparatus was also put in a strong magnetic field perpendicular to 
the plane of the paper which caused the electrons to describe small 
circular or spiral paths and so helped to prevent them from escaping. 
The charge received by the electrode A in a known time was measured 
with a quadrant electrometer. The total charge on the a-rays emitted 
by the radium-C in a known time could then be calculated by assuming 
the rays to be emitted equally in all directions from every point on the 
plate at C. The amount of radium-C on the plate C was compared 
with that used in the previous experiment by comparing the intensities 
of the y-rays emitted by the two deposits. In this way it was found 
that an amount of radium-C equal to that contained in 1 gm. of radium 
in radioactive equilibrium with its products emits 3*4 X 10^® a-rays 
per second and that the charge on these rays is 3T6 electrostatic units. 
The charge carried by one a-ray particle is therefore 9-3 X 
electrostatic units. Since ejm is 4823 electromagnetic units per gramme 
it follows that the mass of one a-ray particle is given by 


9-3 X 10-10 
3 X IQio X 4823 


= 6-42 X 10“^^ gm. 


The mass of one hydrogen atom is 1-663 X 10“-*^ gm., so it appears that 

the mass of one a-ray particle is nearly four 
times that of one hydrogen atom. 

1.5. a-rays are Charged Helium Atoms. 

The ratio ejm for positively charged 
hydrogen atoms or hydrogen ions in solu- 
tion is 9650, which is just double that 
found for a-rays. Also the charge 9-3 X 
10-1° on one a-ray is nearly double the 
charge on one gaseous ion or electron. 
We conclude that the charge on one a-ray 
is 2e and that the mass of one a-ray particle 
is four times that of one hydrogen atom. 
Now the mass of one helium atom is 
known to be four times that of one hydro- 
rig. 13 gen atom, which suggests that a-rays may 

be charged helium atoms. 

That the a-rays are charged helium atoms was shown very clearly 
by an experiment due to Rutherford. The apparatus used is shown 
in fig. 13. A small discharge tube AB was connected to a tube CD 
and highly exhausted. The tube CD was sealed on to a tube EF, 
the end of which was drawn out into a narrow very thin walled tube. 
Some radium emanation was pumped into the narrow part of EF, and 
the a-rays emitted by the emanation passed through the thin glass 
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walls into CD and AB. A discharge could then be passed through AB 
and the light emitted gave the spectrum of pure helium. 

The helium atom is supposed to consist of a positively charged 
nucleus having a charge 2e and two electrons each having a charge 
—e. The a-ray particles are therefore supposed to be simply nuclei 
of helium atoms. 

16. Range and Velocity of a-rays. 

When a-rays from a very thin film of some radioactive body are 
passed through a gas it is found that they all travel very nearly the 
same distance before they are stopped. This distance is called the 
range of the a-rays. The range in a 
gas is found to be inversely as the gas 
pressure. 

The range may be determined by means 
of the apparatus shown in fig. 14. A 
spherical glass bulb AA' is coated on the 
inside with a thin film of finely powdered 
zinc-blende, and the radioactive material 
which emits the a-rays is deposited on a 
small sphere B which is supported at the 
centre of the bulb on a rod attached to a 
stopper S. The gas pressure in the bulb 
can be varied by means of a side tube 
T which leads to a pump and manometer. 

The gas pressure is adjusted until the 
a-rays from B just reach the bulb, as 
shown by the scintillations produced on 
the zinc-blende film. The range is then 
equal to the radius of the bulb, and the range in the gas at 760 mm. 
pressure can be calculated since the range is inversely as the pressure. 
The range of the a-rays from radium-C is 7-0 cm. in air at 760 m m ., 
and that of the rays from radium is 3*5 cm. The velocity of a-rays 
diminishes as they pass through a gas. Rutherford foxmd the velocity 
of a-rays which had passed through different thicknesses of air by 
measuring the magnetic deflection of the rays, and found that 

^3 =z= A{R — Cl?), 

where v is the velocity of the rays, A a constant, R the range of the rays, 
and X the distance travelled from the source. Thus, when x — R, 
^ = 0 as we should expect. Differentiating the above equation with 
respect to the time t we get 

P, 



dv^ 

dt 
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so that it appears that the rate of loss of kinetic energy as the rays 

dv^ A 

move through a gas is constant. Also ^ that the energy 


lost per unit distance moved is inversely as the velocity. We should 
expect the ionization produced to be proportional to the loss of 
energy, and therefore the ionization per centimetre to be inversely as 


17. Ionization by a-rays. Stopping Power. 


The ionization produced by a-rays along the range was investigated 
by Bragg with the apparatus shown in fig. 15. The a-rays were emitted 
by a fihn of radioactive material on a horizontal disc R, which carried 
a grating made of vertical metal plates so 
that only those a-rays moving in nearly 
vertical directions could get out. In this 
way a nearly parallel vertical beam of the 
rays was obtained. The rays passed through 
the gas in a box AB and through a hori- 
zontal plate of fine wire gauze at C. Just 
above the gauze there was an insulated 
electrode D. The rays ionized the gas be- 
tween C and D, and this ionization was 
measured by connecting D to a quadrant 
electrometer. Sufiicient potential difference 
was maintained between C and D to saturate 
the current. By moving the source R up 
and down, the ionizations due to the rays 
at different distances from the source could 
be compared. 

It was found that the ionization increased with the distance from 
the source to a maximum when the distance was nearly equal to the 
range of the rays and then rapidly fell to zero. The ionization was 
approximately proportional to {R— and therefore to the kinetic 
energy lost by the rays. The range in any gas is inversely as the pres- 
sure, so that the mass of gas per unit area in a layer of thickness equal 
to the range is independent of the gas pressure. This mass is Rp where 
p is the density of the gas. The stopping power of the gas is defined as 
Rp for air divided by Rp for the gas. 

If a-rays fall normally on a very thin sheet of any solid and pass, 
through, their velocity and range in air or other gas are diminished. 
The decrease of the range may be found with the apparatus shown in 
fig. 15. If the thin sheet is put over the source R so that the rays pass 
through it, the decrease of the distance at which the maximum ioniza- 
tion is obtained is equal to the decrease of the range. The decrease 
of range due to a thin sheet is nearly proportional to the mass m per 
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unit area of the sheet. If the weight of an atom of the material of the 
sheet is A, then m/^ is the number of atoms per unit area in the sheet. 
Let AR denote the decrease of range in air of density p, and A' the 
mean weight of the air atoms. Then pARfA' is the number of air atoms 
per unit area in a layer which diminishes the range by the same amount 
as the sheet. The atomic stopping power of the atoms in the sheet 
is defined as the ratio of the number of air atoms pARjA' to the number 
nijA of atoms per unit area in the sheet. The stopping power is 
therefore equal to pA • ARjmA'. The atomic stopping power of different 
elements is found to be roughly proportional to the square root of the 
atomic weight. For example, the atomic stopping power of silver is 
3T, and the square root of the ratio of the atomic weights of silver and 
air is n/ 108/14*4 = 2*74, which is not far from 3T. 

When a-rays go through thin metal sheets most of them go nearly 
straight through, but a small fraction is deviated through large angles. 
This scattering of a-rays has been investigated by Rutherford, Geiger, 
Chadwick, and others with very important results. 


18. Single Scattering of a-rays. 

The theory of the scattering of p-rays discussed earlier in this chapter was 
based on the assumption that the deviations were the resultants of a large number 
of small deviations, the average deviation due to passing through one atom being 
only a rather small fraction of a degree. Such scattering is OBlLed.’ multiple scatter- 
ing. When a-rays are passed through matter the great majority are deviated 
through small angles, and these small deviations obey the same laws as the 
deviations of p-rays, i.e. the number n out of a total numb^ deviated through 
angles less than cp is given by nlnQ= 1 — where cp^ is the average value 

of the squares of the deviations. According to this formula the number deviated 
through angles much greater than the average deviation is quite negligible. 
Thus if cp/cp is equal to 3 then n/riQ—l — 0-00012. It is found, however, that 
for large values of 9 the number of a-rays scattered does not fall off with 9 as 
rapidly as the theory of multiple scattering indicates, so that there is an appreci- 
able number even with very large values of 9. To explain this Rutherford pro- 
posed the theory of single scattering, according to which the large deviations are 
due to single collisions with atoms and not to the summation of a large number 
of small deviations. Suppose a-rays to pass through a sheet consisting of a 
single layer of atoms, so that each ray passes through one atom, and suppose 
further that all but a very small fraction, say 1/1000, are only deviated through 
very small, angles. Now let the rays pass through a second similar sheet. 
The chance that a particular a-ray will be deviated through more than a small 
angle by both sheets is only 1 in 1,000,000 and so is negligible. Even for a 
sheet consisting of 100 layers of atoms the chance that a ray is deviated once 
through more than a small angle is only about 1 in 10, and therefore the chance 
that a ray suffers two large deviations is about 1 in 100. In this way it is easy 
to see that the single-scattering theory should apply to the rays scattered through 
large angles by thin sheets, provided the total number scattered through large 
angles is only a small fraction of the whole number. According to this the scatter- 
ing of a-rays through large angles by thin sheets will be the same as if the rays 
had all passed through one atom, and so will depend on the field of force inside 
the atom. To explain the large deviations an intense field in the atom is required, 
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and this led Rutherford to propose his nucleus theory of the atom. According to 
this theory an atom consists of a positively charged nucleus surrounded by a number 
of electrons. In a neutral atom the positive charge on the nucleus is equal to 
the negative charge on the electrons, so that the charge on the nucleus is always 
an exact multiple of the charge e, which is a positive charge equal to the negative 
charge on one electron. Owing to the small mass of electrons it is clear that the 
ix-rays cannot be deviated appreciably by them, so that the large deviations must 
be produced when an a-ray passes very close to a nucleus. 

In fig. 16 let ABC be the path of an a-ray passing a nucleus at N. Let AD 

be the path the ray would 
have followed in the 
absence of the nucleus, 
and let L COD be the 
deviation 9. Let ^ be 
the length of the perpen- 
dicular on AD from N. 
We shall suppose the 
nucleus fixed in position 
at N. Let the co-ordi- 
nates of a point P on the 
path be NP = r and L 
PNO = 0. The angular 

momentum of the a-ray about N is a constant, where Vq is the initial 

velocity of the ray along AD, and m is the mass of the ray. 

The kinetic energy of the ray is given by 

— hnv^ = 2JEe(r, 

where v is the velocity of the ray when at a distance r from the nucleus, 2e is the 
charge of the a-ray, and E is the charge of the nucleus. The electrical potential 
due to the nucleus is E jr, so that the ray loses kinetic energy equal to 2EejT as 
it approaches the nucleus. 

Now ^2 = (^0)2^ where r = drjdt as usual. 



dn 


v^- 




'dr\^ 


But r — ^0; so that 
no 


m) 


We have also mv^p =h = mr^Q, so that we get 

v^=i(±Y+A]t 


Now let r= u-^, so that ^ — u-^ and 

dQ d^ 

The solution of this equation (cf. p. 329) is 

u~ A{s COS0 — 1), 

where A and s are constants. Substituting this in the differential equation 


>du 


-W-f 


find 


we 




Tp^ ~ “ \Ee^ 

where T == is the initial kinetic energy of the a-ray. 
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In fig. 16, OA and OC are asymptotes to the path. Let AOB — BOC = 4^, 
€OD = 9. 

When T is very large we have = 0, so that z cosijj = 1, and we have then 
<p + 2 = Tc, or J9 = — 4*, and therefore sinJ-9 = 1/e, and cot-j9 ~ Vs“ — 1, or 

C0t(?) = 

'"2^ Et 

Suppose now that a large number n of oc -rays pass through a thin plate of 
thickness t and let the number of nuclei in the plate be N per unit volume. The 
total path of the rays in the plate is nt, so that the number of cases in which the 
undeviated path of a ray comes nearer to a nucleus than a distance p will be 
equal to the number of nuclei in a cylinder of length 7it and cross-section 
The number of such cases is therefore izntp'^N', and the number of rays w^hich are 
deviated through an angle greater than cp is 

nntN (^y cot^(^. 

The fraction of the rays deviated through angles greater than cp is therefore 

We have not taken into account the charges on the electrons, which, of course, 
must limit the electric field due to the nucleus. However, the electrons are believed 
to be at distances from the nucleus of the order of 10”~® cm., and the values of 
p required to give large values of 9 are much smaller than this, so that for the 
large deflections the field near the nucleus may be taken to be equal to Ejr^ as 
if the electrons were not present. 

The number of a-rays scattered through diflerent angles by thin plates of 
gold and other metals was found by passing a narrow nearly parallel beam of 
the rays through the plate and counting the scintillations produced on a small 
screen by the scattered rays. The small screen could be set up so as to receive 
the rays scattered through any desired angle. The total number of rays falling 
on the plate was also determined. 

The results obtained agreed very closely with the single-scattering theory. 
The fraction of the rays scattered through an angle greater than 9 was found to 
be proportional to the thickness of the scattering plate, inversely proportional 
to the square of the energy T of the rays, and proportional to cot^(9/2). From 
the values found for the fraction scattered it was possible to calculate the nuclear 
charge JE for the atoms of the plate. It was found in this way, for example, 
that the nuclear charge for gold atoms is equal to (79 i 0*5)e, in good agreement 
with the theory that the nuclear charge is equal to the product of the electronic 
charge by the atomic number, for the atomic number of gold is 79. Similar results 
were obtained with several other metals. These experiments therefore afford very 
strong support for Rutherford’s nucleus theory of the atom. 

19. a-rays and Fast Hydrogen Atoms. 

When an a-ray collides with a gas molecule we should expect it to 
he possible for the molecule to acquire a large velocity comparable with 
that of the a-iay. It is found that when a-rays are passed through 
hydrogen gas some hydrogen atoms acquire large velocities and are 
,able to produce scintillations like a-rays. a-rays which have a range 
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of 24 cm. in hydrogen at 760 mm. produce some rapidly moving posi- 
tively charged hydrogen atoms which have a range of 58 cm. in the 
hydrogen. Similar long-range particles, apparently positively charged 
hydrogen atoms, have also been obtained by Rutherford by passing 
a-rays through thin plates containing certain elements of small atomic 
weight but no hydrogen. It is supposed that the a-rays collide with 
the atomic nuclei and knock a positively charged hydrogen atom out of 
them. This has been done with boron, nitrogen, fluorine, sodium, 
aluminium, and phosphorus. This phenomenon is discussed in the 
chapter on Constitution of Atoms. 

The method due to C. T. R. Wilson of making visible the tracks of 
a- and j8-rays through gases and the results obtained are described in 
the chapter on Gaseous Ions. 
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CHAPTER X 


Positive Rays 

1. Nature of Positive Rays. 

Positive rays are positively cliarged atoms or molecules wliicli have 
acquired a high, velocity in an electric field. They are produced in the 
electric discharge in gases at low pressures and in other ways. If a 
discharge is passed between two electrodes in a gas at a low pressure 
the gas is ionized, that is, electrons are removed from the gas rnole- 
cules, which therefore become positively charged. These positive 
ions move towards the negative electrode, and when the potential 
difference is large, say 50,000 volts, they acquire a high velocity. I£ 
a small hole is bored through the negative electrode, some of the 
positive ions pass through the hole and form a beam of positive rays. 
They can be deflected by transverse magnetic and electric fields. The 
deflections are much smaller than those of cathode rays or electrons 
and are in the opposite direction, showing that the rays are positively 

charged. . t t m-L a 

These rays have been investigated by Wien, J. J. Thomson, Aston, 

and others, and very important results have been obtained. The posi- 
tive rays cause gases through which they pass to emit light, and they 
produce phosphorescence when they fall on solid bodies. The mmeral 
willemite, a silicate of zinc, phosphoresces brightly when exposed-to 
positive rays and was found by J. J. Thomson to be one of the best 
substances for locating a beam of the rays. They affect a photograp ic 
plate like light, and so measurements of their deflections are usually 
made by photographing them. 

2. Experiments of J. J. Thomson. 

A disdiarge tube used hj J, J. Thomsou is sbowu iu fig. 1. It 
consists of a large glass bulb BB of about 1500 c. c. capacity, having 
a smaU electrode sealed in at D. The cathode C consists of an iron 
tube about 7 cm. long with an aluminium cap on it at 0. Along the 
axis of this tube a very fine straight copper tube is mounted, though 
which the rays pass into a conical tube K where they fall on a willenute 
screen or photographic plate P. The narrow beam of rays is passed 
between two insulated iron blocks B and F which can be magnetized 
by the poles G, H of a large electromagnet, so producmg a magnetic 
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between E and F perpendicular to the beam of rays. The blocks 
d P can be connected to a battery so as to produce an electric 
between them in the same direction as the magnetic field. The 
B and tube K are connected to pumps by means of which they 
De exhausted. 

. nearly perfect vacuum is maintained in K, and the gas to be 

examined is slowly ad- 
mitted to B through a 
narrow tube, the pressure 
in B being kept constant 
at a suitable small value 
by the pumps. The elec- 
trode D is charged posi- 
tively by a large induction 
cod and the cathode C 
connected to the earth, 
n the pressure in B is low the potential difference required to 
lice a discharge in the bulb is large and positive rays are pro- 
d, some of which pass through the narrow tube and give a small 
on the plate P. When the magnetic and electric fields between 
id F are produced the rays are deflected and distributed on the 
i P along parabolic curves, the positions of which depend on the 
ges, masses, and velocities of the rays. 



heoiy of the Positive Ray Parabolas. 

be force on a particle of mass m, carrying an electric charge e, moving with 
Lty z; in a magnetic field H perpendicular to v, is Hev and is perpendicular 
and V. If then the particle travels a distance d in the magnetic field it will 
re a velocity u perpendicular to the field given by mu = Hevd/v, so that 
'iedjm. The deflection of the particle after travelling a distance I beyond 
dd will be approximately y — lujv = Hedljmv. 

le force on the particle in an electric field F is Fe, so that while travellincr 
fcance in an electric field F perpendicular to v it will acquire a velocity 
he direction of F given by mw = Fedjv. The deflection 2 after going a further 
ice Z, where T — 0, is given hyz—lwjv — FedljmvK 

L J. J. Thomson’s apparatus H and F were both perpendicular to the faces 
3 blocks E and F, and both extended over the same distance d, so that the 
io and magnetic deflections were at right angles to each other and equal 
Lnd z. The positive rays having a given value of e/m but difierent velocities 
ref ore fall on a parabola on the plate P, the equation of which is got by 
lating V from „ ^ 

y = and 2 = — - > 

mv mv^ 

quation of the parabola is therefore 

Fedl /Hedl\^ 






g. 2 

After Aston, Isotopes (Arnold). 


Facing- p. 1S9 
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By measuring y and z for points on the parabola, ejm can be determined when 
Hy F, d, and I are known. 

When a mixture of gases is put in the discharge tube and the positive rays 
from it examined in this way a number of distinct parabolas is obtained on the 
plate P, one for each value of ejm of the positive rays produced. 

The ratio of y to s is given by 


so that all rays having the same velocity but different values of ejm fall on a 
straight line passing through the origin (?/ == 0, 2 = 0) and inclined to the z axis 
at an angle 0 given by „ 

tan0 = ^v. 


Pig. 2 shows several sets of parabolas obtained on photographic plates by 
J. J. Thomson. The letters at the ends of the parabolas indicate the atom pr 
molecule to which the parabola is attributed. If the charge on the atom is equal 
to that on an atom which has lost one electron or -f- e, this is either not indicated 
or indicated by one plus sign, and if the charge is 2e this is indicated by two plus 
signs; thus Hg++ indicates the parabola attributed to mercury atoms each having 
a charge 2e. 

If nijj is the mass of one hydrogen atom, the mass of one positive ray, 
and eij and ne^j are the charges they carry, then ej^/injj— 9650 electromagnetic 
units per gramme, so that if nej^lniRf which is e/m for the positive rays, is equal 
to X, then 

9650 _ mu 

X Timjj 


If the positive ray consists of N atoms of atomic weight A, then NA = 
very nearly, so that x == 9650nlNA. 

For example, in the case of mercury, A = 200, and we get the following 
possible values of e/m ov x for single mercury atoms: 


n. 

1 

2 

3 

4 

5 

6 
7 


c/m = X. 

48-25 

96-5 

144-75 

193-0 

241-25 

289-50 

337-75 


It was found that with mercury vapour seven distinct parabolas* could be 
obtained corresponding to the values of e/m given above. Thus it appears that 
mercury atoms can lose from one to seven electrons in the discharge tube. 

In hydrogen, parabolas corresponding to 71 — 1, iV = I; 71 = 1, iV' = 2; and 
1, iV = 3 were obtained. 

The parabolas of many elements and compounds have been observed and 
the corresponding values of e/m are always such as can be readily explained by 
supposing the rays to consist of an atom or molecule of the substance in question 
which has lost one or more electrons. 


4. Have All the Atoms of a Given Element the Same Mass? 

This method of positive ray analysis gives a definite answer to 
the question whether all the atoms of a given element have equal 
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masses or not. If well defined parabolas are obtained they must be 
due to particles all having the same value of e/m and so presumably 
of m. If the masses of the atoms of an element varied between certain 
limits above and below a mean value equal to that corresponding to 
the chemical atomic weight, then well defined parabolas would not be 
obtained but more or less broad diffuse ones. It is clear, therefore, that 
this is not the case. However, the possibility remains that the atoms 
of a given element are not all of the same mass, but that there are two 
or more possible masses each of which gives a well defined parabola. 
It is found that such is the case. J. J. Thomson obtained two parabolas 
with neon corresponding to atomic weights 20 and 22, whereas the 
accepted atomic weight of neon is 20*2. Aston and G. P. Thomson 
found that lithium also gives two parabolas corresponding to atomic 
weights 6 and 7, whereas the chemical atomic weight is 6-94. G. P. 
Thomson has examined several light elements by the parabola method. 
He found beryllium to be a simple element. 


5. Aston’s Method of Positive Eay Analysis. 

A new method of positive ray analysis was invented by Aston which 
enables e/m to be determined with much greater accuracy than by the 
parabola method. Aston’s apparatus is shown in fig. 3. 



The discharge producing the positive rays takes place in a large 
bulb B between a concave cathode C and an anode A. The cathode 
rays from C fall on a quartz bulb D and are thus prevented from fusing 
the glass wall of the discharge tube. In the cathode C there is a narrow 
slit S through which the positive rays pass. A second slit at S' allows 
a narrow beam of the rays from S to pass. The space between S 
and S' is kept highly exhausted by means of a bulb T containing 
charcoal cooled in liquid air. The beam of rays passes between two 
parallel metal plates E and F between which an electric field is main- 
tained. The rays are deflected by this field and the narrow beam is 
spread out into a broad band. Part of this band is allowed to pass 
through an adjustable slit G. The rays then pass between the poles 
of a magnet M and are deflected by the magnetic field in the opposite 
direction to the previous electric deflection. Finally, they pass into 
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a bos K and fall on a photograpbic plate PP'. This arrangement 
causes all rays having the same value of e/wi to strike the plate at the 
same point, so that lines are obtained on the plate one for each value 
of elm. The series of lines on the plate is called a “ mass spectrum 
and the apparatus a “ mass spectrograph The box K and the rest 
of the apparatus except the bulb B must be highly exhausted, since 
any appreciable amount of gas stops the positive rays. The gas to be 
examined is slowly admitted to B and the pressure kept constant by 
pumps as in J. J. Thomson s apparatus. 


6. Theory of Aston’s Mass Spectrograph. 

Let the angle through which the rays are deflected by the electric 
field be 6 and by the 
magnetic field <^. Also 
let b be the distance 
from the middle of the 
electric field to the 
middle of the magnetic 
field. 

Consider two rays 
for which ejm is the ■ 

same but which have velocities u and v + dv respectively, 
have approximately 

^ Fed - . Hed' 



Then we 


6: 


mv 


, 2 ’ 


and 4 ' — 


mv 


as in J. J. Thomson’s apparatus, where d is the length of the electric 
and d' that of the magnetic field. Hence 


m 


Hed' 



^ mv‘^ 


so that 
and therefore 


de 

J'' 


2 ^, and ^ = 
V 9 


dv 
. — ? 

V 


at 


The separation of the two rays at the magnetic field is hdd, and 
a distance r farther on it is bdd + r(d6 + d<f>) or dd 1 6 + r (l + ^) / • 


This is zero when ^ ^ 

-h 

or when + 

This requires 4 to be negative and greater than 2d for r to be positive. 
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In fig. 4 let AB be the original direction of the positive rays and 
let them be electrically deflected at B through the angle 9 along BC. 

Let the magnetic deflection take place at C through the angle 
— cf> greater than W so that they go along CD. Draw END making 
an angle 9 with AB produced and let CD and BND meet at D. Then 
the angle at D is equal to — (^ + 26), so that 

NC = b sin 20 = — r sin (^ + 26), 

where b = BC, and r = CD. If 6 and </> are small angles then approxi- 

■2be=-r{<l, + 2e), 

or }• = ^ — • 

1 + <^/20 

Thus we see that rays having the same value of ejm but slightly 
different velocities will all cross BND at the same point. In Aston’s 
apparatus the photographic plate is put along BD, so that all the rays 
having a definite value of e/m faU on the plate at the same point. If 
rays are present having several values of e/m a series of lines is produced 
on the plate, one for each value of e/m. By varying the electric and 
magnetic field strengths rays having any desired range of values of e/m 
can be brought on to the plate. In this way Aston got well defined 
lines on his plates, and was able to compare values of ejm to one part 
in one thousand by measuring the distances between the lines. 

7. Aston’s Results. 

Aston has examined the positive rays from many different elements 
and finds that the relative masses of the atoms can be expressed by 
integers within the limits of error. Por example, the masses of the 
rays from carbon, nitrogen, oxygen, and fluorine are proportional to 
12, 14, 16, and 19 to within one part in 1000. These numbers agree 
with the atomic weights 12*00, 14*008, 16, and 19*00. Hydrogen rays 
form an exception to this rule, for, taking 0=16, hydrogen rays 
give H = 1*0077, in agreement with the chemical atomic weight. 

The rays of elements which have atomic weights differing ap- 
preciably from integers are found to contain atoms having two or 
more different masses proportional to integers. For example, chlorine 
gives rays with masses proportional to 35 and 37, taking oxygen rays 
proportional to 16 as the standard. The atomic weight of chlorine 
is 35*46, so that it appears that chlorine is a mixture of two sorts of 
chlorine atoms having atomic weights 35 and 37. Xenon, the atomic 
weight of which is 130*2, is found to consist of a mixture of atoms of 
atomic weights 128, 129, 130, 131, 132, 134, and 136. In this way 
about 16 elements have been found to consist of mixtures of atoms of 
different atomic weights. 
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8. Hot Anode Method for Positive Rays, 

The discharge tube method of obtaining positive rays is only 
successful in the case of elements which form stable gaseous compounds 
which can be admitted to the tube. Positive rays from many very 
slightly volatile substances can be obtained by means of a hot anode 
on which a small quantity of the substance is placed. The hot anode 
is usually a narrow strip of platinum foil which can be heated by 
passing a current through it. The substance or mixture to be in- 
vestigated is put on the strip of foil and fused on to it by heating the 
platinum. The hot anode is mounted directly in front of the cathode 
of the mass spectrograph and a very good vacuum is maintained in' the 
bulb. When a large potential difference is maintained between the 
anode and the cathode and the anode is heated, positive rays are 
emitted by the anode and some of them pass through the slit in the 
cathode. 

The ratio e/m for alkali metal atoms emitted by alkali sulphates 
on such a hot anode was determined by 0. W. Richardson by mea- 
suring their deflections in an electric and transverse magnetic field. 
Richardson found values of ejm agreeing closely with those calculated 
for single atoms which have lost one electron. His experiments were 
not sufficiently accurate to distinguish between atomic weights differing 
by only a few units. 

Aston and G. P. Thomson examined the positive rays of lithium by 
the parabola method and got two parabolas corresponding to atomic 
weights 6 and 7. Aston examined the other alkali metals, using a hot 
anode and his mass spectrograph. He found sodium to give rays of 
atomic weight 23 only. Potassium gave rays with atomic weights 39 
and 41. Rubidium gave rays of weights 85 and 87, and caesium gave 
only rays of atomic weight 133. 

9. Dempster’s Method. 

The positive rays from several elements have been studied by 
Dempster by another method. In his apparatus positive rays from 
a hot anode are accelerated by a known potential difference and then 
pass through a slit. Immediately beyond the slit they enter a 
uniform magnetic field which causes them to move along a semi- 
circular path into another slit. The rays passing through the second 
slit are received on an insulated electrode and the charge they carry 
is measured. 

If P is the potential difference used, then 

Pe = 

where e is the charge, m the mass, and v the velocity of the rays due to 

(1>«U) 14 
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P. If 11 m the vstrength of tlie injignetit^ field, luul r the radius (*t the 
aeinicimihir then 

llrt\ 

r 


Hence 


m 

e ' ' 2P ’ 


Dempster kept II constant, und measured the current reeei\e<l l»y 
the insulated (‘h*ctrode a.s P was in<a’ea.s<Ml by small steps. It wa^ 
found tluit the c.urrent in(UH‘a.s<Ml t.o a. itiaximum at certain \ahtes nf 
P, and the. correspotuling valm‘s (»f /n/c wtu’e calculated. In this \\ay 
Dem])ster found magnesium to <‘onsist of a mixture of three M*rts ut 
atoms having atomic Wi‘ights 2-1, 25, a, ml 2t». He alst> jouml zinc to 
consist of atoms with wc'ights (12), <>5, (17, tind (>h. 


10. Isotopes. 

It was fornuu'ly suppos(‘d that all t!u‘ atoms of an element are pre 
cisely (H|ual in all nsspcnts, but ilu^ niadhods useil to deti-rmiue attuuie 
weigiits depended on tlu‘ r<dativ(‘ wcdghts of (piantitii^s whieli eontaima! 
enormous numbers of at-oms. Tin*. ch(uni(^al atond<’ weigiits are there 
fore merely the. averagi* atomic, wtughts for viaw large numbers of atones 
The methods of positlvi^ ray analysis tirst nunle it jiossihle to ti‘st the 
qiKsstion whether all the atoms of an (Tunenl an* eipta! <»r not. 

It is not possible to siqiaa'afo tlu‘ tavo sorts of chlorine atoms with 
atomic wiughts 25 and 27 by a>ny chemiiad process, liny ha\ e pre 
cisely similar chemica.1 proplU•ti(^s a,nd an* then‘fore regarded as afonn 
of the same eleimmt. Ilie sa.nn* is t-rm* <»f tin* dillerent siU'ts of atoms 
of oth(‘r el(‘.m(‘.nts. Substanc(‘s luiving the same eln*mieal properties 
but diffen'nt atomic weights a.re (*a.ll(*d 

In a few cases it has been found possible, by physical |>ro<’esse.s sueh 
as diffusion or evaporation to slightly jdti‘r f lu* relative pn»portions of 
the isotopes in certain elenu'uts. In this way a <juautity of the element 
is separated into parts having slightly dilT<*rentr atumit* weight.s, This 
was done for neon by Aston, for ddorine by Harkins, atui for mereurv 
by Bronsted and Ihivesy. Tin* last named jihysieists prepared two 
samples of merctiry having ndativc! densiii(‘s (thttUTl am! 
compared witli ordinary mercury takum as unity. 

Tin*, theory of isoto|>es is discussed in the chapter on ronslitutiou 
of Atoms. The important application of positive ray analysis to 
ionization by (iollisions of (de<*trons, by Smyth, is discussed in the 
chapter on the (Critical Pottmtials of Atotns. 


RKUKIUCNCU'IS 


1. Rayn of Poulfhu* RlvctncRy. ,1. »F. 'riiemsmu 

2, L'^olopvs. V\ W. Aston. 



CHAPTER XI 

Radioactive Transformations 

1. Discovery of Radioactivity. Radium. 

Radioactivity was discovered by Becquerel in 1896. Rontgen’s 
discovery in 1895 of rays which can penetrate materials opaque to 
ordinary light, and which were apparently associated in some way 
with the fluorescence of the glass of the Crookes tubes from w^hich 
they were emitted, suggested the possibility that phosphorescent or 
fluorescent substances might emit such rays. Becquerel placed a 
phosphorescent compound of uranium— the double sulphate of uranium 
and potassium— on a photographic plate wrapped in opaque black 
paper. He found that the plate was affected and that rays were 
emitted by the uranium compound which penetrated the paper 
and other substances. By putting metallic objects between the 
uranium and the plate shadows of the objects were obtained on 
the plate. 

It was soon found that all compounds of uranium, whether phos- 
phorescent or not, emit the rays, and that the activity depends on the 
amount of uranium present in the compound and not at all on the other 
elements present. Many other substances were then tested in the 
same way. Mine Curie in 1898 found that thorium is also radioactive, 
and that the mineral pitch-blende and other uranium minerals are four 
or five times more active than would be expected from the amoimt of 
uranium in them. This suggested that uranium minerals contaiu 
another radioactive body more active than uranium, and Curie found 
as the result of a laborious chemical separation of large quantities of 
pitch-blende residues that there is present in these a substance which 
has chemical properties similar to barium and which is enormously 
more radioactive than uranium. This substance was called radium. 
Another radioactive body, similar to bismuth, was also discovered, and 
was called polonium. 

Curie found that there is about 0*35 gm. of radium to 1 ton of 
uranium in uranium minerals. Radium is more than one million 
times more radioactive than uranium. It is not easily separated 
from barium. Radium bromide is less soluble in water than barium 
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bromide, which enables them to be separated by a seri(‘s of crystnl- 
lizations. 

Radium is found to have all the juoperties of a nH‘ta-lli(‘ olomoidu 
Its atomic weight is 220*0 and it occupies a plac<‘. in tlu^ p(‘riodie taldt‘ 
of elements in the same column as calcium, strontium, and barium. 
It gives a spectrum similar to that of the otlu'r alkaliui' oartli 
metals. 

Rutherford in 1899 found tliat the rays from radioaci-ivi^ bodii's 
are of two hinds, whicli he called a- and ^-rays. Tlu', a-rays are mueb 
less penetrating than the j8-rays, Villard in 1900 discov(‘r(‘d that a- 
third type of rays more penetrating than the ^-rnys is also einitti'd, 
which were called y-rays. The prof)erties of these thnn'. kinds of rays 
are discussed in other chapters, and it will suflici'. luu't*. to say t hat- 
a-rays are positively charged helium atoms shot out with vidoeities 
about ,V that of light, /S-rays arc high-velocity eh^ctrons, an<l y-rays 
are electromagnetic waves of extremely short wave-lengt h, 

2. Uranitim-X and Thorium-X, 

An important discovery was made by Sir William (A‘ook(*s in ItHHk 
He found that if ammonium carbonate is added to a solution of uranium 
nitrate until the j)recipitatc first formed is redissolvtul, a small (juantity 
of insoluble precipitate remains which can be filteriMl oil. Ill is smalt 
precipitate Crookes found to be strongly radioactive wlum testnd by 
its action on a photographic plate, whereas the uranium solution is no 
longer active. The radioactivity of the uranium is thendbre due to 
the presence of a small (luantity of another substance, int^taisidy a<‘ti\a\ 
which was called uranium-X. It was found later that tlu‘ uraniunnX 
etnits only ^-rays, and that the uranium emits a-rays. a-rays lm\a* not^ 
much action on a photograjduc phite as compared with ^-rays, wliitdi 
explains Crookes’ results. 

The activity of the uranium-X was soon found not to be jiermanent 
but to die away gradually so that after a few months it <iisappiNired, 
whereas the ^-ray activity of the uranuim gradually r(H*.ov(*n*d after 
the separation of the uranium-X and after a fcAV months was com- 
pletely restored. A second quantity of the uranhun-X couhl tlam he 
separated from the uranium. It appears therefore that uranium von- 
tinually produces uranium-X, the activity of which gra,dtially dies 
away. 

R\itlierford in 1900 discovered that thoruim emits a radioactive gas 
which was called, thorium emanation. The radioactivity of this gas 
was found to die away in a few mimites. In 1902 Rtitluudord and 
Soddy separated an intensely radioactive body from thorium similar 
to uranium-X, which was called thorium-X, It was found that 
thorium-X emits the thorium emanation. 

M. and Mme Curie discovered that radium also (units an emanatitm, 
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and that solid bodies exposed to this emanation become radioactive. 
The emanation deposits an active material on bodies in contact with it. 
Rutherford shortly afterwards found that thorium emanation also gives 
a radioactive deposit. The activity of these active deposits eventually 
disappears. 

3. Rutherford and Soddy’s Theory. 

A theory of radiocactivity, now universally accepted, was put forward by 
Rutherford and Soddy in 1902 to explain the results they had obtained with 
thorium and its products. According to this theory the atoms of radioactive 
elements are unstable and eventually explode or decompose into new atoms 
having quite different properties. The chance that a particular atom will decom- 
pose has a definite value, so that if we consider a large number of atoms the 
ntimljer which decompose per unit time is proportional to the number existing. 
Thus if there ai’e N atoms at time then 


(IN 

lit 


= -aN, 


wlierc* a is a. constant, exactly as for a monomolecular chemical decomposition. 
Integrating this equation wc get 

wluu’c is the inimber of atoms existing at the time t~0. It was found that 
th< )rium-X and thorium emanation disappear gradually in accordance with this 
e(luution. When we have i = (logt 2)/a, where t is the time in 

whi<^h N falls to N /2. The rate of disappearance of radioactive bodies is con- 
V(‘ni<‘nlly expressed by giving the value of (loge2)/a, i.e. the time in which the 
amonnt remaining drops to one-half the initial value. For thorium emanation 
this tim<‘ is 54 sec., and for thorium-X it is 3-64 days. Tor uranium-X the half 
valu(‘ p<‘riod is 24- (5 days. 

Wlu'ii a, radioactive atom decomposes, the products formed are an a-ray or 
a p-ray, hut not both, and a new atom. When an a-ray is one of the products 
the new atom has an atomics weight four units less than that of the parent atom, 
bi‘eause tlu'. a-ray is a, positiv(dy charged helium atom of atomic weight 4. 
Wluai a, p-ray is emitted the atomic weight of the new atom is almost exactly 
capial to that of tlu^ parent atom, Binco the mass of a p-ray or electron is less 
than on(‘, thousandth part of that of one hydrogen atom. 

According to the nucleus theory of atoms an atom consists of a positively 
charged iiucUais Hiirrounded by electrons. It is supposed that it is the nucleus 
which (haiom poses in radioactive changes. Thus when an a-ray is emitted the 
charg(‘ on the nucleus is diminished by 2e, the charge on the a-ray, and when a 
p-ray is enutt<‘d the nuclear cliarge in increased by e, since — e is the charge on one 
cl(H!tron. Thus when an a-ray is emitted the atom must also lose two electrons 
if it remains neutral, and when a p-ray is emitted it must gain one more electron 
to remain neutral. 

L<‘t us suppose that at time 0 we have N atoms of a radioactive 
substance and that these atoms decompose, giving a second radioactive sub- 
stance, which decomposes giving a third substance, and so on until finally a 
non -radioactive product is produced. Let Nj, N^, . . . Nv> be the numbers 

of the atoms of the successive products existing at time t, Nn being the number 
of atoms of the final product. 
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Then we have 


iit 

(L\. 

(if 

(IN, 

(if 




iiXn 

(if 


ocu‘- I A 


The Hum of all the termn on <lu» loft-JmmI nhlt'H in '/,<‘ro, nhouine fh>if fin* 
total mimher of utomH remaitm eoimtanC whirh in ola iounlv {Mu-rri t ’{'la* lir.sl 
eciuation ^iveH iV, mnee at / 0, A'j .V. Dte Hulnium of iUv h Muai 

equation m 



-V.. 

.*Ic “ 1 ^ j />C “8^ 

where A and Ji are couHtuntH. 
therefore 

\\ h(‘n / t), A I. 0, HO 


N. 

C'*”**). 

.Hence 

(iN. 

(it 


When & 0, we luivo Ni 

N and 

0, HO that* when t 


(IN. 

(if 

apV 

and therefore 

A 

«,A 



a.j fx,* 

Hence 

A.. 

A^ c ’ ‘oM 

oca 

In a similar way w(i find that 



A aial 


N — A'aiaa , 

'■*' (a3-aJ(a.j-aJ{a,,; ! {«.. K.lt 

and Himilar expreBHiouH nuiy ix' foumi for 

^ Jhe original HuhHtantH', gra<lually dirta|>|M*ni’H and tla^ {inaf pnKlial L/r iduade 
mereaHOH m amount tmfH A. .V. Tim ildeniuHiinfe pn«L tl 
maximum amount and then gradually (linapia^ar. 'Hie time /. nl whah V m a 
maximum ih got by putting (LWJdt 0 , which given ' 

/rj ^ log'*!*, 

a-j" ■ flC| (X, 

In the H«me way, the time t, at whi.-h A*,, ie a nuuimn,,. is f.y 

(“s— aa)aiE~'’''» '|' a,)aj,c" V. I («, . o. 

Til" ‘'''"'I'nrHi with til,. „il,,.r ,V 

long timr" ' ''Pl^^imately lu .V f,.r 
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The equation — =-? = KjN'i — aaiVj, with ajiVi constant, gives 

cit 

lY.. = 

which showM tliat iVo increases to a nearly constant value 


The equation 


= iVgao — KsiVs, 


with i\r.> constant and equal to i^icxj/oca, becomes 


which gives 


0C;i 


so that iVjj also increases io a constant value iV'^ai/a-j. In the same way we find 
that N,i becomes constant and equal to NiOCiIol^, and so on. Hence in this case 
we find that eventually 

™ N. 2 . 0:2 N^cc^ =: JV'4a4 === iV'^ag = . . . , 

provided the a’s are large compared with a^. Since a,i=0, we do not get 

Nno:n, and clearly an-iiV^n-i = so that the final product 

lit 

increases at the same rate that the first body diminishes, while all the intermediate 
])roducts remain nearly constant in amount. The amounts of the intermediate 
products are) all proportional to iVj and so diminish very slowly as diminishes. 
Wlum the state for which 

J\r jQJj ^ jjOCj *^30^3 = . . . 

has been attained, the mixture is said to bo in a state of radioactive equilibrium, 
because each intermediate prod\ict is produced almost as fast as it decomposes. 
Hor any iriterrnediate product we have 

at 

whore aS' 2, 3, 4, . . . , -- 1 . 

It is clear that if lY.s is e.onstant for any value of S from 2 to n- 1, then 
GC,s’-1-Y,S -1 ^ Hi 

so that otjiYi 2 ajjiV’ ^ ^ = . . . = (Xn.—iNn—i* 

(IN jij 

Since ocn—i-'Yw— ij 


W(' HOC that in this case Nn, ■ - x^Nit -H constant, so that the amount of the final 
prodtKJt increases at a uniform rate. Wo have also ccjN^ = constant, so that in 
orchT that the intermediate products should remain constant N 1 must be sup- 
p()H(‘d kept constant in some way. This condition is approximately satisfied when 
a, is very Hinall. product ol^Ns is equal to the number of atoms of the body 
of numbtr aV which d(‘eompos(^ in unit time, so that, in a mixture in radioactive 
(‘([uilibrium, the number of atoms decomposing is the same for all the mter- 

mediate products. ^ ^ 

The number of a-rays emitted by any one of the products present is therefore 
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the same as the number emitted by any other product which emits a-rays. The 
same is true of the emission of p-rays by the atomic nuclei. The amounts of the 
different bodies present in the mixture are inversely as their activities, so tluit 
the bodies Ayhich decompose rapidly are present in small amounts. Uranium 
minerals are examples of such a mixture of radioactive bodies in a state of 
radioactive equilibrium. 

4. Table of Products formed from Uranium* 

The following table gives the products formed from uranium. 
Each product is formed by the decomposition of the atoms of the 
preceding product in the table. The first column gives the names and 
the second the chemical symbols of the products. The third column 
gives the atomic weights. These are got from that of uranium by 
subtracting 4 when a-rays are emitted. The next column gives the 
atomic number. This increases by one when ^-rays are emitted and 
diminishes by two when a-rays are emitted. The atomic weight of 
radium has been found directly by chemical analysis. The fifth 
column gives the symbol of an isotope of the product, that is, an 
element which has the same atomic number and identical chemical 
properties. The chemical properties of radium are very similar to 
those of barium, and radon is a chemically inactive gas like argon. 
Its atomic weight has been determined by measuring its density. Tlie 
sixth column headed T gives the half- value period. The next column 
gives the rays emitted. The last column gives the velocity of the rays 
as a fraction of that of light. Rays in brackets are relatively feeble. 

Two other similar series of radioactive products are known, one 
starting with thorium and ending with lead, and the other of uncertain 
origin containing actinium. 


Xame. 

Symbol. 

Atomic 

Weight. 

Atomic 

Kumber. 

Iso- 

tope. 

T. 

Uadi a- 
tion. 

Velocity of Kuy.s. 

Uranium I 

U-I 

238 

92 


4-67 X 10»yr. 

a 

0*04r)f) 

Uranium ... 

U-Xi 

234 

90 

Th 

24*6 daya 

(S 


Uranium Xo ... 

U-Xa 

234 

91 

Pa 

1*15 min. 

(B{y) 


Uranium II ... 

Uii 

234 

92 

U 

‘ixlO^yr. 

a 

0*0479 

Ionium 

lo 

230 

90 

Th 

6*9xl0^yr. 

a 

0*0485 

Radium 

Ra Emanation! 
(Radon) ... j 

Ra 

226 

88 

— 

1690 yr. 

“(A 7) 

0*050 

Rn 

222 

86 


3*85 daya 

a 

0*054 

Radium A 

Ra-A 

218 

84 

Po 

3*0 min. 

a 

0-0565 

Radium B 

Ra-B 

214 

82 

PI) 

26*8 min. 

/3(7) { 

0*36; 0*41; ()*C)3; 
0*70; 0-74 

Radium C 

Ra-C 

214 

83 

Bi 

19*5 min. 

^ ( 
a 

0-786; 0-862; 

Radium 0' 

Ra-C' 

214 

84 

Po 

10-« see. 

0*949; 0*957 
0-0641 

Radium D 

Ra-D 

210 

82 

Pb 

16*5 yr. 

{(3, y) 

0*33; 0-39 

Radium E 
Radium F ! 

(Polonium) / 
Radium 0 ) 

Ra-E 

210 

S3 

Bi 

5 days 



Ra-F 

210 

84 

Po 

136 daya 

a{y) 

0-0523 

(Lead) ... j 

Ra-I2 

206 

82 

Pb 

— 

— 

— 
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PROPERTIES OF RADON 

Eadium-C also gives another product to the extent of 0-03 per 
cent which is produced with the emission of a-rays. This product is 
called radium-C"; its atomic weight is 210, its atomic number 81; 
its isotope thallium and its half- value period 1-4: min. It emits only 
^-rays. Radium apparently emits both a- and )8-rays, which is unusual 
The ^-rays are feeble, and may be due to a few radium atoms decom- 
posing in a different way from that which gives the emanation. If 
a radium atom emitted an a-ray and also a ^-ray the resulting atom 
should have atomic weight 222 and atomic number 87. An element 
with atomic number 87 should have chemical properties similar to those 
of csesium, whereas the emanation is chemically inert, as it should be 
if its atomic number is 86. 

5. Properties of Radon. 

It is only possible here to give an account of the investigations 
which have been made of the properties of a very few of the radio- 
active bodies. An account will be given of radium 
emanation or radon, and some of its products. 

Radon is produced from radium at a practically 
constant rate, since the half -value period of radium 
is 1690 years. The radon atoms do not escape to 
^^7 extent from solid radium salts since 

they are produced throughout the volume of the 
solid and do not diffuse appreciably through it. 

The radon therefore accumulates in solid radium 
salts until its rate of decomposition is equal to its 
rate of production. If the salt is dissolved in 
water the radon is able to escape, especially if 
the water is heated under a low pressure. 

For the purpose of obtaining a supply of radon 
it is convenient to keep a solution of some radium 
salt in a glass flask connected to a Toepler 
pump, by means of which the gases evolved by 
the solution may be pumped off and collected 
over mercury. It is found that the solution 
evolves small amounts of hydrogen and oxygen, which are e\d- 
dently produced by the action of the radiations on the water. 
The radon is therefore obtained mixed with oxygen, hydrogen, 
and water vapour. If all the radon in the solution is collected 
in this way then after a few days another supply will have accumu- 
lated. 

The radon may be obtained in the pure state by means of the 
apparatus shown in fig. I. The mixture of radon and other gases 
over mercury in the tube A is let into a bulb B through the stopcock 
C, the bulb B having been previously exhausted through E, which leads 



Fig. 1 
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to a Toepler pump. The mixture is exploded in B by means of a spark, 
and CO, is absorbed by means of some caustic potash fused on to the 
walls of B. The gases are passed into a bulb F through D, which 
contains phosphorus pentoxide to absorb the water vapour. The bulb 
F is then surrounded by liquid air and the radon condenses on its 
walls. The apparatus is next pumped out through E and mercury 
let in so as to fill it up to the bottom of F. On the liquid air being 
removed the emanation evaporates and fills F. It can be compressed 
into a small calibrated capillary tube G at the top of the bulb F by 
letting in more mercury. In this way the volume of the emanation at 
different pressures can be measured. 

Ramsay and Soddy obtained pure radon from a solution containing 
60 mgm. of radium in this way. They found the gas obeyed Boyle’s 
law, and that its volume gradually decreased, falling to half-value in 
about 4 days. The a-rays penetrate the glass walls and so may not 
produce gaseous helium in the tube, otherwise the volume should not 
have diminished. Later experiments have shown that the volume of 
radon in equilibrium with 1 gm. of radium is approximately 0‘6 c. mm. 
This quantity of radon is called a curie. 

The number of a-rays emitted by radium, free from other products, 
has been counted and found to be 3-4 X per second from 1 gm. 
of radium. This should be therefore the number of atoms of radon 
produced per second. The rate at which the atoms of radon decom- 
pose is aN, where a = 2-085 X 10“® and N is the number of atoms of 
radon. Thus if 3-4 X lO’-® new atoms are produced per second the 
number existing when equilibrium is reached will be 


N = 


3-4 X 101® 
2-085 X 10-8 


= 1-63 X 1018. 


The number of atoms in 1 c. c. of a monatomic gas at 0° C. and 
760 mm. is 2-7 X lOi®, so that the volume of radon in equilibrium 
with 1 gm. of radium should be 


which agrees very well with the value found experimentally. 

The rate of decomposition of radon has been accurately determined 
by Curie and by Rutherford. Some radon was sealed up in a glass 
tube, and the intensities of the ^ and y radiations coming out of the 
tube compared at measured times by means of the ionization produced 
by these rays in a metal ionization chamber. The radon itself emits 
only a-rays, but the product radium-C gives and y-rays. The half- 
value periods of radium-A, radium-B, and radium-C are all small 
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compared with that of radon, so that in a short time the amount of 
radium-O present in the tube becomes practically proportional to the 
amount of radon present, and then the rate of decay of the and y-rays 
is a measure of the decay of the radon. In this way it was found 
that a for radon is 2*085 X 10“^ (sec-)“b which gives 3*85 days for the 
half- value period. 

Radon is foinrd to be without chemical properties, like the inert 
gases helium, neon, argon, krypton, and xenon. Its density was deter- 
mined by Ramsay and Gray by weighing a fraction of a cubic milli- 
metre of it in a bulb with a microbalance of extraordinary sensibility. 
The density was nearly 222, taking that of oxygen to be 16, and so 
agreed with the atomic weight got by deducting four from 226, the 
atomic weight of radium. Radon therefore comes at the end of the 
sixth period of the periodic arrangement of the elements, in the same 
column as the other inert gases. The atomic number of radon is 86, 
which is got from that of radium 88 by deducting 2 for the emission of 
one a-ray. 

The atomic numbers of the inert gases 2, 10, 18, 36, 54, 86 are 
equal respectively to 2x1, 2(1 + 2‘^), 2(1 + 2^+22), 2(1 + 22+2^+32), 
2(1 q.. 2^ -1- 2*^ + 3**^ + 3-), and 2(1 + 2 ^ + 2 ^+^^+ S^-f 4^), and so form 
a regular series with that of radon as the last term. 

6. Experimental Study of Products from Radon. 

Solid bodies put in contact with radon become coated with a radio- 
active deposit. This deposit can be concentrated on to a small wire 
by charging the wire negatively to a few 
hundred volts. Thus if a solution of radium 
bromide is put at the bottom of a corked 
bottle, and a fine wire put through the cork 
and kept negatively charged, the wim becomes 
strongly radioactive in a short time. The 
radiations from the wire may be studied by 
means of the ionization which they produce 
in air. 

An electroscope suitable for the study of 
the ionization due to a-rays is shown in fig. 2. 

It consists of a ctibical metal box A contain- 
ing two ])arallel metal })lateB B and C. The 
plate B is insulated and connected to a rod 
1) which supports a narrow gold leaf E. The 
gold leaf is in an upper chamber above A, The upper end of D is 
covered by a removable cap at G which enables the rod to be charged. 
The deflection of the leaf can be observed with a low-power microscope 
through the glass window F. A graduated scale in the eyepiece of the 
microscope enables the deflections to be measured. If a body emittmg 
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a-rays is put on the lower plate C the rays ionize the air and the leaf 
gradually falls. The number of scale divisions moved by the leaf in a 
suitable interval of time is proportional to the ionization. To study 
the jS-rays emitted by any radioactive body it is enclosed in a tube or 
covered with a thin sheet thick enough to stop the a-rays. If it is 
then put on the plate C the rate of fall of the leaf measures the intensity 
of the ionization due to the jS- and y-rays. Ionizations due to y-rays 
alone may be studied by absorbing the a- and ^S-rays by means of thick 
metal plates. 

If a bare wire covered with the deposit from radon is put in such 
an electroscope the ionization is almost entirely due to the a-rays. 
If the wire has only been exposed to the radon for a short time, say 
1 min., the deposit will consist almost entirely of the product of the 
decomposition of the radon which is called radium-A. It is found that 
the intensity of the a-rays decreases rapidly for about 10 min., the half- 
value period being 3 min. It then becomes nearly constant for about 
1 hr. and then begins to fall again, with a half -value period of 28 min. 
The iS-ray activity of a wire which has been exposed to radon for less 
than 1 min. is small initially, but rises in about 20 min. to a maximum 
and then decreases. This shows that radium-A gives no j8-rays, but 
forms products which give them. The variation of the a-ray activity 
shows that the products also give some a-rays. On heating the wire 
to about 600° C. it is found that part of the deposit volatilizes and part 
remains on the wire. The part remaining on the wire gives a- and y9- 
rays, which both decrease with the half-value period of 19-5 min. 
The part which evaporates can be condensed on a cool surface. It is 
inactive at first but then emits a- and ^-rays, which increase in intensity 
to a maximum and then die away. 

The results obtained can be explained satisfactorily as follows. 
The radium-A emits a-rays only and has a half- value period of 3 min. 
It gives radium-B with a half-value period of 26*8 min., which emits 
only very feeble jS-rays. The radium-B gives radium-C, which emits 
j8-rays and has a half-value period of 19*5 min. This gives radium-C' 
with a very short period which gives a-rays. The a-rays from radium-C' 
and the jS-rays from radium-C both vary with the time in the same way 
because of the very short period of radium-C'. 

It is found that the radioactivity of the deposit does not entirely 
^ disappear for a long time, and it appears that several more products 
are formed. The next one, radium-D, has a half-value period of 16-5 
years. 

7. Heat evolved by Radium. 

When the rays from radioactive bodies are absorbed by matter the 
energy of the rays is nearly all converted into heat. It is found, for 
example, that 1 gm. of radium in equilibrium with its products pro- 
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(iuces about 120 calories per hour. The total heat produced by a 
gramme of radium is therefore 

120 r 

OOxlioio^ where a== T3 X 10““ sec.-i, 

which is th(^ value of a corresponding to a half period of 1690 years. 
This is e(pial to 2-57 X 10“ calories. This is enormously greater than 
the heat evolved per gramme in any chemical reaction. The source 
of this energy will be discussed in the chapter on the Constitution of 
.Atoms. 


Reference 

lladioactivity. E. Rutherford. 



CHAPTER XII 

Constitution of Atoms 

1. Atomicity of Electricity and of Matter. Electrons and Protons. 

In this chapter it is proposed to discuss the modern theory of atoms, 
which is supported hy many of the facts described in more or less detail 
in the preceding chapters. 

Many of the quantities which are measured experimentally usually 
are, or at any rate appear to be, continuous, that is they are capable 
of having any value between certain limits, such quantities as length, 
mass, and time for example. A quantity is said to be atomic, or made 
up of atoms, when its values are always integral multiples of a definite 
value, which is the smallest value of the quantity, not zero, which 
occurs. Thus, as we have seen, when a very small quantity of elec- 
tricity is measured, it is found to be equal to 4-77 X 10"^^ electrostatic 
units, multiplied by an integer. Electricity is therefore regarded as 
being made up of atoms of electricity, the negative electrons and the 
protons. 

By means of Aston’s mass spectrograph it has been shown that the 
ratio of the mass {m) to the charge (E) of very small particles charged 
with positive electricity is always an integral multiple of a definite 
value. That is = Nf, where N is an integer and / is the smallest 
value of mjE observed. But E == ne, where n is an integer and e is 
the charge of the atom of electricity, so that we must have m = nNef. 
The mass m is therefore equal to ef multiplied by niV, which is an 
integer. 

It appears, therefore, that matter is atomic, the atomic mass being 
equal to ef, the value of m when nN = 1. Now / is found to be equal 
to 1/9650 with the charge expressed in electromagnetic units, so that 
e/= (4*77 X 10-10) 1(3 iqio 9059) pee x 10-24 gm. Matter is 
therefore made up of atoms each of which has a mass T66 X 10-^4 
gm. and a charge 4-77 X lO-io electrostatic units. 

These atoms, of course, are not the atoms of the chemist, which 
must be made up out of them. These ultimate atoms of matter shown 
to exist by means of the mass spectrograph are called protons. The 
chemical atomic weights which are shown by the mass spectrograph 
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to be inteprs wlien that of oxygen is, as usual, taken equal to 16 are 
equal to the number of protons in one atom of the different elements 
_Aipip>OTtpt exception occurs in the case of hydrogen, the atomic 
weight of which IS 1 -007 and so not exactly an integer. This is believed 
to he due to energy escaping when two protons combine, so that a single 
proton has slightly more mass than the average mass of the protons 
combined together m an atom. The values found for mlB are integral 
multiples oi 1/9650, but the smallest value of mlB observed which is 
got with hydrogen, is 1-007/9650. 

As we have seen, negative electrons are also contained in all kinds 
of matter. e//« for electrons is equal to 1-76 X 10’ electromagnetic 
units ])er gramme. There are good reasons for believing that the 
charge on one electron is equal to that of the atom of electricity or 
4-77 X 10- >" electrostatic units. It is found, for example, that when 
the oil droplet in Millikan’s apparatus for measuring small charges is 
illuminated by ultra-violet light its charge is increased by that of one 
atoin of electricity at a time, and it is known that ejm for the charges 
set, fre(^ by ultra-violet light in a vacuum is the same as for electrons. 
Idiere is no reason to siqiposo that the charges liberated from bodies 
by ultra-violet light are not the same in a vacuum as in air at atmos- 
pherics pressure, so that the electronic charge must be just one atom 
of el(«etrKsity. The mass of one electron is therefore equal to 
(•1-77 X 10-‘")/(-‘^ X KT" X 1-76 X 10’)= 9 X gm. 

< )witig to tins small mass of electrons the number of them in an 
atom nuila's very little ditfercncc to the atomic weight. It is supposed 
thercd'orcs that, matter consists of protons and electrons, and that the 
charge on one proton is -f- 4-77 X IQ-’" and that on one electron 
— 4 -77 X 10”"’. The total number of electrons in any electrically 
neutral portion of matter must therefore be equal to the number of 
protons. In parfiicular any neutral atom must contain as man y 
(shscirons a,s protons. 


2. Nucleus Theory of Atoms. Atomic Number. 

llutlu'rford’s experiments on the scattering of a-rays strongly 
support ihe theory that atoms consist of a positively charged nucleus 
with (Iccclrons around it. This theory is also supported by Bohr’s 
<iuaii{;iim theory of optical and X-ray spectra. The charge on the 
nucleus must Ixc a multiple of the atom of electricity or protonic charge 
which will b('. denoted as usual by e. We should therefore expect to 
lind atoms with nuclear charges e, 2e, 3e, 4e. . . . It is natural to expect 
the nuclear charge to increase with the atomic weight, and it is sup- 
posed ihat the nuclear charge is equal to Ne, where N is the atomic 
nutnber or number giving the position of an element in a list of the 
(dements arranged in order of increasing atomic weights. Thus N for 
iiydrog(“n is one, for helium two, for lithium three, and so on. This 
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idea is strongly supported by Moseley's diseovt'ry that I he stpiare root, 
of the frequency of the K X-rays of any t‘hanent is a, liiusu’ fuiatioii of 
the atomic number N. This fundauumtally important diseoverv shows 
that some quantity in atoms increases by the sa.me. aiuounf in passing 
from any atom to the atom of next higlnn* atomi<'. weight-, it is dillitailf, 
to think of any other qtiantity besides the nuth^ar (harge which could 
increase in this way. The values of tln^ uuehuir ehargt* obtained fnun 
the observed scattering of a-rays by dillVnuit (hunents agn'c {*los('ly 
with Ne, so that it is now genera, Ily agreed thad this is th(‘ Nairn* id’ the 
nuclear charge. It follows that the numluu* of tdeedrous around the 
nucleus in an electrically mmtral atom is «‘(|ual to A’. 

Since a neutral atom of atomi<‘. waught, .1 <*ontains .1 protons and 
A electrons and there are N electrons outside, t he niahuis, t he nutnlier 
of electrons inside the nucleus must b(‘, A N, 'rhus the hydroeuu 
atom consists of one proton with on(‘, (detdroti outside; i ht* lieliuin atom 
of four protons with two electrons insid<i the. iimdiais and two ont-ide. 
A lithium atom of atomic weight 7 lm.s thn*e (‘hadrons luitsiih* tin* 
nucleus and four inside, while a lithium atom of atomic naught lias 
three electrons outside the nucleus and threi^ inside. Tin* atomii* 
weight is nev(3r less than twice the atomii*, munhi*r, so that at- h*ast half 
the electrons are always insidti tin*, nucleus, <*xe(‘pt in the casi* td' tin* 
hydrogen atom. 

Electronic Arrangement and Chemical Properties. 

It is supposed that the properth‘s of atoms an* det-ermlned by tin* 
number of electrons outside tin*, ntiehuis. Tin* exist(‘ma* of i.Hotupes, 
or atoms having practically identi(*al pro{H*rties but, dilTer(*nt atmnie 
weights, is therefore explained by sui)posing that all the is(d(qa‘s of an 
element have the same nuchOT charge, or the saam^ mimb(‘r o! elf*tdronH 
outside the nucleus when the atoms an*. eh‘(*dri(*ally m*nt ral. 

It is found that the properties of atoms vary *pi*riodical!y with the 
atomic number. Thus the atoms having the at.omi<- mimi>ers 2, !0, 
18, 3(), 54, 80 are all inert gases ha.ving no eln*mi<*nl prop(‘rties. It 
appears that these mnnbers of el(*ctronH Umn stable systt'ins which 
do not attract oth(‘r atoms. Tln*y nmst (*.xeite r(*lat.iveiv weak fields 
in the space around th(*jrn. 

The atoms having om^ (‘h^ctron h*HS tlum tin*. ini‘rt gaH(‘s, those with 
atomic ntimbers 9, 17, 35, 53, are all strongly eI(‘etrom*gHtivu» tnono* 
valent non-metallic; elements, that is, tlnw* atoins stnuigly attract- an 
electron and form stabh^ compomnlH with atoms which (*Hsilv lost* an 
electron. 

The atoms which have one mon^ electron than tin* iin‘rt, gases, with 
atomic numbers 3, 11, 19, 37, 55, are all strongly (‘Ie(*tropositive alkali 
metals. They combine with the elennmts Inivitig ntomk* mnnl»ers 
9, 17, 3o, 53, giving very stable compomnls. It is mipposed that these. 
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atoms i^asily lose one electron, and that an atom which easily loses 
oim (‘lectron combines readily with one which strongly attracts an 
ekictron. This may be explained by supposing that the numbers of 
electrons in the inert gases form a stable system, so than an atom with 
one more electron than an inert gas atom and another with one less 
<*oml>ine, giving a molecule in which there are two stable sets of 
i‘lect.rons, each like the stable set in an inert gas atom. The atom 
which gains an electron is negatively charged, and the other one 
positively charged, so that they attract each other. 

Many of the chemical properties of atoms can be explained quali- 
tatively by this theory, which was first put forward by J. J. Thomson 
and has been elaborated by Langmuir and others. 

As another example consider the chemical radical NH^, which, as 
is well known, has chemical properties very similar to those of the alkali 
metals. This radical contains eleven electrons outside the nuclei, 
which is the same number as in the sodium atom. On losing one 
electron ten remain, the number which forms the stable system of the 
neon atom. Again, methane (CH^) is a very stable compound which 
does not easily combine with other bodies; its molecules have ten 
electrons outside the nuclei, like the inert' gas neon. 

An atom of atomic number N between those of two inert gases, 
for example neon (10) and argon (18), can form a stable set of electrons 
eitlu^r by losing electrons till ten are left or by gaining enough electrons 
to make up eighteen. The atom may therefore behave as an electro- 
iu‘gative atom of valency 18 — N or as an electropositive atom of 
va.k‘ney N — 10. The sum of the two possible valencies is IS — N + 
N 1<) -8. For example, chlorine with 2V = 17 is monovalent in 
salts lik(‘. NaCl but heptavalent in KCIO3. 

■1. The Periodic Table. 

On p. 210 is a list of the elements, giving the atomic numbers, 
avi^ragt^ so-c.alled cluunical atomic weights, and the actual atomic 
W(*igbts n,s found with tlie mass spectrograph. 

1'he (‘kunents in the middles of the fourth, fifth, and sixth periods 
have Imhui omitt(u!. The seventh period is incomplete since no elements 
are. known with atomic numbers greater than 92. 

5. Periodicity and the Grouping of Electrons. 

To tw'plain the pc'riodic variation of the properties of atoms with 
the atomi(; ntimb(‘r A, it is supposed that the electrons move in groups 
of orbits rouTul tlu^. nucknis. The chemical properties are supposed to 
tl(*p(uul largely oti th(‘. numl)er of electrons in the outermost group, so 
tliat. (‘kuntaits lik(^ lluorine, chlorine, bromine, and iodine which have 
very similar profX'rties aro siif)posed to have equal numbers of electrons 
in tlic <niter group. 

< It H14 ) 


16 
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Element. 

Symbol. 

Atomic 

Number. 

Principal 

yalency. 

Chemical 
Atomic Weight, 

Actual 

.Atomic Weights. 

First f Hydrogen 

H 

1 

1 + 

1*008 


1*008 

Period. 

Helium . . 

He 

2 

0 

4*0 


4 


Lithium . , 

Li 

3 

1+ 

6-94 


6, 7 


Beryllium 

Be 

4 

2+ 

9*1 


9 


Boron 

B 

5 

3 

10*9 


10, 11 

Second 

Carbon . . 

C 

6 

4 

12-00 


12 

Period. 

Nitrogen . . 

N 

7 

3- 

14-008 


14 


Oxygen . . 

0 

8 

2- 

16 


16 


Fluorine . . 

F 

9 

1- 

19*00 


19 


Neon 

Ne 

10 

0 

20-20 


20, 22 


Sodium . . 

Na 

11 

i-t 

23*00 


23 


Magnesium 

Mg 

12 

2+ 

24*32 


24, 25, 26 


Aluminium 

A1 

13 

3+ 

26*96 


27 

Third 

Silicon . . 

Si 

14 

4 

28*3 


28, 29, 30 

Period. 

Phosphorus 

P 

15 

3 

31-04 


31 


Sulphur . . 

s 

16 

2- 

32*06 


32, 33, 34 


Chlorine . . 

Cl 

17 

1- 

35-46 


35, 37, 39 


V Argon 

A 

18 

0 

39*9 


36, 40 


[Potassium 

K 

19 

1+ 

39*1 


39, 41 

Fourth 

Period. 

Calcium . . 

Ca 

20 

2+ 

40-07 


40, 44 

Selenium , . 

Se 

34 

2- 

79*2 



Bromine . . 

Br 

35 

1-^ 

79*92 


79, 81 


Krypton . . 

Kr 

36 

0 

82*92 

f 

'( 

78, 80, 82, 83, 
84, 86 


f Rubidium 

Rb 

37 

1 + 

85*45 


85, 87 


Strontium 

Sr 

38 

2+ 

87*63 



Fifth 







Period. 

Iodine . . 

I 

53 

1- 

126*92 


127 


Xenon . . 

X 

54 

0 

130*2 

1 

129, 131, 132, 




i 

134, 136 

Sixth 

f Caesium . . 

Cs 

55 

1 + 

132*81 


133 

1 Barium . . 

Ba 

56 

2+ 

137*37 



Period, j 

[Radon . . 

Rn 

86 

0 

222*0 


— 





87 






Radium . . 

Ra 

88 

2+ 

226*0 



Seventh 

1 Actinium. . 

Ac 

89 





Period. 

Thorium . . 

Th 

90 



232*15 




Uranium-X 

U-X 

91 







-Uranium. . 

Ur 

92 

— 

238*2 




The theory of the grouping of the electrons in atoms is mainly 
due to Bohr. It has recently been improved by Main-Smith and 
Stoner. 

The electrons are supposed to move in groups of orbits, all those 




GROUPING OF ELECTRONS 


21 I 


XIL] 

in each group having the same principal quantum number n. These 
groups correspond to the K, L, M, N, .. . groups of energy levels. 
For the K level == 1, for the L level n = 2, and so on. There are 
1 K level, 3 L levels, and 5 M levels. The level to which an 
electron belongs in a group is indicated by the second quantum 
number and the inner quantum number is equal to or less 

than n, so that since there are 2n—l levels in a group the third 
number is required. It is supposed to be equal to or to 
This gives 2n—\ levels in the groups in agreement with the number 
of K, L, and M levels observed. 

The problem now is to determine the number of electrons in each 
level in the different atoms. The total number of electrons to be 
placed is equal to the atomic number of the atom, and it is believed 
that the maximum number in any level is equal to 2n.2. The 
grouping of the electrons in the inert gas atoms is supposed to 
be as follows: 


„ 

1 

r 

2 

1 

3 

4 

5 

6 


1| 2 

2 

3 

1 1 2 

3 1 4 

11 2 

3 

1 

2 


1 

2 

1 1 1 

2 

1 

1 12 

2 1 3 

1|1|2 

2 13 13 

4 

1|1|2 

2 

3 

1 

112 

(2) Heluim 

i 





1 

1 1 1 1 1 


1 1 




1 

(10) Neon ... 

A 

2|2|4 




-1 

Mil 



1 1 


- 


1 

(18) Argon ... 
(30) Krypton 
(54) Xenon... 

2 

2|2|4 

2 1 

2 1 4 

1 

1 1 1 1 



1 1 





~T 

2 1 2 1 4 


2 1 4 

4 1 6 

212141 1 



1 1 






T 

2|214 

2| 

2 1 4 

'4 1 6 

212141410 



2!2|4 






(80) Radon... 

2 

21214 

2 

2|4 

4 1 0 

21214141016 

T 

21214 

“T 


2|2 

4 


The alkali metals have one more electron than the inert gases, and 
the additional electron is supposed to be in a group by itself outside 
the- other electrons. Sodium has two electrons in group one, eight in 
•group two, like neon, but in addition one in group three. Thus the 
alkali metals all have a single electron describing an outer orbit by itself, 
and so have similar properties. 

In the same way the alkaline earth metals are supposed to have 
their electrons grouped like those of the inert gases, but with two 
additional electrons in an outer group by themselves. 

The elements fluorine, chlorine, bromine, and iodine have their 
electrons grouped like the inert gases, except that one electron is missing 
from the outermost group. The elements oxygen, sulphur, selenium, 
and tellurium have two electrons missing as compared with the inert 
gases; and so on for the other elements. 

6. Radioactivity and the Nucleus Theory. 

The phenomena of radioactivity indicate that the nuclei of the atoms 
of atomic number greater than 85 are more or less unstable and ulti- 
mately decompose with the emission of a-rays or electrons. It is 
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remarkable that protons are never emitted by radioactive bodies. An 
a-ray consists of four protons and two electrons and is evidently a V(‘ry 
stable system. The emission of a-rays and not protons su^gi^sts that- 
the protons in atomic nuclei are often arranged in groups of four or as 
a-ray particles in the nucleus. The nuclei of atoms having atoniit*. 
weights which are multiples of four may consist entirely of a-ra\^ 
particles, in which case the atomic number would be one-half tlu‘ 
atomic weight as for helium. Atoms with atomic weights 4, 1-^. db 
20, 24, 28, 32, 36, 40 are known with atomic numbers half the af omic 
weight, but for atomic numbers above twenty the atomic weight' is 
greater than twice the atomic number. 

Part at any rate of the kinetic energy of the a-rays must b(‘ dm^ to 
the repulsion between the nucleus and the ray. If we assunu^ that 
the charges of the nucleus and of the a-ray can be regarded as point 
charges, we can easily calculate the initial distance between tluun 
corresponding to the kinetic energy of the ray. 

If N is the atomic number of the atom after the ray has b<M*n 
emitted, and assuming all the energy goes into the a-ray, 

1 o 

— X 2c = hm^. 
r 

For radon, N —Si and v— 0-054 x3 X 10^^ cm. per sec,, which with 
e— 4-77 X 10“^° and e/m — ^ X 9650 X 3x lO’-^ gives r — -4*4 X 
cm., which is of the same order as estimates made of the radii of 
atomic nuclei by other methods. 

7. Ejection of Protons from the Nucleus. 

Rutherford made the very interesting discovery that when high- 
velocity a-rays are passed through certain substances then rays are 
produced which have a greater range than the a-rays. These myn are. 
found to be protons, and are supposed to he produced by collisioiiH of 
the a-rays with atomic nuclei. It appears that the a-ray enters the 
nucleus and remains in it and causes the emission of a proton. This 
must increase the atomic weight of the atom by three and its atoniici 
number by unity. This effect was first obtained with nitrogen, a-rays 
from radium-C' were passed through nitrogen and the scintillations 
they produced on a zinc sulphide screen observed. When the distancu^ 
between the radium-C' and the screen is gradually increased the s<‘in- 
tillations disappear abruptly when the distance becomes greater than 
the range of the a-rays. However, it was found that a few scintillations 
were obtained at distances much greater than this range. These 
scintillations were feebler than the a-ray scintillations and reBembh*d 
those produced by the high-velocity protons obtained when a-rays are 
passed through hydrogen. 

The magnetic and electric deflections of these rays were deter- 
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mined, and it was found that they carry a positive charge and that 
ejm is equal to the value for protons. It is clear that they are high- 
velocity protons. It is found that only one high-velocity proton is 
produced by several hundred thousand a-rays. By passing the a-rays 
through thin sheets similar high-velocity protons have been obtained 
from several solid elements. 

The protons come out in all directions, but more come out in 
directions near that of the a-rays than in any other direction. Protons 
have been obtained in this way from boron, nitrogen, fluorine, sodium, 
aluminium, and phosphorus, and probably from beryllium, magnesium, 
and silicon. The atomic numbers, atomic weights, and ranges of the 
protons emitted are as follows: 


Element. 

Atomic 

Number. 

Atomic 

Weight. 

Forward 

Range. 

Backward 

Range. 




Cm. 

Cm. 

Boron . . 

5 

11, 10 

58 

38 

Nitrogen 

7 

14 

40 

18 

Fluorine 

9 

19 

65 

48 

Sodium . . 

11 

23 

58 

36 

Aluminium 

13 

27 

58 

36 

Phosphorus 

15 

31 

65 

49 


All these elements have odd atomic numbers and their atomic 
weights are not multiples of four. Elements like oxygen and carbon, 
the atoms of which can be regarded as made up of a-rays, do not give 
protons when bombarded by a-rays. 

It is found that the kinetic energy of the protons is greater than 
that of the a-rays, by about forty per cent in the case of aluminium, 
so that it appears that the atomic nuclei give up some internal energy 
to the escaping protons. It has been suggested that a-ray particles 
and protons inside the nucleus may be describing orbits round a central 
charge, just as outside the nucleus the electrons move in orbits round 
the nucleus. The possible orbits inside the nucleus may be determined 
by quantum principles similar to those which appear to determine the 
possible orbits of the electrons outside the nucleus. Owing to the 
masses of the a-ray particles and protons being enormously greater 
than the mass of an electron, their possible orbits on the quantum theory 
are very much smaller than the orbits of electrons. We may suppose 
that when an a-ray particle enters the nucleus of an atom it may cause 
a proton describing an orbit near the surface of the nucleus to be ejected. 
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CHAPTER XIII 
Gaseous Ions 

1. Mobility of Ions. 

gases are made to conduct electricity by means of X-rays, 
ultra-violet light, or other agencies, it is supposed that the conductivity 
is due to the presence of minute electrically charged particles which 
are called ions. The properties of these ions is the subject to be dis- 
cussed in this chapter. 

The velocity of ions due to an electric field depends on the tem- 
perature, pressure, and nature of the gas in which they are moving. 
It is proportional to the strength of the electric field, and the velocity 
due to a field of unit strength, usually one volt per centimetre, is called 
the mobility of the ions. A group of a large number of ions in a uniform 
electric field moves with a definite velocity, that of the centre of mass 
of the group, but this is not true of each ion in the group. The ions 
diffuse through the gas when there is no field, and in a field they still 
diffuse, so that the displacements due to diffusion are added to those 
due to the motion caused by the electric field. In a strong field the 
motion due to diffusion may be very small compared with that due to 
the field. The mobility of a positive ion will be denoted by and that 
of a negative ion by 

If a gas contains positive ions per unit volume, and negative 
ions, the current density in it due to an electric field of strength F is 

where is the charge on a positive ion and eg that on a negative ion. 
The products and are both positive, because changing the sign 
of e also changes the sign of h. Practically all gaseous ions are found 
to carry charges of the same magnitude of either positive or negative 
electricity. This ionic charge is equal to the charge on one hydrogen 
ion in a solution, or to the charge carried by one electron. It will be 
denoted by e. The current density is therefore given by 

^ (^1^1 “b ^ 2 ^ 2 ) 5 

where both \ and as well as e, are now regarded as positive. 
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2. Measurement of Ionic Mobilities. Zeleny’s Method. 


Many determinations of the ionic mobilities \ and \ have been 
made in various gases at different pressures and temperatures. It is 
only possible to describe a few of them here. 

In 1900 Zeleny made some accurate measurements of and Tc^ 
for the ions produced by X-rays in several gases at atmospheric 
pressure. 

The gas was passed at an uniform rate through a tube TT' of 
circular cross-section, along the axis of which was a long insulated 
cylindrical electrode CF (fig. 1). This electrode was divided into 
two parts by a narrow gap at DE. A narrow beam of X-rays SAB 
was passed across the tube from a source S so that positive and negative 
ions were produced in 
the gas over the. cross- 
section AB of the tube. 

The electrode CF was 
kept at zero potential 
and the tube TT' 
charged to a potential 
V by means of a battery. 

As the ions are carried 
along the tube in the 
stream of gas, those of 
one sign move towards 
the tube and the others towards the electrode. The ions produced at 
the surface of the tube which move to the electrode strike the elec- 
trode farthest from AB. If F is small some ions will reach EF, 
and as V is increased the number reaching EF diminishes to zero. 
The value of 7 just big enough to prevent any ions from reaching 
EF was determined. With this value of 7 the ions starting from 
the surface of the tube at AB move across to E. The ions reaching 
EF were detected by means of a quadrant electrometer to which it 
was connected. 

Let the radius of the tube be h and that of the electrode a, and let 
F be the strength of the electric field from the tube towards the elec- 
trode. Then F is inversely as r, so that F = 7/ log provided there 

are not enough ions present to sensibly disturb the field. If v is the 
velocity of the gas stream, then in a time dt an ion will be carried along 
with the stream a distance dx = vdt, where x is the distance along the 
tube from AB, and will move in towards the electrode a distance 
df = kFdt Hence dr = kFdxjv, or 



^TTvrdr = 


27rVkdx 

loglbJaY 
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Integrating along the path of the ions from r=h, a:; = 0 to 7 
x= d, where d is the distance between EF and AB, we get 

Q= f 27Tvrdr^^^J^ d, 

log- 

^ a 


[Chai>. 
a, 


k=: 


where Q is the volume of gas flowing past AB in unit time. Hence 

Q logb/a 
27TVd ‘ 

3 . Langevin’s Method. 

Another very good method of finding ionic mobilities was used by 
Ijangevin. The space between two parallel plates was filled with the 
gas, and ions were produced by a single flash of X-rays got by breaking 
the primary circuit of an induction coil connected to the X-ray tube. 
An electric field was maintained between the plates which was reversed 
in direction at a time interval t after the flash. The charge receiveil 
by one of the plates was measured with a quadrant electrometer. 
This charge Q varies with the interval t, and the ionic mobilities can 
be found from the relation between Q and L Let the distance between 
the plates be I and the strength of the electric field X, Suppose that 
the charge on the positive ions produced by the flash of X-rays is q 

per unit volume of the gas, 
and that the positive ions 
move towards the plate con- 
nected to the electrometer 
during the interval t The 
charge received by the plate 
during the interval t will 
then be AqhiXt, where A is 
the area of cross-section of 
the flash of X-rays. When 
the field is reversed the nega- 
tive ions remaining between 
the plates will go to the 
plate, which will therefore 
receive a negative charge 
Aq (I — k^Xt), so that we have 
Q = AqJcy^Xt -Aqil- h^Xt) = Aq{Xt(Jc^ + k^) - Ij. 

This expression is correct so long as k^Xt and k^Xt are less than J Tf 

^ 

Q=Aqk^Xt, 
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and when t is greater than = Ijk^X we shall have 

Q=^Aql. 

The relation between Q and t is shown in fig. 2. When t = 0 
Q = — Aql since all the negative ions go to the plate, and when t > <’ 
men Q = Aql, since all the positive ions go to the plate. By measuring 
Q for a series of values of t and plotting the results the values of L and 
^2 can be found. \ and are then given by = IjXt^ and K = IjXu. 
We have assumed that the charges in the gas are not sufficient to ap- 
preciably modify the electric field and that the time t is so short that 
no appreciable recombination of the ions takes place. Actually, some 
recombination does occur, which alters the relation between Q and t 
but does not affect the times and corresponding to the breaks in 
the curve at C and B. 

4. Rutherford’s Method. 

Anot:^r excellent method of measuring ionic mobilities was first 
used by Eutherford. 

Two parallel plates at a distance I apart are used with the gas 
between them. Ions, of one sign only, are produced at the surface of 
one of the plates. If now an electric field X is maintained between 
the plates for a time t and then reversed, no ions will reach the other 
plate unless t is greater than IjkX, Thus k can be determined by 
finding the value of t at which the other plate begins to receive a charge. 
This can be done by varying either « or 1. The electric field may be 
applied for the time t a great many times, the field being reversed, after 
each application, for long enough to return all ions in the gas to the 
plate from which they started. In this way the charge to be detected 
can be greatly increased. The field is applied and reversed at regular 
intervals by a rotating commutator. 

An alternating electric field may be used in this method. Thus 
sin(2’7Ti{/T) the distance the ions move is given by 

PJ'kXdt= hXoTIn. 

Hence if kX^^T I the plate will just begin to receive charge. By 
varying I it is easy to find the value of kX^TjTr, 

An error may arise owing to diffusion of the ions. An ion in a gas 
when there is no electric field does not remain at rest but moves about 
in an irregular manner first in one direction and then in another. Thus 
some ions will move a greater distance than kX^TIir and some not so 
far. Those which move farther may not get back to the plate when 
the field is reversed and so may get still farther from it the next time 
they move away, and so on. The method therefore tends to give too 
high a value of the mobility. Zeleny’s and Langevin’s methods may 
also be affected by a similar error due to difiusion. This error may 
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be reduced by superposing on the alternating field a steady field X 
in the direction tending to retard the motion of the ions from the plate 
at which they start. In this case 


Z = Zo 


sin 


T 




so that the distance the ions move across is 

Here and are the times between which X is positive. This is 
approximately 

hT 

when X is not a large fraction of 

The supply of ions at the surface of one of the plates may be pro- 
duced by allowing ultra-violet light to fall on the plate. This causes 
the emission of negative ions by the plate. Another way is to have a 
hole in the plate covered with fine wire gauze. The gas behind the 
gauze is ionized by X-rays, and some of the ions of one sign are made 
to go through the gauze by means of a weak electric field. 



5. Results of Various Experimenters. 

The following table contains some of the results on ionic mobilities which 
have been obtained, h-^ and /"g are expressed in centimetres per second for 1 volt 
per centimetre. 


Gas. 

Pressure 
in Mm. of 
Mercury. 

*1. 


Method. 

Ohaerver. 

Air 

760 

1-36 

1*87 

Zeleny’s 

Zeleny 

Hydrogen 

760 

6-70 

7*95 



Ak 

75 

14-8 

21*90 

Langevin’s 

Langevin 

55 

200 

5*45 

7*35 



415 

2*61 

3*31 



» 

760 

1*40 

1*70 



55 

1430 

0*75 

0*90 



Carbon monoxide 

760 

1*10 

M4 

j, 

WeJlisch 

Carbon dioxide . . 

760 

0*81 

0-85 



Nitrous oxide . . 

760 

0*82 

0*90 



Sulphur dioxide 

760 

0*44 

0*41 



Methyl iodide . . 

760 

0*21 

0*22 


?■» 

Ethjd iodide 

760 

0*17 , 

0*16 



Helium . . 

760 

5*09 

6*31 

Rutherford’s 

Franck & Pohl 

Argon . . 

760 

1*37 

1*70 


Franck 

„ (pure) . . 

760 

1*37 

206*0 


Nitrogen 

760 

1*27 

1*84 



„ (pure) . . 

i i 

760 

1*27 

144*0 

5> 

? j 
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It appears that the mobility of the negative ions is generally rather greater 
than that of the positive ions. The velocity of the positive ions is nearly inversely 
as the gas pressure. In very pure argon and nitrogen Franck found that the 
negative ions had much larger velocities than in these gases not specially purified. 
A small quantity of oxygen added to the pure argon reduced to a much smaller 
value. 


Zeleny found that water vapour diminishes the velocity of the negative ions 
in air and hydrogen, making it nearly equal to that of the positive ions. The 
velocities of the negative ions in air, CO 2 , and hydrogen at pressures down to 
a few millimetres have been determined by Lattey and Tizard, using a modifi- 
cation of Rutherford’s method. 

They found that the velocity 
is approximately a function of 
Xjp or the ratio of the electric 
field strength to the pressure. 

In the case of the positive 
ions the velocity Vi is given by 
where is the 
mobility at unit pressure. For 
the negative ions ~ k^X fp, 

when Xjp is small, but as 
Xjp increases the velocity Ug 
increases more rapidly than 
XIp. 



The relations between and and X/p in dry air are shown in fig. 3. When 
X is expressed in volts per centimetre and p in millimetres of mercury, Vi — 
lOSOX/Pf and when X/p is less than about 0*01, — 1350Z/p, but when Xjp is 

equal to 0-08 the velocity Vg is equal to 1000 cm./sec., which is ten times 1350Z/p. 


6. Theory of Ionic Velocities. 


It will be convenient now to consider the theory of the motion of ions through 
a gas in an electric field. The ions are supposed to move about in the gas with 
a high velocity and to collide with the gas molecules just as the uncharged mole- 
cules do. The average kinetic energy of an ion in the absence of an electric field 
will be equal to the average kinetic energy of a gas molecule, so that we have 
where m and m' are the masses of an ion and a molecule, and 
and the average values of the squares of their velocities. 

In an electric field the ions acquire an average velocity of drift w in the 
direction of the field. The average momentum of an ion is then mu, while when 
there is no field their average momentum is zero, since there are then as many 
moving in any direction as in the opposite direction. If e is the charge on an 
ion then in a field of strength X the force on it is Ze, so that the field gives the 
ion momentum at the rate Xe per unit time. The ions lose the momentum they 
receive from the field by colliding with the molecules, and in a steady field the 
rate at which they lose momentum is equal to that at which they receive it. If 
X denotes the mean free path of an ion, or the average distance between its 
collisions with the gas molecules, then the number of collisions it makes in unit 
time is approximately V jX. This is not exact, because V is not the average velocity 
but the square root of the mean square of the velocity. If on the average an ion 
loses a fraction / of its average momentum mu at each collision, the momentum 
it loses in unit time is VfmujA. Hence in a steady state 


Xe= Vfmu/X, 
_ XeX 
"" fmV' 


so that 
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In the case of an ion having a mass very small compared with that of a gas 
molecule, / will be nearly unity, so that 

Xe\ 


u = 


mV 


but in the case of a heavy ion having a mass larger than that of a gas molecule 
/ will be a small fraction. 

7. Mobility and Coefficient of Diffusion. 

The mobiKty of an ion may be obtained from its coefficient of diffusion K, 
We have , 

-icf.. 

ax 


-■pv> 


where p denotes the partial pressure of the ions, and v the velocity of diffusion 
in the x direction. Also if there are n ions per unit volume — dp /dx may be 
regarded as the force on the ions in unit volume which drives them along vuth 
the velocity v. In an electric field X the force on the n ions is Xen^ and this givc\s 
them a velocity hX, Hence, assuming the velocity proportional to the driving 
force, we have , , , 

V — dpjdx _ pv 

kX Xm KXm' 
nr 7. _ Ken 


But p — nE^T, where is the gas constant for one molecule, so that 




ES: 

B.T 


If the number of molecules in 1 gm. molecule or mol, then 

RT ’ 

where R is the gas constant for 1 mol. We have ^ = 9650 electromagnetic units, 
and R — 8-32 X lOJ, so that at 300° K. we get, after multiplying by 10® to convert 
electromagnetic units of field strength into volts per centimetre, 39 A". The 
diffusion of oxygen molecules diffusing in oxygen at 760 mm 
and 300 K is approximately 0-19, wUoh gives k = 7-4. For hydrogen diffusing 
through hydrogen K= 1-3, so that *= 51. The values found for I in oxygm 
and hy^ogen are 1-4 and 6-7, and for Ic^ 1-9 and 8’0 om. per second for I'volt 
per oentunetre. These values are from four to eight times smaller than the values 
just calculated. This is believed to mdicate that the ions are not single molecules 
fielTS^the charge several molecules held together by the electrical 

In the case of the negative ions the clusters evidently diminish in size ns 
XJjp increases, and when Xjp is greater than about 0-1 the negative ions are 
chapter ° electrons in gases is considfred in another 

8. Townsend’s Determination of Coefficients of Diffusion. 

The ooeffioiente of diffusion of the ions produced in gases by X-ravs or other 
sources of ionization were determined by J. S. Townsend. Townsend passed the 
gas containing ions through narrow metal tubes, and determined tte fraction 
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of the ions lost by diffusion to the walls of the tubes. He also determined the 
ratio of the mobihty to the coefficient of diffusion by the method described in 
the chapter on the motion of electrons in gases. This ratio, as we have seen above, 
is equal to O^ejBT. If e is equal to the charge on one univalent ion in a solution 
then we know that [^(e is equal to 96,500 coulombs, so that Townsend’s deter- 
minations of h/K enabled him to prove that the charges on gaseous ions are 
equal to the charge on a univalent ion in solutions. He found for positive 
ions always nearly equal to 96,500 coulombs, and the same was true for nega- 
tive ions when they had small mobilities, showing that they were clusters of 
molecules like the positive ions. The values of the coefficients of diffusion of 
ions found by Townsend by the narrow tube method are as follows for ions 
produced by X-rays: 


Gas. 

Positive Ions. | 

Negative Ions. 

Air 

0-028 

0-043 

Oxygen .. 

0-025 

0-040 

Carbonic acid , . 

0-023 

0-026 

Hydrogen 

0-123 

0-190 


Townsend also measured the coefficient of diffusion of the ions produced in 
air by several different sources of ionization and found the following values: 



Positive Ions. 

Negative Ions. 

X-rays 

0-028 

0-043 

Hadium rays 

0-032 

0-043 

Ultra-violet light . . 

— 

0-043 

Point discharge 

0-024 

0-035 


He found that the coefficients of diffusion were inversely as the gas pressure 
from 200 mm. to 772 mm. of mercury. 

Salles has made measurements of the coefficients of diffusion of ions in several 
gases by Townsend’s tube method, and obtained results agreeing approximately 
with those found by Townsend. 

9. Another Method of Determining the Charge on One Mol of Gaseous 
Ions. 

The charge carried by 1 gm.-molecule or mol of gaseous ions was determined 
by the writer by an entirely different method. Air containing a small amount 
of a solution of an alkali salt in suspension in the form of fine spray was passed 
through a long platinum tube heated in a furnace to a high temperature. The 
salt is volatilized in the tube and is ionized at the high temperature. The charge 
carried by the ions formed was found by measuring the current between the 
platinum tube and a cylindrical electrode placed along the axis of the tube. 
It was found that above about 1300° C. and with a potential difference between 
the electrode and tube of more than 600 volts the current obtained was nearly 
independent of the temperature and potential difference. This saturation current 
was measured for a number of different alkali salts, and was found to be pro- 
portional to the amount of salt passing into the tube in unit time and inversely 
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proportional to the electrochemical equivalent of the salt. The quantity of elec- 
tricity carried by the ions formed from 1 gm. equivalent of any of the salts 
used was found to be approximately 98,000 coulombs, which agrees with the 
value 96,500 found in solutions within the limits of error. The salts used were 
CsCl, CS 2 CO 3 , Rbl, RbaCOg, RbCl, KCl, KI, KBr, KF, K^COs, Nal, NaCl, NaBr, 
Na^COs, Lil, LiCl, LiBr, Li.COg. 

The measurements which have been made on the ratio of the charge to the 
mass of positive rays, which are discussed in the chapter on positive rays, show 
that the positive ions formed in gases at low pressures may have charges which 
are small multiples of the ionic charge e, but in gases at atmospheric pressure 
at any temperature gaseous ions are found to have charges equal to e. Probably 
in electric discharges with very intense fields ions having charges which are 
small multiples of e may be formed even at high pressures. 

The fact that ions formed under such varied conditions in liquid electrolytes 
of any kind, in gases by any source of ionization, at any pressure and at any 
temperature and from any kind of compound or element, always have charges 
which are small but exact multiples of the ionic charge e, shows conclusively that 
electricity has an atomic constitution. That is to say that electricity is com- 
posed of small exactly equal atoms of electricity and that the charge on the 
negative atoms is equal to the charge on the positive atoms. 

10. Recombination of Ions. 

When positive and negative ions are present in a gas they recombine and 
form electrically neutral molecules. The rate of recombination is proportional 
to the number of positive ions and to the number of negative present in 
unit volume. Thus we have 


dn^ 

dt 


dn^ 

dt 




where a is a constant called the coefficient of recombination. If = tu = n, then 


dn 9 


which gives 1. = at, where tiq is the value of n when ^ = 0. We are sup- 

Ti TIq , ■* 

posing here that no ions are removed from the gas except by recombination. 

The coefficient of recombination of ions in gases has been determined by 
Rutherford, Townsend, Langevin, and others by measuring the rate at which 
the ions disappear. The values of a/e found in different gases at atmospheric 
pressure vary between 3000 in hydrogen and 3400 in air, with e in electrostatic 
units. The factor e-i appears because the quantity actually measured is not the 
number of ions n but the charge of g — we which they carry. Thus we have 


so that 


- — — ac. 




Langevin found that a/e is nearly proportional to the pressure of the gas 
between 760 and 150 mm. of mercury. At pressures of several atmospheres in 
air and COg he found a/e to be nearly inversely as the pressure. At very low 
pressures the coefficient of recombination probably becomes very small, but no 
determinations of it have been made at low pressures. 
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A simple theory of recombination has been given by Langevin which is approxi- 
mately correct in gases at high pressures. Consider a sphere of radius r in a gas 
with a positive ion at its centre. If there are negative ions per unit volume, 
the number of negative ions entering the sphere per unit time owing to the 


electric field of the positive ion will be + k^) since a positive and a 

negative ion move towards each other with the relative velocity {k-^ + k^ and 


when r is small there will very seldom be more than one negative ion at the 
.surface of the sphere. If there are positive ions present in unit volume the 
total number of negative ions moving up to positive ions per unit volume in 
unit time will therefore be 47re%?i2(^i + ^ 2 )* so that if we suppose that re- 
combination occurs in every case we get 


a — 4Ti:e(^i + ko). 


At high pressure this formula gives values of a/e in agreement with those observed. 
Por example, in carbonic acid Langevin found that at three atmospheres pressure 


a 

47re(A;i+ ^ 2 ) 


== 0*97. 


At pressures below one atmosphere a is much smaller than 47te(^i -f k^. This 
is due to the fact that an ion may move up to another one and move round it 
and then diffuse away without recombining. Unless the ion loses kinetic energy 
by collisions when close to the other ion it is unlikely to recombine. The electric 
field e/r^ of an ion is too weak, except at very small distances, to appreciably 
affect the diffusion of another ion. 


11. Formation of Clouds on Ions. 

Clouds consisting of minute drops of water are formed in gases by 
the condensation of supersaturated water vapour on dust particles or 
other nuclei. In the absence of such nuclei no cloud is formed unless 
the degree of supersaturation is very high. C. T. R. Wilson discovered 
that the ions formed in gases by X-rays or other sources of ionization 
can act as nuclei for the condensation of supersaturated water vapour. 
The apparatus used by C. T. R. Wilson is showm in fig. 4. BB is a 
glass tube about 20 cm. long and 4 cm. in diameter which is closed at 
its lower end by a rubber stopper R. Another glass tube CC with its 
upper end closed slides freely up and down inside BB. A tube DD 
passing through the stopper connects the inside of CC through a valve 
S, opened by pulling T, to a large bottle E, which is kept exhausted by 
means of a tube P leading to a pump. The tube BB is about half 
filled with water as shown. 

The upper end of BB is connected to a mercury manometer F 
through a stopcock, and air can be withdrawn or admitted through 
a tube G packed with glass wool to remove dust particles. A bulb A 
is connected to the top of BB by means of a wide tube. If the valve 
S is shut and the stopcock Q opened, the sliding tube CC, which acts 
as a piston, may be raised to any desired point by removing some air 
through G. If Q is then shut and S opened a vacuum is produced under 
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the piston, wKich very suddenly moves down until it strikes the rubber 
stopper. In this way the air in A is made to expand very rapidly. 
The change of pressure due to the sudden expansion can be measured 
with the manometer F. The expansion produces supersaturation of 
the water vapour in A, and if any dust particles are present a cloud is 
formed which falls slowly and finally settles on the glass walls, so 
removing the dust particles from the gas. 

By repeating this process two or three times all dust can be got rid 
of. In dust-free air no cloud is formed when the expansion ratio 

is less than 1-25. With 
ratios between 1*25 and 
1*38 a small number of 
drops, about 100 per cubic 
centimetre, appear, and 
with expansion ratios 
above 1*38 a very dense 
cloud is formed which is 
evidently due to conden- 
sation on the molecules. 

If X-rays are passed 
through the bulb A then 
a cloud is formed with 
expansion ratios between 
1*25 and^ 1*38. This 
efiect persists for a short 
time after the rays are 
cut off. If an electrode is 
sealed into A, it is found 
that charging it to a few 
hundred volts stops the 
formation of any cloud 
after the rays are cut off. 
This shows that the cloud produced by the rays is due to conden- 
sation on the ions formed by the rays. C. T. E. Wilson found that 
the clouds are formed more easily on negative than on positive ions. 
An expansion of 1*25 gives a cloud with negative ions, but 1-34 is 
required with positive ions. 

12. Photographs of Tracks of a- and p-rays. 

C. T. E. Wilson found that it is possible to make visible and to 
photograph the tracks of individual a-rays and /S-rays through gases by 
forming a cloud on the ions produced by the rays. For this purpose 
a special form of the expansion apparatus is used. The expansion 
chamber is a tube about 15 cm. in diameter closed at the top with a 
glass plate. The top of the piston is also a flat plate, painted black 
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and nearly as large as the top of the expansion chamber. The distance 

ahlnr? expansion chamber and the top of the piston is 

about 3 cm., and is suddenly increased when the piston is connected 
to the vacuum bottle as with the first apparatus. A rather large 
potential difference is mamtamed between the top and bottom of the 
expansion chamber to remove ions formed immediately. If a verv 
minute particle of radium is supported on a rod inside the expansion 
chamber, then when the sudden expansion occurs the tracks of the 
a-rays appear as long narrow lines of cloud. To see them clearly it is 
necessary to illuminate the chamber strongly. The tracks of the 
a-rays are usually straight lines, but occasionaUy a track appears in 
which there is a sudden change of direction at one point which is usuaUy 
near the end of the track These tracks must be photographed im- 

been formed. They very quickly dLppear. 
Two photographs are reproduced here of a-ray tracks through 
nitrogen, showing collision between an a-ray and a nitrogen atom 
(See fig. _5, Plate facmg p. 131.) e citum. 

Harkins and also Chadwick have taken photographs of enormous 
numbers of a-ray tracks. Chadwick obtained several photographs 
showing collisions between an a-ray and a nitrogen atom in which a 
hydrogen atom was knocked out of the nitrogen atom. The hydrogen 
atoms gave straight tracks, much narrower than the a-ray tracks and 
easily distinguishable from them. In such collisions the a-ray ap- 
parently remains inside the nitrogen atom and the nitrogen atom 
acquires sufficient velocity to produce a short track. The track of the 
a-ray therefore branches at the collision into a long straight very narrow 
track and a short thick track. Collisions are frequently observed in 
which an a-ray track branches into two similar short tracks. This is 
supposed to be due to the a-ray colliding with an atom and rebounding 
from it,_so that the a-ray and the atom both produce a short track after 
the collision. By measuring the lengths of the branches the velocities 
of the colliding particles can be estimated, and it is found that in these 
collisions energy and momentum are conserved as for perfectly elastic 
bodies. When a narrow beam of X-rays is examined by this method 
two distinct types of track arc observed. The electrons shot out of 
the atoms give tracks about 1 cm. or so long which are not straight 
but continually change in direction, especially towards the end of the 
track. These tracks start out sideways from the X-ray beam and 
more often with a forward velocity component than not. Besides 
these rather long tracks very short tracks are also observed which are 
believed to be due to the scattering of an X-ray quantum by an electron. 
The electron then gets only a small amount of energy and so only gives 
a short track. A short track is frequently associated with a long track 
which starts otitside the X-ray beam and is supposed to be produced 
by the scattered quantum. 


16 
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Thus C. T. E. Wilson’s method enables effects due to single atoms 
and electrons to be observed and photographed, and has already led to 
most interesting and important results. 

Direct Determination of the Ionic Charge 

13. Up to about 1897 the value of the ionic charge e could only be 
obtained from the number of molecules in gases, as deduced from the 
viscosity and other properties of gases by the results of the kinetic 
theory. The product where 5y^is the number of molecules in 1 
gm. -molecule or mol of any gas, was known accurately from the measure- 
ments of the electrochemical equivalent of silver, but the possible error 
in the value of ^^(^deduced from the kinetic theory of gases was 50 per 
cent or more. About that date there was nevertheless convincing 
evidence available proving the atomic nature of electricity. The facts 
of electrolysis alone showed that the average ionic charge in liquid 
electrolytes is always a small integral multiple of a definite unit of 
charge, and the fact that the rays in a beam of cathode rays are all 
deflected to the same extent by a magnetic field showed that the rays all 
have the same value of e/m and are not a mixture of different sorts of 
particles having constant properties only on the average. About that 
time it was shown by J. J. Thomson and others that electrons obtained 
from many different sources have identical properties, and it was clear 
that these electrons are constituents of the chemical atoms, which were 
therefore not indivisible particles. These conclusions were supported 
by an immense amount of new evidence during the next ten years, and 
the theory of the atomic nature of electricity was established beyond 
reasonable doubt before Millikan succeeded in measuring very small 
electric charges with sufficient accuracy to show that they were always 
exact multiples of an atomic unit. This result came therefore as a 
final confirmation of a well established theory, but was and is neverthe- 
less of the highest interest and importance. 

14. Townsend’s Method. 

The first experiments which could be regarded as a direct deter- 
mination of the ionic charge were made by Townsend in 1897. The 
results he obtained were not very exact, but the method he devised 
contained several of the essential features of the methods used in 
subsequent investigations. Townsend showed that it was possible 
to make a direct determination of the ionic charge, and started the 
attack on the problem. 

Townsend found that the gases evolved in the electrolysis of dilute 
sulphuric acid by rather large currents form dense clouds when bubbled 
through water. These clouds consist of minute drops of water con- 
taining a trace of some hygroscopic substance, probably H2SO4, and 
they are electrically charged. He measured the charge carried by 
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the cloud and the amount of water in it, and found the mass of the 
droplets by measuring the rate at which they fell through the gas. 
In this way he got the total number of drops in the cloud and the total 
charge on them. Dividing the charge by the number of drops he got 
the average charge per drop, which was about 3 x 10“^“ electrostatic 
rmits. Later he found that all the drops were not charged with elec- 
tricity of the same sign, and allowing for this got for the average charge 
per drop 6 X 10“^" e.s.u. Townsend supposed that the drops were 
formed on gaseous ions, and so regarded the result obtained as a deter- 
mination of the ionic charge. The drops in Townsend’s clouds all fell 
at nearly the same rate, since the upper surface of the cloud remained 
distinct as it fell. This showed that the majority of the drops were of 
equal size, and so justified to some extent the assumption that they all 
carried equal charges. 

The size of the drops was obtained from the rate of fall by means 
of the theory, due to Stokes, of the motion of a sphere through a viscous 
fluid. According to Stokes’s theory the resistance to the motion of a 
sphere of radius a through a medium of viscosity p., with small imiform 
velocity v, is equal to It is assumed in deducing this expression 

that there is no slipping at the surface of the sphere and that avp'jn 
is a small fraction, p' being the density of the medium. For a sphere 
of water falling through air, a must be small compared with 0-006 cm. 
The weight of a sphere of density p is ^-n-a^pg, so that for a falling 


sphere we have 


i^ra^gip — p') — Q-irpm, 


when the velocity v has attained a constant value. Hence 

2 p — p' , 

"=9 p 


whicli is the expression used by Townsend to get the radius a and so 
the mass m ~ fi^ra^p of his droplets. 

The weak points in Townsend’s determination of e are the assump- 
tion that all the drops carry equal charges and that these equal charges 
are equal to the ionic charge. It was not clear that only one ion went 
into each drop— in fact the way in which the charges got into the drops 
was not known. 


15. Method of J. J. Thomson. 

Soon after Townsend’s experiments appeared, J. J. Thomson carried 
out a determination of e by a method which was based on essentially 
the same principles, but in which the droplets were formed by condensing 
water vapour on the ions formed in air by X-rays or radium rays. 

It had been shown by C. T. R. Wilson that such ions act as nuclei 
for the condensation of [^water vapour, so that in J. J. Thomson’s 
experiments it was clear that the charge measured was the ionic charge. 
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This celebrated investigation has therefore sometimes been regarded 
as the first direct determination of the ionic charge. J. J. Thomson 
obtained the cloud on the ions by means of C. T. R. Wilson’s expansion 
apparatus described above, and got the mass of the drops from their 
rate of fall. He found the charge in the gas by measuring its electrical 
conductivity due to a small electric field. The conductivity is equal 
to ne(kj^ + ^ 2)5 wb^re is the number of positive or negative ions per 
cubic centimetre, and \ and are the mobilities of the ions. The 
mobilities in air were known and so ne could be calculated. The total 
mass of water in the cloud was calculated from the expansion ratio, 
assuming the expansion to be adiabatic. In this way J. J. Thomson 
showed that e was nearly the same for ions produced by X-rays, radium 
rays, and ultra-violet light. The final result he got for e was 3*4 X 
electrostatic units. 

The weak points in these experiments are the assumptions that all 
the drops contain only one ion and that the total mass of water in the 
cloud is equal to that due to an adiabatic expansion. As a matter of 
fact the clouds soon evaporate as the air warms up, so that the mass of 
the drops is not constant. 

16, Another Method of Determining the Ionic Charge. 

A method of finding the charge on the drops which makes it un- 
necessary to determine the total mass of the cloud and the total number 
of drops was proposed by the writer in 1903. The velocity of a spliere 
moving through a viscous liquid is proportional to the force driving 
it, so that in a vertical electric field F which exerts a force on the drops 
equal to Fe the velocity of the drops will be changed. If is the rate 
of fall with jF = 0, and the rate of fall in the field, then 

mg 

'^2 mg-\~Fe 

where m is the mass of the drop, and the force Fe is reckoned positive 
when its direction is downwards. This gives 

— 

The mass m can be got from v-^ as in Townsend’s and J. J. Thomson’s 
experiments, so that e can be calculated from Vi and V 2 . 

The apparatus used consisted of a C. T. R. Wilson expansion 
chamber contaming two horizontal parallel electrodes between which 
a vertical electric held could be maintained by means of a battery giving 
up to 2000 volts. The electrodes were 3-5 cm. in diameter and about 
5 mm. apart. The space between them was illuminated by a narrow' 
parallel beam, and the cloud was observed on the axis of the electrodes 
where the field was practically uniform. The moist air in the expansion 
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chamber was ionized by X-rays, which were usually cut ofi just before 
an expansion. 

It was found that the clouds formed with no electric field consisted 
of drops which very nearly all fell at practically the same rate. The 
individual drops could be seen unless the cloud was very dense, and it 
was easy to see if there were any drops falling at difierent rates. This 
was not the case in the cloud near the axis where it was observed. 

It was also found that the clouds formed in successive expansions 
under the same conditions all fell at practically the same rate, so that 
the plan adopted was to measure the time for the top of a cloud to fall 
from the upper electrode to the lower one, first without any field and 
then wdth a field. This gave better results than were obtained by 
measuring the rate of fall for part of the distance without any field 
and for the rest of the distance with a field applied. Owing to the 
evaporation of the drops the rate of fall is not uniform, so that it was 
better to measure the average rate over the whole distance without 
any field and then with a field. The fact that the clouds formed in 
successive expansions all fell at the same rate justified this procedure, 
which was adopted because it gave the best results and not because 
the method of measuring % and ^2 on the same cloud was not tried. 

It was found that in an electric field all the drops did not fall at the 
same rate. Several sets of drops could be seen and all the drops in 
each set fell at the same rate. Three such sets could usually be detected, 
and it was found that the charges on the drops in them were nearly 
in the ratio 1:2:3. This result showed clearly that the charges on 
the drops were multiples of an atomic unit, as they should be according 
to the atomic theory of electricity. 

If the X-rays were kept on during and after the expansion a few 
droplets were obtained carrying comparatively large charges. Some 
of these drops could be made to rise with a potential difference of only 
a few hundred volts. The charges on these drops were found to be 
rather large multiples of the ionic charge and they were not used to 
determine c, because owing to evaporation it did not seem to be possible 
to determine their charges with sufficient accuracy to establish the 
value of the integer expressing the charge in terms of e. It was only 
possible to be sure of the correct value of the integer when it was not 
greater than two or three. Owing principally to the evaporation of 
the drops it was not possible to obtain accurate results. The results 
obtained varied from 2 X 10”^® to 4*4 X electrostatic units. 

The mean result was 3*1 X 10”^^. 

17. Millikan’s Method. 

The problem of making an accurate direct determination of the 
ionic charge was finally solved by Millikan about 1908. His method 
was in principle the same as that used by the writer, but he eliminated 
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the error due to evaporation by using small drops of oil or mercury, 
which do not evaporate, and by using a strong electric field and drops 
carrying several ionic charges he was able to make the drops move up 
or down and so keep a single drop under observation for a long time 
and make a series of measurements with it. Millikan made a long 
series of measurements, taking all possible precautions to eliminate 
errors, and his final result is believed to be correct to one part in one 
thousand. 

Millikan’s final form of apparatus is shown diagrammatically in 
fig, 6. AA and BB are two circular metal plates with optically worked 
plane surfaces. These plates are separated by three glass blocks cut 
from a piece of plane parallel optically worked glass. The distance 

between the plates is 14*9174 
mm. At the centre of the 
upper plate there is a very 
small hole as shown. The 
tube T leads to a sprayer S 
by means of w’-hich oil or 
mercury spray can be pro- 
duced and blown into the 
space above the plates. The 
plates are supported inside a 
metal box CC immersed in an 
oil tank DD. Glass windows 
WW enable a beam of light 
to be passed between the 
plates so as to illuminate the 
drops at the centre of the plates. The drops were observed through 
a telescope in a direction slightly inclined to the beam of light. X-rays 
could also be passed between the plates when desired. The plates 
could be connected to a battery giving up to 10,000 volts. 

On working the sprayer for a few seconds a large number of drops 
is formed above the plates, and a few of these fall through the small 
hole into the space between the plates. The drops are charged, and 
usually a few have such masses and charges that they remain suspended 
m the electric field or move very slowly up or down. A drop which 
moves slowly up may be selected, and its small upward velocity is 
deterrmned by measuring with a chronograph the time the image of 
the <^op seen in the telescope takes to go from one cross hair in the 
eyepiece to anotlier. The images of the drops are seen as minute 
pomts of light like stars, and the instant at which they pass a cross 
han can be very accurately timed. The electric field is then cut of 
and the velocity with which the drop falls is determined. The field 
IS then put on and the upward velocity again found. In this way a 
smgle drop can be kept under observation for several hours and a 
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great many observations made on it. The charge on the drop can be 
varied when desired by passing X-rays between the plates. The air 
is ionized by the rays and an ion usually gets on to the drop very soon. 
The change in the charge on the drop when an ion gets on it is im- 
mediately made evident by the change in the velocity of the drop in 
the electric field. 

For a particular drop the charge on it is proportional to 
the difference between its velocity in the field and that due to ^avity 
alone. When is an upward velocity the charge is proportional to 
the sum of the numerical values of the two velocities. The following 
table gives a set of numbers equal to V 2 — multiplied by a constant 
(A) which were obtained by Millikan in a series of observations on one 
oil drop. The charge on this drop was changed from time to time and 
its velocities were found. 


A (ra - t’l). 
19-66 H- 
24-60 
29-62 -r 
34-47 -h 
39-38 
44-42 -r 


4=4-915 

5 = 4-920 

6 = 4-937 

7 = 4-924 

8 = 4-922 

9 = 4-935 


49-47 -r 10 = 4-947 


A(V2 - ^^l). 

53-91 11 = 4-901 

59-12^ 12 = 4-927 
63-68 -f- 13 = 4-898 
68-65 14= 4-904 
78-34 -M6 = 4-896 
83-22 -- 17 = 4-895 


All the numbers found for A(v 2 — Vj) when divided by an integer 
give nearly equal numbers. This shows that the charges on the drop 
were always exact multiples of a definite unit, which was the ionic 
charge, because the charge was varied by adding positive or negative 
ions one at a time. These results show that all the ions carry the same 
charge either positive or negative, so that the ionic charge is not an 
average value for a quantity which varies, but a definite atomic 
unit. 

The absolute value of e was found from a very large number of 
measurements on many different drops. The viscosity of dry air 
was very carefully redetermined, and also of course the exact density 
of the oil used. 

It was found that Stokes’s law for a falling drop, 

is not exactly true for very small drops, and the deviation was accu- 
rately determined and allowed for. The final result obtained was 

e — 4-774 X 10”^® electrostatic units. 

The ionic charge has been determined by several other methods in 
recent years. Rutherford and Geiger determined the charge 2e on 
a-rays and got e=4-65 X 10"^° and Eegener by the same method 
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got 4*79 X 10 This method is described in the chapter on Cathode 
Eays, ^-rays, and a-rays. 


18. Perrin’s Investigations. Brownian Movements and Diffusion. 

Perrin has made a very interesting series of investigations on the 
Brownian movements of small particles suspended in liquids, from which 
he has deduced the number of molecules in unit volume of any gas and 
hence the value of the ionic charge. Very small particles suspended in 
a liquid continually move about in an irregular manner visible in a high- 
power microscope. This motion is believed to be due to collisions 
between the particles and the molecules of the liquid. The particle 
may be regarded as a big molecule, and its average kinetic energy 
should be equal to the average kinetic energy of a gas molecule at the 
same temperature. 

An emulsion containing n equal particles per unit volume suspended 
in a liquid may be compared with a gas containing n molecules in unit 
volume. The particles may be regarded as exerting a pressure equal 
to where m is the mass of a particle, and is the average 

value of the square of the velocities of the particles. If we consider 
a horizontal layer of thickness dx in the emulsion, the downward force 
of gravity on the ndx particles in unit area of the layer must be balanced 
by the upward force arising from the variation of the gas pressure jo 
due to the motion of the particles. If p' is the density of the liquid 
and p that of the particles, we have therefore 

p ox 


Putting p = \mnV^, we get 
1 dn 
n dx 


- ^-pW 


Integrating this, and putting w = at a: = 0, we find 


log^=3/ 


n 


pV^ 


-X, 


Perrin prepared an emulsion of equal gamboge particles and placed a 
small quantity of it in a shallow glass cell. The particles in it were 
observed with a vertical microscope focused on a horizontal plane in 
the emulsion. The number of particles visible in the focal plane was 
counted, and by moving the microscope up and down through known 
distances the variation of this number with the level of the focal plane 

was determiued. This gave - log and so could be calculated by 

X yh '* 

rueans of the above equation. The densities p and p' and the size of 

the particles were also determined, so that the mass m and hence mF^ 
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for the particles could be calculated. Now is equal to Zpjn where 
f is the pressure of any gas containing n molecules in unit volume. 
Thus Perrin was able to calculate the number of molecules in unit 
volume of any gas at 760 mm. pressure and at the temperature of his 
experiments. From this the number O^oi molecules in a gramme- 
molecule or mol immediately follows, and since = 9650 the ionic 
charge e can be deduced. In this way Perrin got e=4*2 X 10""^° 
electrostatic units. 

Perrin also observed the diffusion of the particles through the liquid. 
If n is the number of particles in unit volume and K the coeJB&cient of 
diffusion we have 

rjr cn 

— K 7 ^= un, 
ox 

where u is the velocity of diffusion in the x direction. If v and w are the 
velocity components due to diffusion in the y and z directions we have 
also 

— K 7 ^ = m%, 
dy ■ 

T-jrdn 

— K - 7 ^— wn, 

€Z 


But 
so that 



V 4- -I- 


Now consider a large number N of particles distributed in any manner 
over a certain region in a liquid, and let them all be very far from the 
boundary of the liquid. The particles will diffuse about so that the 
region they occupy will gradually get larger. Consider the mean value 
of the square of the distance i? of a particle from any fixed point, and 
take this point as the origin, so that R^= -h The mean 

value of is given by 




/ + 2/^ + z^)ndxdydz 

^ndxdydz 


v/here the integration is extended over all the space where n is not zero. 
Differentiating with respect to the time t we get 


N'^-^ = l (x^+y^ + z^)^^-dxdydz, 


rd^ 

dt 


since 


N = jndxdydz. 
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Putting Z (g + p + 5) for f , we obtain 


N 


■dx‘ 

dt 


= Kj{x^ + 2/2 + 22 ) ^ + 1 ^) 


ay2 


K 




dy/ 


The second integral may be transformed into a surface integral by 
Green’s theorem, and, since it is to be taken over a volume so large tha-t 
n is zero near the surface enclosing the volume, this integral is zero- 


integrating ^7 paints gives 


— 2j^xdx= -~2^xdn. 


since ^x^ — J is zero at both limits. 

Again — 2j xdn = — 2 [nx] + 2j ndx = 2j ndx, 
since \nx'\ is zero at the limits. 

In the same way J?/^ ^ = 2 ^ ndy, 

Jz^^^dz— 2jndz. 

Hence eJ ^a:2 |^ + 2/2 dxdydz = 6E Jndxdydz, 

SO that we get 


dt 


- 6K, 


Since x^ ~h 2/“ + z^^ we see that the mean square of the distances 
of the particles from a straight line will increase with the time at tlic 
rate iK, and the mean square of the distances from a plane at the rate 
2K The equation defining the coefficient of difiusion I{, 


TZ 

— K^=znUi 

dx 


gives, since the gas pressure due to the particles is proportional to n, 
— = ImnuV-, 
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But — dpidx may be regarded as the force on the 7i particles in unit 
volume which causes them to move with the velocity u, so that if s 
denotes the average velocity with which the particles fall through the 

liquid under the force of gravity m- — — g, we have 



u s 


^ mnV^ 
3^^ 


y^^ SKg{p — p') 
sp 


This equation enables to be calculated from K and s. Perrin deter- 
mined K by observing the positions of a nijmber of the particles at 
known times and so getting the rate at which the mean square of their 
distances from a vertical plane increased with the time. This rate, 
as we have just seen, is equal to 2K, He also found s by allowing a 
group of the particles to fall through the liquid for a known time. In 
this way he got an independent estimate of and so of the ionic charge. 
This estimate agreed with his previous result got from the distribution 
of the particles with respect to height in the liquid. 

Perrin’s results provide an interesting confirmation of the atomic 
theory of matter and of electricity. His value of e is generally regarded 
as less reliable than that obtained by Millikan. 

The value of the ionic charge was deduced by Planck from his 
theory of heat radiation. This is discussed in the chapter on the 
Quantum Theory. 
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CHAPTER XIV 

The Motion of Electrons in Gases 

1. Townsend’s Apparatus. 

'\^Tien ions are produced in gases, hy X-rays or in other ways, at 
atmospheric pressure, it is found that they consist of clusters of several 
molecules carrying the electronic charge 6. At lower pressures in many 
cases the positive ions are clusters of molecules, but the negative ions 
are merely free electrons. The motion of these electrons in gases has 

^ been studied extensively by J. S. 
Townsend, of Oxford, and others, 
and this chapter is devoted mainly 
B to a discussion of Townsend’s ex- 

D periments. 

G H K p The apparatus used by Town- 

D send is shown diagrammatically 
in fig. 1. A and B are two 
parallel circular metal plates about 
4 cm. apart. At the centre of 
B there is a slit S which is 2 mm. 
wide and 1*5 cm. long. C, D, 
E, and F are metal rings cut 
out of thin sheets. These rings 
Eig. 1 are equally spaced about 1 cm. 

s-part. In the plane of the ring 
F there is a circular disc GHK which nearly fills the hole in the 
ring. This disc is divided into three parts by two straight parallel 
cuts ^equally distant from the centre. The disc is shown in plan at 
G H K'. The different parts of the apparatus are supported inside a 
metal case not shown in the figure. The case can be evacuated and 
filled with gas at any desired pressure. By allowing ultra-violet light 
to fall on the under side of the plate A electrons can be set free at its 
surface. The plate B is kept at a higher potential than A so that the 
electrons emitted by A move through the gas towards B. Some of 
them pass through the slit S into the space between B and GHK. 
The disc GHK and the ring F are kept at a higher potential than the 
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plate B, so that the electrons which pass through the slit continue to 
move down and finally reach the disc. The rings C, D, E are used to 
make the electric field between S and H more nearly uniform. They 
are kept at potentials such that the potential differences between them 
and B are proportional to their distances from the plate B . The different 
potential differences are maintained by suitable batteries, and the disc 
GHK and ring F are kept at zero potential. The electric field above 
B is always made equal to that below, so that the electrons acquire a 
uniform velocity above B and continue to move with the same velocity 
below B. The length of the slit S is parallel to the sides of the strip H. 
The strip H is 4-5 mm. wide and 7 cm. long, with gaps on each side of 
it 0*5 mm. wide. The distance between the plate B and the disc 
GHK is 4 cm. As the electrons move down from the slit towards H 
they diffuse out sideways so that some of them fall on H and some on 
G and K. The three parts of the disc can be insulated and can be 
connected to a quadrant electrometer and induction balance by means 
of which the negative charges which they receive can be measured. 
Let ^ 1 , ^ 2 , and be the charges received by G, H, and K respectively. 
The sideways diffusion of the electrons then depends on the ratio 

This ratio was determined for a number of gas 

% + ^2 + ^3 

pressures 'p, and values of the electric field strength Z along the path 
of the electrons. 


2. Mathematical Theory of Townsend’s Experiment. 

Let us now consider the theory of this experiment. If K is the coefficient of 
diffusion of the electrons in the gas, then, using rectangular axes x, y, and z, 

we have — K ~ — nvx, where n is the number of electrons per unit volume, and 
dx 

Vx their average velocity component along x. 

Also — jS; ^ = nvy, 

dy 


— z ~ = nvz. 
cz 


The partial pressure P of the electrons is proportional to so that 

OX 


with similar equations in y and z. For a steady state, in which ^ everywhere, 

we have div (7^v) == 0 , or div (Pv) = 0 , since nv is the number of electrons flow- 
ing through unit area in unit time, and no new electrons are generated in the gas. 
dP Pv 

The equation — — = - - - may be said to give the velocity of the electrons 
dz K. 
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dP 

due to a force — ^ on those in unit volume. If there is present an electric 
8z 

Z along the z axis, this gives an additional force neZ on the electrons, so 

neZ-^S=^. 


dz 


K 


In Townsend’s apparatus take the origin at the centre of the slit and the s- 
vertically downwards along the path of the electrons. Also take y along 
slit, and x perpendicular to the slit in the plane of the plate B. 

The equations of motion of the electrons are then: 


dx K ’ 


Sy K ’ 


neZ-~ 


BP 

dz 


K ’ 


Differentiating these with 
we get 


respect to ?/, s respectively, and using div (Pv) = 
d^P , d^P . e^p „ dn 

w + rz- 


The distribution of the electrons between the three parts of the disc is d< 
mined almost entirely by the diffusion along the x axis, so that for an appi 

mate solution we may use ~ = This would be exactly correct if the 

were infinitely long. For a gas at temperature T we have P — nhT, whe 
is the gas constant for one molecule. It is found that the average kinetic en< 
of the electrons exceeds that of gas molecules, so that the temperature of 
electrons is greater than the temperature of the gas through which they 
moving. For the electrons, then, let P = where T is the tempera 

of the gas and j3T that of the electrons. This gives 


d^n Ze dn 

d7 


The factor ejkT is the same as Ne/NkT, where N is the number of molecule 
one gramme-molecule of any gas. We have 

Ne = 9650 electromagnetic units, 

Nk = 8*315 X 10^ 


so that, with T = 273 + 15, which was about the temperature in all Townse 
■work, we get 


?!^=40.3? 
dx^ [i dz ' 


w^here Z is now expressed in volts per centimetre. A solution of this equatic 

n — Az-V'^ Q-ax^jz^ 


where A and a are constants. This makes w = 0 at 2 = 0, except where cc • 
and so approximately satisfies the conditions in Townsend’s apparatus; fo: 
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2 : — 0, n is zero, except on the slit where x is nearly zero. On substitutina: 
we find (X = 10T-^/(3. The ratio J? is therefore given by 


B. 


/: 


+ &/2 




-&/2 


00 

J — 00 


= ~ f 
Vtt i 0 


0-2 


z-y'^dy, 


since the breadth 6 of the strip H, plus half the total width of the gaps on each 
side of it, is 0-55 cm., and z = 4 cm. at the disc. Townsend obtained a similar 
but more accurate solution of the problem, and so was able to find p from the 
experimentally found values of B, The above expression for B agrees nearly with 
Townsend’s values. 

It is found in this way that p is a function oi Zjp in any given gas. That 
IS, if the pressure p is changed and Z, the electric field strength, is also changed 
;so as to keep Zjp the same, then p remains unaltered. 

The following table gives some of the values of p (= temperature of elec- 
trons/temperature of gas— see above) found in nitrogen gas at 15° C. 


Ztv 


/3 

60 


126-0 

40 


89-0 

20 


59-5 

10 


48-5 

5 

.... 

41-3 

2 


30-5 

1 


21-5 

0*5 

.... 

13-0 

0*25 


7-5 


Z is in volts per centimetre and p in millimetres of mercury. 

Thus, for example, in an electric field of 20 volts per centimetre in nitroo^en 
at 1 mm. pressure Zjp = 20, and so p = 59-5. That is, the kinetic energy of 
an electron is 59-5 times that of a gas molecule at 15° C. With Z = 100 volts 
per centimetre and ^ = 5 mm., p is still 59-5. 

3. Average Velocity and Kinetic Energy of the Electrons. 

The average velocity of the electrons in the direction of the electric 
field Z was found with the same apparatus by deflecting the stream of 
electrons by means of a magnetic field. A uniform magnetic field of 
strength II was produced by means of suitable coils of wire through 
which a current could be passed. This field w^as perpendicular to the 
electric field Z, and parallel to the length of the slit. The stream of 
electrons was deflected sideways by the magnetic field, and the strength 
of the field was adjusted until one-half of the electrons was received 
by the electrode G and the other half by the electrodes H and K con- 
nected together. The centre of the stream was then deflected through 
2*75 mm. at the plane GHK. By reversing the field the electrons could 
be deflected in the opposite direction so that half fell on K and half on 
G and H together. If the average velocity of the electrons along the 
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direction of the field Z is W, then the force on n electrons due to the 
magnetic field H is nHeW and the force due to the electric field is neZ. 
Consequently, if a is the deflection .of the electrons while they move 

along the electric field a distance 6, we have f Townsend’s 

apparatus, a was 2-75 mm. when b was 40 mm., so that 

Tf= 5 X 0-06875. 


In this way W was found for different values of Z and p. 

The average kinetic energy of the electrons is ^ times that of a 
gas molecule at the same temperature. The average energy of a gas 
molecule is where h is the gas constant for one molecule, and T i& 
the absolute temperature. If m is the mass of one electron, and 
the average of the squares of the velocities of the electrons, then 

sotliat 72 

m 


As the electrons move through the gas they acquire energy by the 
action of the electric field and lose it to the gas molecules by collisions. 
The velocity F with which the electrons move about is continually 
changed in direction by collisions, and it is much greater than IF, the 
average velocity of drift along the electric field. F is usually called the 
velocity of agitation. It is easy to calculate Tf approximately. The 
rate at which n electrons receive momentum in the z direction owing to 
the electric field is neZ. The momentum of these electrons in the z 
direction when a steady state has been reached is nmW, When an 
electron collides with a gas molecule, we shall assume that after the 
collision it is as likely to be moving in one direction as another. Con- 
sequently the momentum of n electrons immediately after collisions 
is zero. On the average, then, an electron loses momentum mW per 
collision. The number of collisions made by n electrons in unit time is 
approximately nF/A, where A is the mean free path. Hence the 

momentum lost by n electrons in unit time is ^ X mTF, so that in a 
steady state we have ^ 


neZ 


nmVW 


and therefore 


N mVW 


Townsend’s experiments give F and F, so that A can be calculated. 
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The energy received by n electrons in unit time from the electric field 
is neZW ^ so that the average energy lost at a collision is 


neZW 

nV/X 


Di- 


viding this by we get the average fraction of the energy of the 

electron lost per collision. This is 

2neZWX 2W^ . ZeX ,,, 

nVmV^ - 72 ’ 

and so can be calculated. 


The tables below give some of the results obtained in several gases, the 
symbols having the following meanings: Z = electric field; p = gas pressure; 
p == ratio of average energy of electron and gas molecule; W = average velocity 
of drift of electrons along electric field; V ~ their velocity of agitation (see above); 
/= ratio 2W^ : V^. ZJp is in volts per centimetre per millimetre pressure, 
W and V are in centimetres ner second, and X is the mean free path in centi- 
metres at 1 mm. pressure. 


XIp. 

/3. 

W. 

r. 

A. 

/- 



Nitrogen. 



60-0 

126 

193 X 105 

129 X 10“ 

0-0289 

0-065 

20-0 

60 

86 „ 

89 „ 

0*0266 

0*0234 

5-0 

41 

27 „ 

74 „ 

0-0277 

0*0033 

1*0 

22 

9 „ 

54 „ 

0*032 

0*0007 

0-25 

8 

6 „ 

32 ,, 

0*045 

0-0007 



Hydrogen. 



50-0 

148 

217 X 105 . 

140 X 106 

0*042 

0*059 

20-0 

78 

70 „ 

102 „ 

0*025 

0-0117 

5-0 

26 

26 „ 

59 „ 

0*021 

0-0046 

I'O 

9 

12 „ 

35 ,, 

0*029 

0*0029 

0-25 

3 

7 „ 

.20 „ 

, 0*036 

0*0026 



Argon. 



15-0 

I 324 

82 X 105 

207 X 10® 

0*079 

0*000386 

5-0 

310 

40 „ 

202 „ 

0*113 

0*000097 

0-95 

280 

(3 „ 

193 „ 

0*085 

0*000024 

0*195 

120 

3 „ 

126 „ 

, 0*147 

0*000016 



Helium. 



5*0 

172 

30 X 105 

151 X 10® 

0*064 

0*00098 

1*0 

53 

8-3 „ 

84 „ 

0*049 

0*00024 

0*1 

6*2 

3 „ 

29 „ 

0*06 

0*00026 

0*013 

1*77 

M „ 

15 „ 

0*091 

0*00013 


I 


Hie velocity of drift W is not proportional to Zjp; it increases rather more 
rapidly than '^Zjp in most cases. This is due mainly to the increase in the velocity 

(D814) 
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of agitation. In the inactive gases, argon and helium, the energy lost at collisions 
is very small, showing that the collisions are almost perfectly elastic; even in 
nitrogen the loss is only about one part in one thousand when Zjp is small. 

The mean free path varies with Zfp, and seems to pass through a minimum 
value as Zjp increases. The mean free path in argon is surprisingly large when 
Zjp is small. 

4. Ionization by Collisions. 

When a stream of electrons is passing through a gas in an electric 
field, and the kinetic energy of the electrons is great enough, some of 
the collisions between electrons and molecules cause an electron to 
escape from the molecule. A molecule is said to be ionized by siicli 
a collision, since a molecule which has lost an electron forms a positive 
ion. The ionization of gases by a stream of rapidly moving electrons 
was observed by Lenard, who passed Lenard rays, which are rapidly 
moving electrons, through different gases. The ionization of gases 
by collisions has been investigated by Townsend, and his results 
will be discussed here. Other important investigations on ionization 
by collisions are described in the chapter on ionization and radiation 
potentials. In Townsend’s experiments electrons were set free at the 
surface of a metal plate by means of ultra-violet light. A uniform 
electric field was maintained between this plate and another paralltd 
plate, which was charged positively, so that the electrons moved across 
from the first plate to the second. The charge received by the second 
plate was measured, and of course is proportional to the number of 
electrons which arrive at it. The space between the two plates was 
filled with a gas at pressure and the distance between the two plat.ivs 
was varied, keeping the electric field strength between them constant 
by making the potential difference proportional to the distance between 
the plates. It was found that the charge received hj the second plate 
increased with the distance d between the plates, so that y — 
where q is the charge at distance d, the value of q when d is very small, 
and a a constant. 

Let us suppose that tIq electrons are set free by the ultra-violet light 
and that as these move across to the opposite plate they ionize the gas 
molecules, each setting free a electrons from the gas molecules whilti 
moving 1 cm. in the direction of the electric field. Then if n electrons 
pass through a plane at a distance x from the plate from which 
start, we have dn = andx. This gives log n == acc + constant, so that 
since n at jr = 0 we get 

n = 

Thus,^ putting and we get q^^q^^e^^, as was found 

experimentally. By measuring q and q^ Townsend determined the 
value of a for different electric field strengths X, and different gas 
pressures p. It was found that a/p is a function of X/p for a given 
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gas at a constant temperature, so that 0 . = pf(Xlp). This means, 
example, that if X and p are both increased n times so that X jp 
I'eraains the same, then a is also increased n times. We have seen that 
the kinetic energy of the electrons is a function of Xjp, and the same 
true of the velocity W with which they move through the gas in the 
<urection of the electric field. We should expect the number of mole- 
cules ionized to depend on the kinetic energy of the electrons, and to 
kc proportional to the number of collisions between molecules and 
electrons. Suppose n electrons pass through a layer of the gas of 
tliickness dx. The time each electron is in this layer is dxjW, and the 
electrons make nV/X collisions in unit time, V being the velocity of 
<*]-gitation and A the mean free path, as before. The number of collisions 
m the layer is, therefore, 

dx nV 
W X* 


a fraction F of the collisions result in ionization, the number of 
<dectrons liberated per unit length is FnVjXW^ so that 

a^FYjXW. 


Now y and W are both functions oi Xjp, A is inversely as p, and F 
must depend on or F only, and so is also a function of Xjp, hence 
We must have a==pf{Xlp), in agreement with the experimental results. 
1 f we suppose that all collisions for which the velocity of the electron 
Ih greater than a certain value result in ionization then we can calculate 
the fraction F, Let F now denote the velocity of agitation of an 
individual electron, and F^ the average of the squares of the velocities 
of the electrons, and assume that the distribution of the velocities F 
is given by Maxwell's law; that is, let the number of electrons in unit 
volume for which F is between F and V + dV he so that 

the number of collisions made by these electrons in unit time is pro- 
portional to F^e""^^"yF. The constant q will be equal to where 

AipfCJ 

m is the mass of an electron and h is the gas constant for one molecule. 

The number of collisions for which F is greater than Fq, divided by 
the total number, is therefore given by 


F = hL o____ j 
jy3^-‘iv-‘dv ’ 

Hxmee F = (q7o^ + 





SO that 
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We have A = where is the mean free path at 1 mm. pressure, 
and also = \ynnV^ = ^nhT , so that and q- 


fYl 


Hence 


and 


nV 2 3 ^ 0 


^2^kr 


a= F 


Fn2 - 

L-O ' 

F 


-3Fo2/2P^ 


When F/F^is large, this becomes approximately a = j^F/A^TF, so that 


if F and W become equal when F is large, a = ^ = 


This theory 


indicates that a should be very small when F is much less than Vq and 
should increase rapidly with F when Fq and F are about equal. For 


large values of F the rate of increase of a with F should become small. 
The assumption that all collisions for which F is greater than Fq result 
in ionization is not really correct, and it is found that the very fast 
electrons of cathode rays produce fewer ions than slower electrons, so 
that this theory is not satisfactory and is merely intended as a rough 
illustration. It is not possible to deduce from measurements of a 
any accurate estimate of the velocity which an electron must have to 
be able to ionize a molecule. Accurate methods of measuring this 
velocity have been developed and are described in the chapter on 
ionization and radiation potentials. 


The following table gives some of the values of a/j? found by Townsend in 
different gases for the values of Xjp given in the first row of the tabic. 


XJp. 

1000. 

800. 

GOO. 

400. 

200. 

lOO. 

Air . , 

10*5 

9*3 

7-9 

5-82 

2*6 

0-72 

Water vapour 

9-7 

9-0 

7*95 

6-35 

3-6 

1-31 

Hydrogen . . 

— ' 

— 

— 

3-7 

2-62 

1-36 

Argon 

— 

— 

9-2 

7-5 

4*4 

2-0 

Hehum 

— 

— 

— 

— , 

2-37 

2*0 


5. Ionization by Positive Ions. 

The equation q — w'hich was found to give the charge q 
received by an electrode at a distance d from the plate at which electrons 
carrying a charge q^ start, gives q accurately when a is small and d 
not too large. However, it was found, with large values of Xjj), for 
which a is large, that when d also was large the charge q obtained was 
greater than that given by this equation. This was explained by 
Townsend by means of the hypothesis that the positive ions also 
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ionize molecules by collisions when Xj'p is large. Another possible 
explanation is that the positive ions liberate electrons from the nec^a- 
tively charged electrode when they strike it. The results obtained 
can be explained equally well in either way, and Townsend’s experi- 
ments do not enable ns to decide which explanation is correct. We 
shall consider Townsend’s explanation here, and the alternative one 
in section 7. 

Let a positive ion ionize jS molecules while it moves unit distance 
in the direction of the electric field X in gas at pressure p. Let 
electrons start from an electrode at a; — 0, and let u be the number 
which pass through a plane at a distance x from this electrode. Also 
let m be the number of positive ions which pass through this plane in 
the opposite direction. Then between the planes at x and x^ dx 
the number of molecules ionized is 


nadx + 7npdx, 

so that dn = nadx dx, 

and — dm = nadx-]- m^dx, 

since each molecule ionized gives an electron and a positive ion. This 
gives dn + dm = 0, so that n-\- 7n= constant. At x = 0 we have 
n == nQ, and if d is the distance between the electrodes then dit x=d 
we have m = 0, so that the constant is equal to Hence 

n -f m = 7ici, 

and dn = nadx -f- (% — n) ^ dx == n{a — ^) dx ^ dx. 


Integrating this, we get 
1 


a — ““ i^) + + constant. 


At JT = 0, ^ = 71q, so that 


1 


a — ^ 


Hence 


log {^o(^ — ^) + na^} = constant. 

1 


a — ^ ® ^^o(a — i®) + 

At 07 = d, ^ = n^i, so that 


log- 


Ti^a 


a — ^ — ^) + naP 

no(a-IS) 


-d, 


or 
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When jS = 0, this reduces to 

% = 

as we should expect. By measuring q = n^e and — n^e for different 
values of d, the values of a and jS can be determined. When d is small, 
na = Woe"'' nearly, which gives an approximate value of a. The best 
values of a and ^ can then be found by trial. 

The following table contains some results given by Townsend for 
air at 4 mm. pressure with an electric field of 700 volts per centimetre. 
The value of a used was 8-16 and that of was 0-0067. 


d. 


eo-d. 

a -/3 

Cm 




0*2 

5*12 

4*9 

5*11 

0-3 

11*4 

11*6 

11*6 

0-4 

26-7 

26*1 

26*5 

0*5 

61-0 

59*0 

62*0 

0*6 

148*0 

133*0 

149*0 

0-7 

401*0 

301*0 

390*0 

0-8 

1500*0 

680*0 

1544*0 


We see that represents the values of q/q^ quite well up to d = 0-5- 
cm., but for larger values of d, is, too small. The expression 

liowever, agrees well with all the values of q. Similar 

results were obtained by Townsend with air and other gases at different 
pressures, and with different ' electric fields. It was found that 

^ = p(j> (^— where ) denotes a function of X/p. is always much 

smaller than a. The following table gives some values of ^/p. 


XIp. 

Hydrogen. Argon. 

Air. 

Carbon 




Dioxide. 

200 

0*08 0*02 



600 

— 0*22 

0*10 


800 

— _ 

0*18 

O’Ol 

1400 

— j 

— 

0*10 


6. Sparking Potentials. 

The equation 

qo ^ 

shows that qjq^ becomes infinite when a = This means that. 
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a discharge once started would continue indefinitely. The equation 
a = therefore gives the sparking potential for the distance d, 

pressure p, and field strength X. The sparking potential S is given 
by /S=Zd. When q/q^ is in fi nite a single electron set free at the 
negative electrode is sufficient to start a continuous electric discharge. 
Now the gas always contains a few free electrons owing to the presence 
of traces of radioactive bodies, so that if the potential difference be- 
tween the two parallel plates is gradually increased until the field 
reaches the value for which a = a continuous discharge will 

then start in the gas between the plates. 

X' s 

Now — = where X' is the field strength for the sparking potential 

8. Hence we have a^pf {Slpd), and ^ = p^{Slfd), vrlxeie /(S/pd) 
and <f>{Sjpd) denote functions of SJpd. Hence the equation a = 
may he written 


fiSIpd) = ^{8jpd)€P^vmd)-mpd)l 


This is a relation between 8 and pd, so that we must have 8 = S{pd), 
where 8{pd) denotes a function of pd only. It is found experimentally 
that the sparking potential between parallel plates in any gas depends 
on the product of the gas pressure and the distance between the plates. 
Townsend found that the observed sparking potentials agreed well 
with those given by the equation 

a = 


Nor example, in air at 4 mm. pressure, with an electric field of 700 
volts per centimetre, it was found that a = 8-16 and j8= 0-0067. 
These values of a and ^ give d — 0-871 cm. when substituted in the 
condition for sparking. Hence 8 — 0-871 X 700 = 609 volts. It was 
found that with d = 0-871 cm. a continuous discharge began when 
the potential was increased to 615 volts, which agrees well with 609 
volts. 

The sparking potential 8 — 8{pd) has a minimum for a certain 
value of pd. If p is kept constant and d gradually increased from a 
very small value, 8 at first falls as d increases, then passes through a 
minimum value and rises again. When pd is large, 8 is nearly pro- 
portional to pd. If d is kept constant and the gas pres.sure varied, 
when p is very small the sparking potential is- very large. As p in- 
creases the sparking potential falls to the minimum value, and then 
rises and becomes nearly proportional to p. 

The following table gives some sparking potentials 8 in several 
gases between parallel plates 3 mm. apart. The pressures p are in 
millimetres of mercury, and 8 is in volts. 
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Air. 

Hydrogen. 

Sulphur Dioxide. 

P- 

S. 

P- 

S. 

P’ 

S. 

51-0 

1480 

13-6 

415 

13-5 

1145 

21*4 

790 

8-54 

366 

4-5 

651 

5-99 

452 

5-4 

301 

1-61 

471 

2*51 

371 

4-02 

278 

1-04 

457 

1-89 

356 

3-44 

282 

0-8 

465 

1-22 

375 

2-52 

310 

0-43 

621 

i 0-928 

441 

2-15 

356 

0-23 

1590 

i 0-536 

863 

1-35 

780 



— 

i 0-357 

1786 

0-861 

1789 

— 

— 


These results are due to Carr. The two parallel electrodes were 
separated by a ring of ebonite 3 mm. thick, which prevented the dis- 
charge passing between the backs or the edges of the electrodes. This 
precaution is necessary when the pressure is below that at which /S is 
a minimum, because then the discharge tends to pass across any 
available path which is longer than the shortest distance between the 
electrodes. The fact that in any gas the sparking potential is a function 
of pd was first discovered by Paschen. 

7. Alternative Theory of Action of Positive Ions. 

Let us now suppose that the positive ions do not ionize the gas 
molecules, but that they set free electrons when they strike the negative 
electrode.^ Let electrons set free by ultra-violet light start from 
the negative electrode and move across to the positive electrode. The 
number of electrons which arrive at the positive electrode is then 
and the number of positive ions produced is — ■ 1). These 

positive ions strike the negative electrode, and we suppose that each 
on the average sets free y electrons at it. Hence — 1) are set 

free and move across like the original electrons, and so on. The 
total number of electrons that finally get to the positive electrode is 
therefore ^ -f y{€^^ — 1) + — 1)^ + . . .} 

B' 

If we put y = - ^ , we get 

a — p 

a— 

Comparing this with the equation previously obtained on the first 

a_j36d(a-« ’ 
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we see that since ^ is always very small compared with a the two 
equations are practically identical. It follows that Townsend’s 
experiments may be explained equally well by supposing that the 
positive ions only act by liberating electrons at the negative electrode. 
It has been shown experimentally that positive ions do set free electrons 
when they strike a metallic surface in a vacuum, but further experi- 
ments are necessary to decide on the relative importance of the two 
effects under different _ conditions. Some physicists consider that 
positive ions do not ionize molecules by collisions under any circum- 
stances. 


Reference 

Electricity in Oases. J. S. Townsend. 



CHAPTER XV 


The Electrical Conductivity of Flames 

1. Conductivity of a Bunsen Flame. 

The fact that flames and the gases coming from them conduct 
electricity was known to Faraday and has been the subject of many 
investigations since his time. The ionic theory of conductivity was 

first applied to gases by 
Giese as an explana- 
tion of his experiments 
on the conductivity of 
flame gases. 

The electrical con- 
ductivity of a Bunsen 
flame can be conven- 
iently studied with the 
apparatus shown in fig. 1. A brass tube AB is supported hori- 
zontally on a wooden stand. The end near B is closed and coal 
gas is passed into the other end of the tube from a jet as shown. 
Small quartz tubes are cemented into the brass tube in a row about 
25 cm. long, and the mixture of gas and air formed in the tube is burned 
at the ends of these quartz tubes. In this way a Bunsen flame about 
10 cm. high and 26 cm. long is obtained. The quartz tubes serve to 
insulate the flame, so that its conductivity can be measured between two 
platinum electrodes E and F supported by movable stands S and S'. 
The electrodes may be made of pieces of sheet platinum about 
1*5 X 1*5 cm. welded to stout platinum wires. If the electrodes are 
connected to a battery through a galvanometer or micro-ammeter the 
current through the flame can be measured and the way it varies with 
the potential difference and distance between the electrodes observed. 

It is found that the relation between the current 0, the potential 
difierence F , and the distance d between the electrodes is approxi- 
mately 

V=ACd+BC^ 

where 4 and B are constants, for any particular flame and electrodes. 
When d is small, say 1 or 2 mm., the term AGd is negligible, and the 
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current is nearly proportional to the square root of the potentia 
difference. 

The following table gives some values of the current in ampere 
obtained with a Bunsen flame similar to that just described. 


Potential 

Difference. 

Distance between Electrodes. 

1 Cm. 

9 Cm. 

IS Cm. 

600 volts 

200 „ 

40 „ 

10 „ 

2 

“ jj 

310 X 10-8 

175 „ 

67 „ 

22 „ 

5 „ 

295 X 10-8 

165 „ 

57 „ 

16 „ 

4 „ 

270 X 10-8 

143 „ 

48 „ 

13 „ 

3 „ 


If one of the electrodes is moved near to the surface of the flame s( 
that it becomes cooler the current is decreased. This effect is mud 
more marked with the negative electrode than with the positive elec 
trode. 

2. Potential Differences in the Flame. 

The difference of potential between any point in the flame and on( 
of the electrodes can easily be measured by putting in a fine insulatec 
platinum wire and connecting it and the electrode to an electrostatn 
voltmeter or quadrant electrometer. The instrument used must b( 
insulated so that the potential in the flame may not be disturbed by it 
The platinum probe wire can be covered with a small fused quart; 
tube about J mm. in diameter except for one or two millimetres at th( 
end of the wire. In this way it is found that there is a nearly uniforir 
potential gradient in the flame except near the electrodes. ” Close tc 
the negative electrode there is usually a large and sudden drop oJ 
potential and a similar but much smaller drop close to the positive 
electrode. This is so when both electrodes are red hot and not near 
the surface of the flame. If either electrode is cooled by moving it 
near to the surface of the flame the drop of potential near it increases, 
and becomes nearly equal to the potential difference between the twc 
electrodes if the electrode is allowed to get much cooler than the other 
one. The effect of cooling the negative electrode slightly is much 
greater than that of cooling the positive electrode. 

The uniform potential gradient is approximately proportional to 
the current. The potential difference between the electrodes may 
therefore be regarded as made up of three parts F^, and F3. Fj 
is the potential drop at the positive electrode, Fa that at the negative 
electrode, and F3 that due to the uniform gradient. F3 = ACd, where 
A is a, constant, so that 


V = AOcl+ FiH-Fa. 
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Comparing tLis with the equation V = ACd+ we see that 
^ 1 + and this result can be easily verified by measuring 

Fi and with different currents passing through the flame. The 
layers near the electrodes in which the potential drops occur are thicker 
at the negative electrode than at the positive electrode. The layer at 
the negative electrode may be several millimetres thick while that at 
the positive electrode is less than 1 mm. when both electrodes are red 
hot. 

The temperature of the hottest part of a Bimsen flame is about 
2000 K. By altering the proportion of gas to air used, the tempera- 
time can be varied, and by mixing an inert gas like carbon dioxide or 
nitrogen with the air supplied to the flame the temperature can be con- 
siderably reduced without putting the flame out. It is found that tlie 
ratio of the current to the uniform potential gradient in the flame, wliicli 
may be taken as a measure of the conductivity, increases rapidly witlx 
the temperature. 


3. Ions and Electrons: Theory of Conductivity of Flames, 

a mixture of nitrogen, water vapour, carbon 
monoxide, and (hoxnde, with some hydrogen, methane, and other hydrocarbons, 
hv molecules present in the flame become ionized 

tLt f electrons or by the action of light radiation; 

that IS, electrons are set free from some molecules so that we get positive ions 

^ get attached to mole- 

f ° ornung negative ions. It is probable that most of the electrons 
of th7 flame.^ ^ attached to molecules, at any rate in the hotter parts 

tron?^ life'' ^ presence of these ions and elee- 

on one ^ ^ the charge 

in ^ ’rrt ^ positive ions and electrons present 

^ there is an electric field in the flame the nositive 

of the field and the electrons in’ the 'opposite 

i= e(njVj^ -f n^v^), 

ThfvJi that of the electrons 

fieid^t^S !v; 

«‘s4's“«fs 


i= eX{njh^ + n^k^). 

T^^volume density of charge in the flame is eqnal to e(«,- «,), so that we 

■^ = 4:ne{n,-n^), 

where r is the distance of the point considered from the positive electrode. In 
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the uniform gradient between the electrodes = 0, so that % = and there- 
fore i=^neXJk^ + h ), where n=n^ = n^ and Z,, is the value of Z in the 
uniform gradient Now the fall of potential due to the uniform gradient, is 
equal to Zo(f so that, since ¥3 = ACd, we get Z(,= ZO. n is the area of 
cross-section of the flame, then, if we assume that the current is uniformly distri, 
buted over the cross-section, we have CjS, and ^ 


A^. 


1 


Sne{k^ + k^)' 


Also IS much larpr than so that approximately A = ItSnek^. 

Th^e fact that the current is found to be nearly proportional to the uniform 
potential gradient shows therefore that the velocity of the electrons is nearly 
proportional to the field strength. This is true for fields up to 20 or 30 volts 
per centimetre. Near the electrodes, where the potential drops occur, iXIdx is 
not zero, so that is not equal to > t 

The positive ions and the electrons attract each other so that the electrons 
tend to recombine with positive ions, so reforming neutral molecules. It is easy 
to see that this recombination must be proportional to both % and m, or to 
a«pi 2 ,_where a is a constant usually called the coefficient of recombination. 
ani »2 IS equal to the number of neutral molecules formed per unit volume in unit 
time by the combination of electrons and positive ions. 

Consider a layer of thiclmess dx between the planes at x and x -f dx. The 
number of positive ions flowing into this layer per unit area per unit time through 
the plane at x is and the number flowing out through the plane x-\- dx 

is ^{n^Vi)dx. The number which disappear by recombination in the 

layer is o/.Uii’iiidx, so that if g' is the number of molecules ionized per unit volume 
per unit time, which we shall suppose constant from one electrode to the other, 
then 


d 

dx 




In the same way, for the electrons, 


In the uniform gradient 




m that q or the ionization is cqxial to the recombination. 

If no ions are emitted by the positive electrode, then = 0 at its surface, 
that is at a? : -- 0. Thus in the layer at the surface of the positive electrode in 
which X is greater tlian A'q, tho flow of positive ions increases from zero at a;== 0 
to its value in tho uniform gradient -3 lq. Let the thickness of this layer 

be then wo have 

Ml Ml 

I I — ^^^1X0 — (q— oLn{ti<^)dx. 

j 0 fix J Q 

This equation merely expresses tho fact that in the layer Xj at the positive elec- 
trode there is an excess of ionization over recombination sujfflcient to supply the 
positive ions which flow across the uniform gradient. In the same way for the 
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layer near the negative electrode, if this electrode emits no electrons, ra, = 0 at 
its surface, and 


rd T rd 

— ■^{n^v^)dx= nJc^X^^ 1 {q — anin.^)dx, 


where d is the distance between the electrodes, and Xg the thickness of the layer 
at the negative electrode, in which q > oLn-jU^. 

Now i/e= so that is constant from one electrode 

to the other. Thus n-^v-^e increases from 0 at a; = 0 to enk-^XQ at a; = Xi, remains 
constant from a; = X^ to tZ — Xg, and increases from enk^XQ x — d—'k^ to i 
at X == cZ; while ^2^2® is equal to i at x = 0, decreases to enk^XQ at ic = X^, 
remains constant from x—k^ to x~ d—k^, and decreases from enk^X^ at 
X — d — k^ to zero at a: = d. Dividing nk^X^ by nk-^X^ we get 



rd 

/ (q — (xnin2)dx 

rAi 

{q— anin2)dx 
•/ 0 


Now g — aniU^ is equal to g at a; = 0 and to zero at a; = Xj, and it is equal to 
zero at x — d^k^ and to g at a: = d, so that the average value of g — canin^ 
over Xi cannot differ much from that over X2. Hence the ratio of the two inte- 
grals must be nearly equal to Xg/Xj, so that we get ^2/^1 ~ ^2/^1 approximately. 

When both electrodes are red hot it is found that X2 is much greater than 
Xj, so that k^ must be greater than k-^. \ is so small that it cannot be deter- 
mined accurately, whereas Xj is several millimetres. We should expect the elec- 
trons to have a much greater velocity than positive ions, since the mass of an 
electron is several thousand times smaller than that of an ion. 

The drops of potential in the layers X^ and Xg can be calculated approximately 
as follows: 

The equation 


= 47^e(9^l— Wg), 


multiplied by 


gives 





Differentiating this with respect to a;, and substituting for and ^ 

the value q — ccriin^, we get 

dx^ 






Now at X — ^ we have = 0 , and at a: = X^, q= so that 

q — a^i^2 changes from g at a; = 0 to 0 at cc = X^. For an approximate cal- 
culation we may therefore take q— ocn^n^— q(l — for values of x between 


0 and Xi- Assuming this, w^e get 


d^X^ 

dx^ 


— Sure 
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The equation ^ = 47re(Mi — jij) at a:= 0 becomes ^ = and also 

at x = 0 we have i — n^eh^X^ so that 

■ydX 

^dx 
aj ~ 0 


or 


dx 


4:Tzi 

^Tci 


d_X 

dx 


Using this to determine the constant we get 

dx \k^ hj \ 2xJ 

At ir = X becomes constant so that = 0, therefore 

dx 

\= — 

qe hi + 


so that ^ = - /l _ £ 

dx I Xi 

Integrating this and putting X^ = Xq^ at o: = 


we get 




Since X is large compared with Xq except when X is nearly equal to X, , we have 
approximately from this: 

IS-KiXif. x\^ 

Hence the drop of potential in the layer X^ is given by 


*-.-(“)* iX.». 

q&(ki +^ 2 ) 


dx. 


This gives 
Now 

so that finally y . = 1 1 i -- i 

^ ^\3kJ \qe(h^+k,)) 

In the same way we obtain for the potential drop at the negative electrode 


yi= rrrA 


\3/2_., 




Y''y h' yi- ■ 

3^1/ \?®(^l+^2)/ 
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Hence approximately 

Vi W \h) ~[h)’ 

The difference of potential between the electrodes V is therefore given by 

yfi/ 1 \ 3/2 


F= 


id 


Uif ^ 


1^2/ ~i~ ^*2, 


(^ 1 *^ + 


7ie{k^ -f- 

This equation agrees with that found experimentally, viz: 

V = AGd + BG\ 

of^thfnotJ+/JV°f“°*.v® accurately from the observed distribution 

V electrodes when both electrodes are red hot, because 

The T “ clear that the ratio is quite large, 

belel ^ 1 the flame so that the ionization close to the electrodes must 

the Z ®Z/^®"® f ^'iPPOsed q constant over 

the distance between the electrodes. 

in relation between the current and the potential 

resuhs^Z ^®®® “ ®' ®®“®f ^ ®o “lay say that the 

>, 1 + X,=^\ 

■ ?e 

wtrriTheWeZlZ^* *’'®''® “ ^ potential gradient between the 

and so -^uld increases * mcreases, so that Xi+ also increases 

S ZrZtouw I^^^^^ til® electrodes. 

Z Xnh * H’i ^® 1 to i^liioJi is one-half the saturation current 

^ed which would be obtamed if there were no recombination. The theory there- 

cuZZ densiT?? “ ^®®® one-haE the saturation 

,-c ^J®11 the potential difierence between red-hot electrodes in a uniform flame 
equatfon^^^ increased, then at first the current is given approximately by the 

V = AOa 4 - BO^, 

bSwSr the lleeZ^ ^ ‘^opon'l® °“ the distance 

F tb^rth^ ®l®°trodes the current begms to increase much more rapidly with 

chi startfZ Tit ^ ““ “^o dis- 

k Te ti -T T ®l®®ti.odcs are melted. This rapid increase of the current 

temninii collisions Ionization by collisions in gases at ordinary 
itTbZ TV® i®®®d “ the chapter on the motion of eleotZs in gases, and 
curreiits nhta®®'T vfT® m. A®;™® nnd so need not be further discussed here. The 

o.«:i “““ '"“■>’ --v 

4. Electron Mobilities in Flames. 

We have supposed that the velocity of the electrons along the 
direction of the electric field Z is given by According to 

the theor;^of the motion of electrons in gases we have approximately 
^2 — eA/mV, where A is the mean free_path of the electrons, e the charge 
and m the mass of an electron, and F the average velocity of agitation 
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of the electrons. Townsend’s experiments show that in gases at 
ordinary temperatures F is a function of Xjp, where is the gas pres- 
sure, and that the average kinetic energy of agitation of the electrons 
•|mF^ is much greater than that of a gas molecule at the same tem- 
perature, provided Xjp is not extremely small. For example, in 
nitrogen with Xjp equal to 0*25, X being in volts per centimetre and 
p in millimetres of mercury, he found V to be 7-5 times greater than 
the value corresponding to the average energy of a gas molecule. 

In a flame at about 2000° K. the gas density is about -}■ of that at 
the ordinary temperature, and so is the same as for a gas at the ordinary 
temperature at about 100 mm. pressure. Thus in a flame with an 
electric field of 25 volts per centimetre we should expect the velocity 
of the electrons in the direction of the field to be about the same as 
Townsend found in nitrogen with Xjp = 0^26, which was 5x 10^ 
cm. per second. This makes == 5 X 10^/25 = 2 X 10^ cm./sec. 
for 1 volt per centimetre. This estimate is probably too high because 
the kinetic energy of the electrons in the flame with Z = 0 is seven 
times that at the ordinary temperature. If we suppose that the field 
increases the kinetic energy in the same ratio at any temperature, then 
with Z = 25 volts/cm. we get 


A-2=2x 104/V7: 


cm. volt 

: 7500 — per 

sec. cm. 


Various attempts to estimate Jc^ in flames, by finding the field required 
to make the electrons move down the flame against the upward stream 
of gases, and by other similar methods, have been made and results 

PTTl PTYI 

varying from 1000 — •* to 30,000 — ' for 1 volt per centimetre 
sec. sec. 

obtained. Such methods are very difficult in flames, because the 
gases are strongly ionized throughout the flame so that it is difficult 
to prove that electrons are moving down the flame. Estimates of Ic^ 
by indirect methods- are therefore more reliable. 

Probably the best method of getting the mobility of the electrons 
in a Bunsen flame is by measuring the Hall Effect. A flame like that 
described at the beginning of this chapter is placed between the poles 
of a large electromagnet, which when excited produces a horizontal 
field perpendicular to the plane of the flame. Two fine platinum wires 
are mounted on the end of a shaft which turns in a hole bored in one 
of the poles of the magnet parallel to the direction of the magnetic field. 
The two wires are parallel to the magnetic field and about 1 cm, apart, 
the axis of rotation of the shaft being half-way between them. The 
ends of the wdres project into the flame, and they are insulated and 
connected to an insulated quadrant electrometer. When a current 
is passed horizontally between electrodes in the flame so that the 

(D814) 18 
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two wires are in the uniform potential ^adient Zq between the elec- 
trodes, the quadrant electrometer will iudicate a potential difference 
equal to sin d, where I is the distance between the two wires, and 
6 is the angle between the plane containing the two wires and a plane 
perpendicular to the electric field Z,. By turning the shaft the angle 
B can be varied so that it is easy to make the potential difference zero, 
in which case 6=0. If now the magnet is excited the quadrant 
electrometer is deflected, but by rotating the shaft the deflection can 
be brought back to zero. The magnetic field rotates the equipotential 
planes in the flame through an angle <f> which can be measured in this 
way. 

"if is the velocity of the electrons due to the electric field Z^, 
then the magnetic field will give rise to a vertical force on them 
equal to Hev^. Since the flame is insulated, this force cannot produce 
a vertical current, so that a vertical electric field is produced of strength 
Z such that Ze = Hev,. 


The equipotential planes are therefore turned through the angle 4' 
given by 2 

tani^= 

Aq 


so that 


2 Zo^ , 
'y2 = ;g = ;^tan^A. 


If we put t '2 = is 2 -^o> becomes 


h 


tan^ 

~w 


In this way it has been found that h is about 4000 for 1 volt 

sec. 

per centimetre. This high mobility of the negative ions in flames 
shows that they must be electrons. 

The conductivity of the flame as measured by the ratio of the 
current to the uniform field is found to be somewhat diminished by 
a transverse magnetic field. When the current is horizontal, and the 
magnetic field is also horizontal and perpendicular to the current, 
there is a vertical mechanical force on the flame, as with any conductor 
carr^g a current in a magnetic field. This force retards the upward 
motion of the flame when the magnetic field is in one direction and 
accelerates it when in the opposite direction. 

5. Conductivity of Metallic Vapours in Flames. 

When the vapours of certain metallic salts are introduced into a 
flame the electrical conductivity is greatly increased. The alkali 
metals of larger atomic weight produce the greatest conductivity. 
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It IS found that the relation between the current, the potential and 
between the electrodes, and the distribution of potential 
electrodes, for a flame made strongly conducting by an 
‘ LKali salt vapour are quite similar to those for a flame free from salt, 
ne salt increases the ionization and so the current, but does not alter 
natime of the phenomena. The Hall Effect also has about the 
same_ value as in a flame free from salt. It appears that the negative 
^ons in a salted flame are electrons, since their velocity due to a field 

_1 volt per centimetre is several thousand centimetres per second 
Jis in an unsalted flame. ’ 

Interesting effects are produced by putting a bead of salt on a 
platmum wire into different parts of an otherwise unsalted flame. If 
' le bead is put in anywhere, so that the salt vapour does not come in 
contact with the negative electrode, then there is no appreciable effect 
on the current. If, however, the salt vapour is allowed to get to the 
II egative electrode then a very large increase of the current is produced. 
As we have seen, most of the fall of potential between the electrodes 
occurs close to the negative electrode, so that we may say that nearly 
nil the electrical resistance of the flame is in the layer close to the 
negative electrode. The salt vapour therefore has very little effect 
unless it gets into this layer at the negative electrode. 

The potential drop at the negative electrode can be made small or 
zero by coating the electrode with lime or barium oxide. This causes 
tlie^ electrode to emit electrons, so that if the electrons emitted are 
Hufficiently numerous to carry the current the potential drop disap- 
pears. The uniform gradient Zo then extends right up to the negative 
electrode, and the relation between the current C and potential differ- 
ence V becomes roughly 

V=AGd, 

instead of F = ACd -f- BC^. 

'rhe gradient Xq is then nearly equal to V /d, which is much greater 
than before, so that the current is proportionally increased. A sirviilgT 
<vffect can be produced by putting any alkali metal salt on the negative 
<dectrode. 

If the potential difference is reversed so that the coated electrode 
is positive, the current is then given by F = ACd + BO\ and is the 
same as when both electrodes are of clean platinum. Thus with one 
(dcctrode coated with lime the flame acts as a rectifier for an alternating 
(Uirrent. When the negative electrode is coated with lime the equation 
V — ACd holds approximately, provided the current C is not greater 
than the current the electrons emitted by the lime can carry. If F 
is increased so that C becomes greater than this, the negative drop 
reappears. 

When there is little or no negative drop, putting a bead of salt into 
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any part of the flame between the electrodes increases the current 
because the resistance is not then concentrated at the negative electrode. 
Such experiments show clearly that the salt vapour is strongly ionized 
in any part of the flame. 

Different salts of the same alkali metal, for example KCI, K2CO3, 
and KNO3 give nearly equal conductivities to a flame. It is therefore 
probable that the salts are dissociated and that the metal is present 
in the flame as metallic vapour. The extreme smallness of the partial 
pressure of the salt in the flame, which is usually of the order of 
10“^ mm., makes such a dissociation very probable. 

6. Thermodynamical Theory. 

The metallic atoms in the flame are ionized by collisions with other atoms, 
or by the action of light radiation, so that 'we get electrons and positively charged 
metallic atoms. The electrons and ions recombine, a state of equilibrium being 
established when the ionization is equal to the recombination. The condition 
of equilibrium can be obtained* by means of the thermodynamical theory of 
chemical equilibrium in a mixture of gases. It is shown in the chapter on the 
Quantum Theory (section 7 ) that the entropy <& of one mol of a monatomic gas 
is given by the equation 

$=i^^log{^3{2Tcmfcep}, 

where h is the gas constant for one molecule, the number of molecules of any 
gas in one mol, V the volume of one mol of the gas, s the base of Napierian logs, 
h Planck’s constant, 0 the absolute temperature, and m the mass of one mole- 
cule. 

Consider a very large quantity of the metallic vapour and let be the partial 
pressure of the metalMc atoms in it, ^2 partial pressure of the positive ions, 
and ^3 that of the electrons. Suppose that the mixture is in a state of equilibrium, 
and that one mol of the atoms dissociates into ions and electrons. Then, pro- 
vided the amount of the vapour is so large that this dissociation produces no 
appreciable change in the partial pressure, the resulting total change of entropy 
must be zero, by the second law of thermodynamics. Hence 

where <I>i is the entropy of one mol of the atoms, (I>2 that of one mol of the ions, 
<1)3 that of one mol of the electrons, and H the amount of heat energy which must 
be added to the vapour to keep its temperature constant during the dissociation. 
For <I>3 + O2— d)i is the increase in the entropy of the vapour, and H /0 is the 
entropy lost by the surrounding bodies which supply the heat H, Now, in the 
metallic vapour, the ions and the electrons are all monatomic gases, so that wo 
may substitute for Og, and <1>3 the above expression for cl>. 

Putting pV — kC^, it becomes 

® log (27tmi0)s/2| , 

so that we get $3 — log ^ 

where fUn is the mass of one ion and that of one atom. But and are 



THERMODYNAMICAL THEORY 


261 


XV.] 

practically equal, since the mass of an electron is negligible compared with 
that of an atom. Hence 

(I)j = i:5V; logSi. 

H 

The equation (&3 + — <1*1 — -g- =0 therefore gives 

1°S~7 - -1^0 + . 

Now H is equal to where is the increase in the internal energy 

due to the dissociation, for k 5^(^0 = is the external work done. Let — CH^Pe^ 
where e is the charge on one electron, and P the potential difference through which 
a charge e must fall to acquire enough energy to dissociate one of the metallic 
atoms into an ion and an electron. 

Then, putting K ~ we get 

logZ = — H logO + log (2Tir£m.3)3/2| . 

All the quantities in the last term on the right-hand side of this equation are 
known, so that we can calculate K at any temperature 0, provided we know P 
for the metal vapour. 

7. Conductivity with Varying Amounts of Salt in Flame. 

In the flame there is some ionization of the flame gases in addition to the 
ionization of the metal vapour. Let be the partial pressure of the positive 

ions formed from the flame gases, and the partial pressure of the undissociated 

flame molecules, and let K' = be the equilibrium constant for the flame 
molecules. 

The conductivity of the flame is proportional to the number of electrons, 
so that we have p^ = Ac, where A is a constant and c denotes the conductivity. 
Also p^ — 2h 4“ since the number of electrons must be equal to the total 
number of ions. Let p — Pi-\- P 2 . be the partial pressure of the metal atoms, 
neutral and dissociated; also let p' == pi' + Pi- 

We shall assume p^' to he very small compared with p/, so that approxi- 


mately j/ ~ p/. 



Now 

A— , or po = 

p-po 

Kp 

K + Ac 

Also 

= so that 

P 


Hence the equation 

== P2 + P2' 


becomes 

+ 

KY 

Ac 


When there is no metal vapour in the flame so that p = 0, let c = Cq, so that 
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then putting —= x, we get 
^0 


A 


or 



Kp 

CQiK-fAcQxf 


px 

1 


= ^Cq^I -f 



The partial pressure p is proportional to the amount of salt in the flame, so 
that this equation can he tested by observing how the conductivity varies with 
the amount of salt in the flame. When x is large it becomes approximately 
Kp = (Acqx)^, and the conductivity should therefore be proportional to the 
square root of the amount of salt present. A definite amount of any salt can be 
introduced into a flame by spraying a solution of the salt by means of a jet of 
compressed air, mixing the air and spray with coal gas and then passing it into 
the burner. In this way the salt is uniformly distributed through the flame, 
and the amount of it entering the flame is proportional to the concentration of 
the solution used. By flnding the amount of solution used up in a known time 
the amount of salt entering the flame in unit time can be determined. 

If gf is the weight of salt per unit volume in the salt solution sprayed into 
the flame we may put p = Bg, where B is a constant, so that 

- 4 , 

xi- 1 B\k)' 


If x=cIcq is found for a series of values of g, then on plotting gx/{x^-— 1) 
against x a straight line given by y—h-\- ax should be obtained, whore 

y = h = and a = ^ 3 . Hence K—B^. The conductivity c of 

X 1 B BK. a 

the flame is proportional to the ratio of the current to the uniform potential 
gradient between the electrodes, so that x — eje^ can be easily determined. 

The following table gives the results of a series of measurements of x for a 
flame into which solutions of caesium chloride were sprayed. 


Grammes CsCl 
per Litre in 
Solution (g). 

X. 

Wgx 

- 1 ’ 

10 + X. 

0 

1 

— 

— 

0-0032 

2-88 

12-6 

12-80 

0-008 

5-72 

14-5 

15-72 

0-016 

8-9 

18-2 

18-9 

0-032 

13-5 

23-9 

23-5 

0-08 

22-7 

36-0 

32-7 

0-16 

32-8 

49-0 

42-8 

0-S 

85-2 

94-0 

95-2 

8-0 

282-0 

284-0 

292-0 

80-0 

883-0 

906-0 

893-0 


It appears that 19!^ 
x^~ 1 


is nearly equal to 10 + x, so that the conductivity 
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of the flame varies with the amount of metal vapour in it, approximately in 
accordance with the ionic theory. Similar results have been obtained with other 
alkali metals. ^ 

The equation po = — — gives for the fraction of the metal atoms ionized 

^ K-\- Ac , 

^ = ^ which is equal to 

p Ac h-^ax 


In the case of caesium therefore in 


the particular flame used the fraction of the caesium atoms ionized was 


With an indefinitely small amount of caesium x~l, so that the 

10 4- a; 

fraction ionized is 10/11. The ionization does not become complete because 
there are some electrons in the flame when no caesium is present. 

If the number of metal atoms in unit volume of the flame is n and the corre- 
sponding conductivity c, the number of electrons in unit volume is Wg = nbxjg, 
for we have — AcqX and p = jBg, and therefore 


^ ^ ^3 ^ 
p n Bg 


and h = AcJB. Thus the number ^.3 of electrons in unit volume of the flame 
can be calculated from the ratio njg. To find njg it is necessary to find the 
amount of solution entering the flame, and the volume of the flame gases with 
which it is mixed. The volume of the flame gases can be found from the hori- 
zontal cross-section of the flame and the upward velocity of the flame gases. 
In this way njg can be estimated and so % found. The current density in the 
flame in the uniform potential gradient is n^ek^XQ, so that when 71 ^ is known 

the mobility of the electrons, can be obtained. In this way it has been found 
that ^2 is about 4000 cm. per second for 1 volt per centimetre. 

The equilibrium constant K can be calculated by means of -K" = Bli^la. We 
have p~ Bg — nk^, where n is the number of metal atoms per unit volume in 
the flame, k the gas constant for one molecule, and 0 the absolute temperature. 
This gives B when n is known, and K can then be calculated. It is found that 
the values of K found in this way for the alkali metals are nearly equal to those 
given by the thermodynamical theory of the equilibrium between the atoms, 
ions, and electrons. This shows that the quantum theory of the entropy of elec- 
tron gas is approximately correct. 

8. Conductivity for Alternating Currents. 

The conductivity of flames for rapidly alternating currents has been 
investigated with interesting results. Suppose we have two plane 
parallel electrodes in a Bunsen flame at a distance cZ apart, and 
that an alternating potential difference is maintained between them. 
Let the electrodes be symmetrically placed in the flame and red 
hot. 

The mobility of the positive ions in the flame is very small compared 
with that of the electrons, and their mass is enormously greater. 
Clearly, then, in a rapidly alternating electric field the amplitude of 
vibration of the ions will be very small compared with that of the 
electrons. We shall therefore assume that the positive ions do not 
move at all and that the current is all carried by the electrons. When 
there is no electric field, let there be n positive ions per unit volume 
throughout the space betvreen the electrodes, and an equal number of 
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electrons. When the alternating field is applied let the electrons 
vibrate with an amplitude A. All the electrons within a distance A 
of the electrodes will therefore strike the electrodes and be removed 
from the flame. We suppose 2 A less than d, 
so that a layer of electrons of thickness d-— 2 A 
remains in the flame and oscillates between 
the electrodes. 

In the layer of electrons the density of 
charge is zero, but outside the layer it is ?ie 
where e is the charge on one positive ion. 

In fig. 2 A and B are the electrodes, and 
the layer of electrons is between E and F. 
Let the layer near A in which there are no 
Fig. 2 electrons be of thickness A^, and that near B 

of thickness Ag. Then A^ + Ag == 2^, and if i?/ 
denotes the displacement of the layer of electrons from its mean 
position then 



1 

1 

1 

1e 

I 

1 

1 

I 

f[ 

1 

1 

• X 

1 

1 

1 

1 2 

1 

1 

1 


Let 7 be the potential difference between the electrode A and a 
point at a distance x from it. From x = 0 to x= and from 

dW 

x= d — X^to x = d, we have = — 47rp where p = ne. Also from 

dW 

x= X^to x= d — X 2 we have ^ = 0. By integrating these equations 

it is easy to calculate V 2 i.t x = d. The integration constants are found 
07 

by making 7 and ~ continuous at x =X^ and A^. If X 

denotes the field strength in the space between E and F, W’'e find for 
the potential difference between the electrodes 

V=8'7TpAy-Xd. 


The term Xd will probably be small unless p is very small, so that 
approximately when p is large 7 = SrrpAy, 

The equation of motion of the electrons is 





where m is the mass and — e the charge of one electron, and fj. is the 
average viscous resistance to the motion for unit velocity. We shall 
suppose that p. is small, so that approximately 


m 


d?y 


-Xe. 



XV.] POSITIVE IONS 265 

If then X = and y = then A = eXJmp^, Patting 

y ~ and substituting in F = SnpAy, we get 

-V5- 

The current density I is given approximately by 

^ 

This shows that the electrodes in the flame behave like a condenser. 
For the charge on a condenser of capacity C is Q~YC— 

jr\ 

and the current charging it is — ^ Comparing this 

with the expression for I we see that the electrodes in the flame have an 
apparent capacity C per unit area given by 



The apparent capacity of the electrodes in the flame can be measured 
by means of a high-frequency Wheatstone bridge in which the capacity 
of the electrodes is balanced by three air condensers. In this way it 
has been found that C is nearly inversely as s/ F q and directly as \/ p, 
in accordance with the theory. If the viscous resistance to the motion 
of the electrons is not neglected, then the theory indicates that the 
electrodes should behave like a condenser shunted by a high resistance. 
By determining the apparent resistance it is possible to estimate the 
viscous resistance to the motion of the electrons and so get an estimate 
of their mobility. The results obtained in this w^ay are of the same 
order as those given by the other methods, 

9. Mobility of Positive Ions in Flames. 

The mobility of the positive ions of alkali metals in flames has been 
estimated by finding the strength of the electric field required to make 
them move down the flame against the upward stream of gases. 

In fig. 3 FP is a Bunsen flame. A and B are two electrodes con- 
sisting of fine platinum wire gratings with wires about 0*5 cm. apart 
which are supported one above the other in the flame. A bead of salt 
on a wire D can be introduced into the flame just below the upper 
electrode. The upper electrode is charged positively and the current 
from it to a wire C, the end of which is in the plane of B at the axis of 
the flame, is measured with a galvanometer. The wire C is connected 
to one terminal of the galvanometer and the other terminal is connected 
to the electrode B, which is connected to the earth. The current is 
measured with and without the salt bead in the flame. It is found 



266 ELECTRICAL CONDUCTIVITY OF FLAMES [Chap. 

that when the potential difference between A and B exceeds a certain 
value, the current down the axis of the flame to C is increased by putting 
in the bead. This is supposed to indicate the point at which the ions 
from the salt move down. When care is taken to prevent salt vapour 
from the bead getting into the lower parts of the flame, it is found that 
the electric field required to make the ions move down is about 200 
volts per centimetre. The upward velocity of the flame gases is about 
200 to 300 cm. per second, so that the mobility of the ions is about 
1 cm. per second for 1 volt per centimetre. The mobility of the elec- 
trons being about 4000 cm. per second for 
1 volt per centimetre, it follows that prac- 
tically all the current is carried by the elec- 
trons, except close to the negative electrode. 
It is found that the mobility of the positive 
ions is practically the same for lithium, 
sodium, potassium, rubidium, and csesium 
ions. 

The mobility of an electron is nearly 
equal to eX/mV, where e is the charge and 
m the mass of an electron, A the mean free 
path, and V the average velocity of agita- 
tion. This expression was obtained by 
assuming that after a collision of an elec- 
tron with a molecule the velocity of the 
electron was equally likely to be in any 
direction. This assumption cannot be made 
in the case of an ion, because the mass of an 
ion is comparable with that of a molecule, 
ion is given by -y = kX, where X is the field, 
the force on an ion moving with unit velocity through the gas must be 
Xelv= ejk. If an ion of mass M is projected into the gas with initial 
velocity Vq, the average distance it will travel in its original direction 
may be calculated as follows. 

Let a large number N of ions be projected into the gas with average 
initial velocity 7 q. Then 

i(NMr) = -tNV, 



If the velocity of an 


where F is the average velocity of the N ions in the original direction* 
This gives ^ , 

F=TV~® . 

The average distance L which they go in the original direction is 
Jo Jo 


e 
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Thus h = 5 so that if Fq is equal to the average velocity of agita- 

tion of the ions, which we denote by F, then 

7 eL 


In the case of an electron L = X, since the electrons lose all their 
original velocity on the average at the first collision. The positive 
ions of the difierent alkali metals in a flame all have about equal 
mobilities, so that it appears that L is proportional to MY ^ or to s/M, 
since F is inversely as s/ M, The mobility of the positive ions in flames 
seems to be about the same as that of the positive ions produced by 
X-rays in air at atmospheric pressure and at the ordinary temperature. 
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CHAPTER XVI 


The Positive Column and Negative Glow 


1. The Positive Column, Negative Glow, Crookes Dark Space, and 
Faraday Dark Space. 


When an electric discharge is passed between electrodes in a gas 
at a pressure of the order of 1 mm. of mercury, a luminous column 
extending some distance from the positive electrode or anode is usually 
obtained which is called the positive column. Near the negative 
electrode or cathode there 


is a luminous layer separ- 
ated from the cathode by 
a non-luminous region 
which is called the Crookes 
dark space. The luminous 
layer is sharply defined on 


C D E 



Fig. 1 


the side near the cathode, but fades gradually on the other side with 
increasing^ distance from the cathode. This luminous layer is called 
the negative glow. 


Between the negative glow and the positive column there is a non- 
luminous region called the Faraday dark space. The colour of the 
light emitted by the negative glow is often quite different from that 
emitted by the positive column. 


\^Tien the distance between the electrodes is increased, keeping the 
pressure and the current constant, the distances of the negative 
glow and of the end of the positive column from the cathode remain 
unchanged, so that the length of the positive column increases by an 
amount equal to the increase in the distance between the electrodes. 

^ The luminosity of the positive column is sometimes uniform along 
its whole length, but frequently varies periodically so that it consists 
of a series of equally spaced bright layers or striae separated by more 
or less dark intervals. Large currents and low pressures favour the 
appearance of striae. Fig. 1 shows such a discharge in nitrogen gas. 
The discharge is produced in a glass tube about 2 cm. in diameter and 
20 cm. long, having aluminium disc electrodes sealed in at each end as 
shown. The positive column, consisting of 8 stri^, extends from A to 
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B. The Faraday dark space is between B and C, tbe negative glow 
between C and D, and the Crookes dark space between D and E. The 
pressure is about J mm. and the current about 6 milliamperes in such 
a discharge as this. 

As the pressure in such a discharge tube is reduced, the positive 
column gets shorter and finally disappears except for a layer of lumin- 
osity on the anode. The negative glow and Crookes dark space get 
longer, and eventually the Crookes dark space extends to the anode 
when the pressure is about 0*003 mm. The potential difference re- 
quired to maintain the discharge depends on the gas pressure. With 
a discharge tube 3 cm. in diameter having electrodes 11*5 cm. apart 
and a constant current of 10 milliamperes Townsend obtained the 
following results: 

Pressure in millimetres of ) 2-84 1-65 1-04 0*66 0*4 0-29 0-24 0T3 

mercury . . . . . . j 

Potential difference in volts 650 620 500 470 490 530 590 630 800 

As the pressure is reduced the potential difference falls to a minimum 
and then rises again. At very low pressures the potential difference 
required to produce a discharge becomes very large, and it is possible 
to obtain so good a vacuum that two hundred thousand volts will not 
produce any discharge. 

2. Potential Differences in the Tube. 

The potential at any point in a discharge tube may be estimated 
by means of a small insulated electrode of fine wire projecting into the 
tube. The wire is usually enclosed in a glass tube except near its end. 
The potential difference between the wire and one of the electrodes 
can be measured with an electrostatic voltmeter. Such an insulated 


E F 



wire takes up a definite potential which is probably not much different 
from the potential of the discharge close to it. The current in the 
discharge is carried by electrons moving towards the anode and positive 
ions moving towards the cathode. The electrons have much higher 
velocities than the ions. The wire electrode takes up a potential such 
that the negative charge it receives by absorbing electrons is equal to 
the positive charge it receives from the positive ions. It therefore 
probably takes up a potential somewhat below that of the gas near it 
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so that it repels electrons and attracts ions, for owing to the higher 
velocity of the electrons more electrons move towards the wire than 
ions. 

The strength of the electric field along the discharge can be found by 
means of two similar small electrodes a few millimetres apart. The 
potential difference between them can be measured with ari insulated 
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GLOW 



* Pig. 3 


quadrant electrometer, 
and the field strength is 
equal to the potential 
difference divided by the 
distance between the 
electrodes. 

A discharge tube used 
by the writer for such 
measurements is shown 
in fig. 2. A and B 
are two aluminium disc 


electrodes kept at a con- 
stant distance apart by three thin glass rods, and connected to wires 
sealed through the ends of the tube by spiral springs of fine wire. A 
small piece of iron enables the electrodes to be moved along the tube 
by means of a magnet. C and D are two fine wire electrodes enclosed 
in small glass tubes except close to their ends and sealed into a glass 
stopper as shown. By turning the stopper the distance between the 
electrodes measured along the axis of the tube can be varied. The 


electrodes 0 and D 
were connected to an 
insulated quadrant 
electrometer, and a 
discharge was passed 
between A and B 
from a battery of a 
large number of small 
cells. 

The distribution 
of the electric field 
along the discharge 

, . - . , , is shown in figs. 3 

and 4, which represent results obtained by Graham and by the writer 
respectively. 

In fig. 3 the field strength is constant along the uniform positive 
colunm. It rises rapidly near both electrodes and is small in the 
negative glow and Faraday dark space. 

In fig. 4 the dotted curve shows approximately the distribution of 
luminosity. In this case the field strength rises and falls in the positive 





XVI.] CATHODE FALL OF POTENTIAL 271 

column, the maxima being in the striae and the minimp. between 
them. 

In discharges at rather low pressure, about 0-1 nun., when the 
Faraday dark space extends almost to the anode, the field strength 
close to the anode becomes very small or even negative. 

3. The Cathode Fall of Potential. 

There is always a considerable difierence of potential between the 
negative glow and the cathode. This is called the cathode fall of 
potential. There is also a smaller fall of potential very close to the 
surface of the anode. The electric field is therefore very large and 
positive close to the surface of the anode but is very small or even 
negative 1 or 2 mm. from it. The variation of the field near the anode 
is similar to that near the cathode but is spread over a much smaller 
space. At the cathode positive ions strike the metal surface and 
liberate electrons, whereas at the anode electrons strike the metal 
surface and may liberate some positive ions from it. 

The cathode fall of potential can be determined by measuring the 
potential difference between the cathode and a small wire electrode in 
the negative glow by means of an electrostatic voltmeter. The nega- 
tive glow does not cover the whole surface of the cathode when the 
current is not too large. As the current is increased, the area of the 
cathode covered by the negative glow is proportional to the current, 
so that the current density in the glow remains constant. When the 
glow covers the whole cathode it becomes brighter as the current is 
increased. The cathode fall of potential is independent of the current 
and of the gas pressure so long as the cathode is only partially covered 
by the glow, but increases with the current when the cathode is covered. 
The cathode fall of potential when the cathode is only partly covered 
is called the normal cathode fall of potential. 

The following table gives some values of the normal cathode fall of 
potential for cathodes made of different metals. 


Gas. 

Platinum. 

Aluminium. 

Potassium. 

Oxygen 
Hydrogen . . 
Nitrogen . . 
Helium 

Argon 

369 volts 
295 „ 

232 „ 

226 „ 

167 „ 

190 volts 
224 „ 

172 volts 
170 „ 

60 „ 


The normal cathode fall of potential is nearly eq^ual to the minimum 
sparking potential, that is, the sparking potential between parallel 
plate electrodes when the gas pressure is adjusted so that the sparking 
potential is as small as possible. The large influence of the nature of 
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the cathode on the normal cathode fall of potential is probably due to 
the emission of electrons by the cathode when bombarded by i)ositivo 
ions. 


Aston and Watson made a number of measurements of the potential 
difference required to maintain a discharge between parallel ])latc 
electrodes. In their experiments the negative glow extended to the 
anode so that there was no positive column, and the potential diffierenci'. 
between the electrodes was practically equal to the cathode fall of 
potential. The cathode was entirely covered by the glow, so that the 
cathode fall of potential was greater than the normal value. 

It was found that the potential difference V was given by the 
following equation 


V = JS + 


Fs/C 

5 

V 


where E and F are constants, C is the current density, and p the gas 
pressure. 

Aston and Watson also measured the length D of the ttookes 
dark space and found that 




where A and B are constants. The values of the constants E, I\ A , and 
B depend on the nature of the gas and of the cathode. Witli /) in 
centimetres, p in itim. of Hg, C in 10~^ ampere ])er .square 
centimetre, the following table gives some values of these constants. 


Cathode. 

Oxygen. 


Hydrogen. 

' 

A. 

H. 

E. 


A. 

li 

E. 


Aluminium 

5*7 

0-43 

310 

17-5 

23 

0*41 

m 

m 

Copper , . 

8-9 

0-40 

340 

28-5 

47 

0-45 

300 

130 

Platinum . . 

8-8 

0*40 

335 

30-0 

45 

0*42 

270 

120 


It appears that, for_a given gas and cathode, F and the product pD 

are functions of ^0/p. If we eliminate ^C/p from the eauation,H 
givmg F and B we get 


V = E + 


FB 

pB — A’ 


so that F depends on pB only in any given case The product pB i.s 
proportional to the amount of gas per unit area in the Crookes dark 
space, and F is nearly equal to the fall of potential across the Crookes 
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dark space, since the field strength in the negative glow is quite small. 
It is also found that the sparking potential between parallel plates is 
a function of the amount of gas per unit area between the plates. 

The electric field strength in the Crookes dark space has been 
investigated by several physicists by observing the potentials taken 
up by a wire electrode at different distances from the cathode. This 
method is unreliable when the wire is close to the cathode, because the 
wire stops the stream of positive ions moving towards the cathode and 
so prevents the emission of electrons by the cathode immediately behind 
the wire. The wire therefore becomes positively charged and so does 
not take up the potential of the gas. 

Aston determined the electric field in the Crookes dark space by 
measuring the deflection of a narrow beam of cathode rays sent across 
the dark space parallel to the surface of the cathode. In this way he 
found that the field strength is nearly proportional to the distance 
from the negative glow, so that F = Ax, where F is the field strength, 
X the distance from the glow, and A a constant. The cathode fall of 
potential F is therefore given by 

F- C’Axdx^-^. 

Aston determined A by measuring F at different distances from the 
negative glow and found that lAD^ was equal to the cathode fall of 
potential, determined by measuring the potential difference between 
the negative glow and the cathode. 

4. Theory of the Cathode Fall of Potential. 

approximate theory of the cathode fall of potential can be worked out if 
we assume that the gas in the Crookes dark space is ionized by collisions with 
electrons and with positive ions, and that electrons are liberated by collisions 
of positive ions with the cathode. We also assume that recombination of the ions 
and electrons can be neglected, and that the number of ions and electrons lost 
by diffusion to the w^alls of the discharge tube is inappreciable. The condition 
which must be satisfied in order that a steady current may be maintained through 
a gas between parallel electrodes with these assumptions, when no electrons are 
set free at the cathode, was worked out by Townsend. A slight modification of 
Townsend’s theory gives the condition when electrons arc supposed set free at 
the cathode. 

Let be the number of positive ions per cubic centimetre at a point, and 
their velocity; and let Wg and be the corresponding quantities for the negative 
electrons. Let a denote the number of molecules ionized by a negative electron 
in moving 1 cm., and let p bo the corresponding number for a positive ion. 
The electric intensity X varies with the distance x from the cathode, so that 
a, [3, Vi, and are not constant. In the steady state we have 

~ d” ocn^v^ + 

and d- d- = 0. 


CDS14) 


19 
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Also, the current density 0 is equal to n^v.^ and is constant. Sub- 

stituting Cje — for we get 

T 

A - (a - P) MiKi = - aC/e. 

Let , = 

so that . 

ax e 

Then «,i«i ^BZ~^-Z C aZ-Mx, 

e Jo 

where B is constant. 

The number of positive ions striking the cathode per square centimetre per 
second is equal to ?iiVi at x= 0. Let number of electrons set free 

by the impacts of these positive ions on the cathode. Then at a; = 0 we hav<^ 
^2^2 = or 

n-iVi = — - . 

(1 + T)« 

This condition gives £ = — 

(1 + T)e 

Let the distance between the electrodes be S, so that at S, 7 i^Vi = 0. 
This gives 


This condition gives 


e(l + T) 


^ r 
e Jc 


olZ-Hx, 


caZ’^'^dx - 


which is the condition required. If y = 0, this reduces to the condition given by 
Tovnisend, 

In a discharge at moderately low pressure, when a Crookes dark space exists, 
the electric intensity is very smaU in the negative glow, so that if the positive 
electrode is anywhere in the negative glow then 

rS -D 

/ ^Z—^dx— / aZ~^dx^ 

0 Jo 

where D is the length of the Crookes dark space, because a and S are both zero 
when X is very small. 

Let a = ajjp, p = x == yj^, and Z^ = J so that 

r-D ypn 

/ clZ~Hx— / o.-^Z-^-'^dy ^ ^ . 

•^0 Jo ^ 1 + T 

Also let the field strength The equation X = A(D-x) become 

^ - y)’ aad. patting Ai = Alp\ we get Y = A^{pD - y). The equation 

rD 

V— I Xdx then becomes 

n 


F= rYdy=A,m 

Jo 2 
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Tor the normal cathode fall of potential in hydrogen, Skinner found V — 197 

volts, and 1-10. In this case, therefore, = 325, whence 

r= 325(pi)-y). 

Now Townsend has determined a and p as functions of T = X /p, so that 
by using his values of these quantities we can compute the value of 

It is found in this way that this integral is nearly equal to unity, and y must 
therefore be very small. 

The equation = BZ—^ Z l^aZ-'^dx, with B = — 9. , gives 

e ./ 0 (1 + Y)e 


n^Vj^ ~ 9z 
e 



where x is the distance from the cathode. Also tiqVq — - — Hence, sub- 

stituting for Til and tIq in the equation 

g = 4TreK-«,). 

we get, on putting Vx = k^X and — h^X, 



Let X ~ 2 ^Yf px — y, k^ — — ^ilPf ^ = ^iPf P — then 


dY\ 

dy 


8^0 f_l_ 


l+_. 

A K 




f 


where Z^^ before. 

Now Ao, Xj, ai, and are all functions of Y only, for Townsend has proved 
experimentally that a/^, p/p, Vi, and v<> are all functions of X/p. Also y is pre- 
suruably a function of X/p only, since it must depend on the velocity of the 
positive ions at a’ = 0. It appears therefore that the above equation is a relation 
between the three quantities Y, y, and C Hence we may write 

Y^^{y,Clp% 


where 9 denotes some function of and y only. 

Now the cathode fall of potential V is equal to f^^Xdx, and therefore 

*' 0 



Por^a given value of C/p^, F is a function of y only, so that pD is a function of 
Cjp’^ only, for pD is the value of y at which F becomes very small. Hence it 
follows that V is a function of only. If V has a minimum value when Cjp'^ 
is varied, this minimum value will be independent of p, and the corresponding 
values of 0 will be proportional to p^, and the corresponding values of D will be 
inversely as p. 


5. Comparison with Experiment. 

These results deduced from the theory are precisely those which follow from 
the experiments of Aston and Skinner. ‘ Thus Aston found pD and V both to 
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depend on Gjp^, and S kinn er found the current density to be proportional to 
and D to be inversely as p for the normal cathode fall, which must be a minimum 
value of V. 

At y = 0, the equation for gives approximately 

StzQ 

dy 

since Z'a is very large compared with 

If now we assume that Y — A-^ (pD — y), we get 


At y = 0, this gives 


dy 


-= ~ ^2A^^{pD~tj). 


oj 2 n 

-j— == — 2A-^pD. 

dy 


Also V = f^^Ydy, so that = %Vlp^D\ 
and therefore K. — 

f !®! ■values of pD, aip\ and F found by Skinner in 

hydrogen, and the calculated values of K^. O is in milliamperes per square centi- 
metre, l> m centimetres, and p in millimetres of mercury. 


Cip-, 

pD. 

1/. 

/m. 

0-0742 

MOO 

197 

7-2 X 10* 

0-1484 

0-844 

204 

6-1 „ 

0-2968 

0-624 

227 

3-9 „ 



Mean 

• . 5-7 X 


The values of are for 1 volt per centimetre at 1 mm. pressure, 
thic assume that the velocity of the positive ions is inversely as the pros.siiro 
tv” velocity due to 1 volt per centimetre at 760 mm., 7-5 cm per 

witf .Stt" “.‘1 ol>«*iii«l to the Grookee dut sp„e comklent 

and difiu^ircln t recombination 

The ionization due to the positive ions p is small compared with that due 
to the electrons, so that if we put p= 0, the value of the integral f'^.Z -Uly is, 
not much affected, but must then be less than nnifv on +Tiq+ j. ■» 
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6. The Positive Column, 

The electric intensity X in the uniform positive column depends 
on the gas pressure p, the current density C, and the diameter of the 
discharge tube. ^ In wide tubes, the positive column may not fill the 
whole cross-section of the tube, and then has a certain cross-section 
which depends on the pressure and total current. This indicates that 
as the current density increases the electric intensity diminishes to 
a minimum value, and then increases as the current density is further 
increased. The cross-section of the positive column when it does not 
fill the tube increases with the total current, and the current density 
in it probably does not vary much as the current is increased. 

The electric intensity X is nearly proportional to the square root 
of the pressure at pressures up to 2 or 3 mm., but at higher pressures 
is nearly a linear function of the pressure. For example, in air from 
79= 0*2 mm. to 79=2*82 mm., X== 36 \/p^ and in hydrogen from 
79 = 0*25 mm. to 79 = 1*36 mm., X = 28 \/p, 

When the current density is very small X increases rapidly with the 
current, but soon attains a nearly constant value as the current is 
increased. With larger current densities above about 1 milliampere 
per square centimetre the electric intensity diminishes slightly as the 
current is increased. 

In a uniform positive column the equation C = e{n^v^ + n^v^) 
becomes C = ne{vi "t~ '^2)? because — n^) == 0, so that 

= 71 . The velocity of the electrons due to the electric field 
X is much greater than , so that approximately 0 = nev2. The velocity 
V2 has been determined by Townsend, and is a function of 7 = X/p. 
Since X is nearly independent of ( 7 , except when C is very small, it 
follows that 9% must be proportional to C. The rate of production of 
electrons and ions in a uniform column must be equal to the rate at 
which they disappear by recombination and diffusion to the walls of 
the tube. The rate of production may be assumed to be proportional 
to the electrical energy dissipated per cubic centimetre, or to CX. 
The electric field does work on the electrons, giving them kinetic energy. 
When the velocity of an electron is small it loses very little energy by 
collisions, but when the velocity exceeds a critical value collisions result 
in ionization or excitation of the molecule with loss of the kinetic energy 
of the electron. Since C is proportional to n, and X is nearly constant, 
it follows that the rate of production of ions and electrons, and therefore 
also the rate of disappearance, must be nearly proportional to n. 
Eecombination is proportional to 7h^, so that it appears that the loss 
by diffusion to the walls of the tube must be large compared with the 

loss by recombination. We have therefore approximately ^ = 

UjU 
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ACX — Bn, wliere ACX represents the rate of production of ions, and 
Bn the rate of loss. In the uniform column in a steady state — 0, 
so that X — = -2 = -j — - If take'^g == A this gives 

4 I 4 .G ^716^2 j^CVo JP 

y- 


or 




B 

AeK^' 


According to this, when X varies as -s/p, BjAeK must be independent 
of the pressure p. 

At low pressures with large currents the positive column becomes 
striated. No satisfactory theory of the striations has been worked 
out, but in some cases it appears that the potential difference between 
successive striations is about equal to the ionization potential of the 
gas, that is, the potential through which an electron must fall to acquire 
enough energy to ionize a gas molecule by colliding with it. 

In a transverse magnetic field the positive column is deflected 
sideways like a flexible conductor carrying a current. If the positive 
column is in a tube of circular cross-section which it fills completely, 
a uniform transverse magnetic field causes a concentration of the 
luminosity on one side of the tube, so that the luminosity is greatest on 
one side and fades away gradually towards the other side. A trans- 
verse electric field or Hall Efiect is produced by the magnetic field 
in the plane perpendicular to the magnetic field. This Hall Effect 
can be examined with the apparatus of fig. 2 (p. 269).. The glass 
stopper is turned until the two small electrodes C and D are at the same 
potential so that they are in a plane perpendicular to the current. 
When a magnetic field is then produced parallel to the electrodes C 
and D a potential difference is produced between them which can be 
measured with an insulated quadrant electrometer. If Z denotes the 
transverse electric field, H the magnetic field, and ^ the gas pressure, 
then in air between p = 0-26 mm. and 2*9 mm. the writer found 
Z— 0*0248 Hip. In hydrogen, Z= 0*0205 Hh, and in oxygen, 
Z=0m79Hlp. 

The current is carried almost entirely by the negative electrons, 
so that the force on the electrons due to the magnetic field must be 
equal and opposite to that due to the transverse electric field Z. Hence, 
if V is the velocity of the electrons along the tube, we have 

Hev= Ze, 
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H 

Since 2=^4—, where 4 is a constant, we get v= Afp, so that the 

velocity of the electrons along the positive column is inversely as the 
gas pressure. For air, A = 0-025 with Z in volts per centimetre, so 

25 X 10^ 

that with Z in electromagnetic units A — 26x 10^, and v = 

to ^ 

cm. per second. At 1 mm. pressure in air A = 35 volts per centimetre, 
and Z/p — 35. For Z/jt9=35, Townsend found for the velocity of 
electrons in air about 120 X 10^ cm. per second, which is about five 
times that just deduced from the Hall Effect. This probably indicates 
that the theory of the Hall Effect just given needs modification. It 
is found that the Hall Effect in discharge tubes varies along the dis- 
charge in a similar way to the electric intensity. It is large in the 
Crookes dark space, and small in the negative glow and Faraday dark 
space. 

The electrical conductivity of the discharge can be measured by 
measuring the current due to a small potential difference between 
two small electrodes a few millimetres apart. In this way it is found 
that the conductivity is small in the Crookes dark space and very 
large relatively in the negative glow. It is greater in the positive 
column than in the Faraday dark space. Roughly speaking, the con- 
ductivity is inversely as the electric intensity along the discharge, 
as we should expect. 

Befeeenoes 

1. Conduction of Electricity through Oases. J. J. Thomson. 

2. Electricity in Gases. J. S. Townsend. 
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Atmospheric Electricity 

L Vertical Field in the Atmosphere, Conductivity, 

Besides thunderstorms other less noticeable electrical phenomena 
are observed in the open air. There is usually a vertical electric field 
of the order of 150 volts per metre. The difference of potential between 
the earth and a point in the air above it may be found by means of an 
insulated conductor provided with some device to bring it to the same 
potential as the surrounding air. A small jlame on the conductor, 
or some radium, may be used. The air close to the conductor is made 
conducting so that any charge on it leaks away and it is then at the 
same potential as the air near it. The potential difi'erence between 
the conductor and the ground can be measured with an electrostatic 
voltmeter connected to the conductor and to the ground by insula t<ed 
wires. ^ If the conductor is on a pole 10 m. above the ground in the 
open air away from buildings or trees, the potential difference between 
It and the ground will be of the order of 1500 volts. The vertical 
field varies greatly. In fine dry weather it is usually directed down- 
wards, indicating a negative charge on the earth’s surface. It varies 
with the time of day and season of the year. 

The vertical field has been measured at various heights by means 
of balloons. It is found to diminish as the height increases, and 
usually becomes negligible at about 10,000 m. 

The air in the open is not a perfect insulator. It always contains 
positive and negative ions and so conducts to some extent. The 
conductivity can be measured by passing a stream of air through a 
metal case contammg a charged insulated electrode, and measuring 

Another very gooii 

method due to C. T. R T^ ilson is to use a rather large horizontal metal 
plate placed level with the ground. The plate is insulated and con- 
nected to a capillary electrometer, which records photographically the 
tyai amonnt of electricity entering or leaving the plate. If the plate 
IS covered with an earthed metal cover the charge on it is zero. If 
the cover IS then removed, the vertical electric field induces a charge 
IS indicated by the electrometer, so that the strengtii 
of the field can be calculated. If the plate is left uncovered the electro- 

280 
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meter indicates a small current usually flowing from the plate through 
the electrometer to the ground. If ^ is the area of the plate, F the 
strength of thejertical field, and 0 the current through the air to the 
plate, then C — /mAF, where fj, is the conductivity of the air The 
conductivity IS of the order of in electrostatic units. This means 
that a field of _l -5 volts per centimetre gives a current of i x lO'S 
dectrostatic units per second or i x 10-i= amperes per square centi- 
metre. If we suppose that there is a downward vertical field of 1-5 
volts per centimetre all over the surface of the earth then the negative 
charge on the earth is about 2-5 x electrostatic units or one million 
coulombs. The total current into the earth from the air, if the con- 
ductiyity were 10 electrostatic units everywhere and the vertical 
^ centimetre, would be 2-5 X electrostatic units 

or 1000 amperes, since the area of the earth’s surface is 6 x 10^® so. 
cm. The current into the earth would therefore be enough to 
discharge it completely in 1000 sec. or about 17 min. 


2. How is the Earth’s Charge Maintained P 

• 4.1? ^^® atmospheric electricity is to explain how it 

IS that the earth remains charged. However, the conductivity and the 
vertical field are not known over a sufficiently large fraction of the 
earth s surface for us to be sure that there is really a current of 1000 
amperes going into the earth through the air. The current may be 
upTOrds over part of the surface and downwards over the rest. 

here is good reason to believe that the upper regions of the atmos- 
phere, where the pressure is low, are comparatively good conductors 
It IS found that electric waves are reflected from the upper regions as 
though there were a conducting layer at a height of about 50 Km 
ihe earth and this conducting layer therefore form an enormous con- 
denser, the capacity of which is about IQii cm. or 100,000 microfarads 
If this condenser were charged so that the charge on the earth was one 
iniilion coulombs the potential difference would be 9 X 10 ® volts and 
the vertical field would be about 2 volts per centimetre. However the 
vesical held becomes- small at 10 Km., so that the actual potential 
difference is probably usually not more than one million volts 

Various suggestions have been made to explain how the charge on 
the earth is maintained. C. T. R. Wilson considers that rain drops 
carry down enough charge to the earth to keep up its charge. Rain 
IS usually charged more or less, and according to C. T. R. Wilson more 
often with negative than with positive electricity. Some observers 
however say it is generally positively charged. When a li g htTi-iii g 
flash strikes the earth it must evidently give or take away a considerable 
ajnourit of electricity. We might suppose that enough flashes strike 
the earth on the average to keep up its charge. Very interesting 
observations have been made by C. T. R. Wilson, using the insulated 
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plate apparatus described above. When a thunderstorm occurs any- 
where near this apparatus each flash is recorded by the electrometer 
showing a sudden rush of electricity. This indicates a sudden change 
in the vertical field, which then gradually changes back to its normal 
value. The change of field due to a discharge from a cloud to the earth 
can be easily calculated. Let a charge E be on a cloud at a lieight h 
above the earth. There will be an equal and opposite induced charge 
on the earth, and the field due to these charges is the same as tliat due 
to the charge E above the earth and a charge —E at a depth li below 
the surface. The two charges therefore act like a doublet of moment 
lEli, and the vertical field due to this doublet on the earth’s surface 
at a distance r is equal to '‘lEhjr^^ provided r is large compared with li. 
WTien the cloud is discharged by a flash to the earth the vertical field 
therefore suddenly changes by 2E'A/r^, so that Eh can be calculated 
when T is known. ,C. T. R. Wilson got r by measuring the time between 
the flash and the thunder. It was found that the results obtained 
could be best explained by supposing the charge E to be about 30 
coulombs, and the height h from 8 to 15 Km. More flashes in whicli 
the current was upwards than downwards were observed. To keep 
up the negative charge on the earth, assuming it is the same all over 
the earth, wnuld therefore require about 30 more upward flashes per 
second than downward flashes on the average. During thunderstorms 
the electric field is frequently directed upwards, indicating a negative 
charge on the clouds. A charge of 30 coulombs on a cloud is a reason- 
able amount of electricity. For example, a spherical cloud of radius 
1 Km. with charge of 30 coulombs would have a field at its surface of 
only 3000 volts per centimetre, and an average density of charge of 
only about 2 X 10“^ electrostatic units per cubic centimetre. It seems 
to be considered that lightning flashes cannot be supposed to give 
more than a small fraction of the current of about 1000 amperes 
believed necessary to keep up the negative charge on the earth, but 
anyone vrho has seen a violent tropical thunderstorm might be inclined 
to doubt this opinion. For example, suppose we assume that over 
one-tenth of the surface of the earth there are on the average ten storms 
per year per hundred square miles. This gives two million storms per 
year. A current of 1000 amperes gives about 3 X 10^^ coulombs in a 
year, so that each storm would have to give about 2 X 10^ coulombs 
to the earth. This would mean about 1000 flashes per storm, which 
seems a very low estimate. In tropical storms the flashes often follow 
each other so quickly that it is hard to count them, and the storm may 
remain in the vicinity of one place for several hours. It seems to the 
writer quite reasonable to suppose that lightning flashes on the average 
supply electricity to the earth at the rate of 1000 coulombs per second. 

In thunderstorms there is usually a rapid upward current of air 
near the centre of the storm. The expansion of the air as it rises 
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causes supersaturation of the water vapour, which therefore condenses 
on any nuclei present. Negative ions act as nuclei more readily than 
positive ions, so that the drops formed will tend to be negatively charged. 
The drops formed fall slowly in the air, and the positive ions will there- 
fore be carried up above the cloud into the upper conducting regions, 
leaving the cloud negatively charged. The positive charge which gets 
up to the conducting regions will be spread out to a considerable extent 
over the conducting layer and will induce a negative charge on the 
earth. If the negatively charged cloud falls far enough it may dis- 
charge to the earth either by a lightning flash or by merely carrying 
its charge down to the earth on the rain drops. In this way the earth 
gets a negative charge and the upper regions a positive charge. After 
the cloud is discharged to the earth, the positive charge left in the upper 
regions will spread out over the whole area of the conducting layer 
and induce an equal negative charge over the whole surface of the earth. 
The positive charge of course need not be carried up 50 Km. by the 
storm; so long as it gets up well above the clouds it will induce a nega- 
tive charge in the conducting regions above it and eventually be 
attracted to higher levels. 

Various other suggestions as to how the earth is kept charged have 
been made. A theory due to Ebert relies on the fact that ionized air 
in contact with liquid or solid bodies acquires a positive charge owing to 
the negative ions diffusing more rapidly than the positive. Air at the 
earth’s siuface therefore gets positively charged, and Ebert suggested 
that this positively charged air is carried up by air currents. This 
theory is not unlike the thunderstorm theory. We may also suppose 
that rain drops get negatively charged by the diffusion of negative ions 
into them and that the positive ions are carried up by air currents. 
Positively charged rain is frequently observed, which is a fact against 
the thunderstorm and Ebert’s theories. 

Another theory due to G. C. Simpson is that positively and nega- 
tively charged particles are shot out from the sun and that some of 
these reach the earth. The positive particles are supposed to be 
positively charged atoms which are stopped in the upper regions of the 
atmosphere, while the negative particles are electrons which are sup- 
posed to penetrate the atmosphere and get into the earth. This 
requires the electrons to have velocities almost equal to the velocity of 
light, and it is difficult to see how srxch high-velocity electrons are pro- 
duced. _ We might suppose that they start from the sun with small 
velocities corresponding to the sun’s temperature and are accelerated 
by the pressure of the sun’s radiation on them, so getting nearly up to 
the velocity of light before they reach the earth. Such electrons might 
be expected to ionize the air, but W. F. G. Swann has pointed out that 
electrons moving with almost the velocity of light produce very few 
ions. They do not remain long enough near an atom to do enough 
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work on the electrons in the atom to knock them out. Swann has tried 
to detect the charges carried by these electrons by means of a large 
insulated mass of copper. Some of the fast electrons ought to be 
absorbed by such a mass so that it ought to acquire a negative charge. 
No such charge, however, could be detected. 

Another suggestion due to W. F. G. Swann is that the very pene- 
trating cosmic rays investigated by Millikan which come into the 
atmosphere from outside produce penetrating ^-rays which travel on 
mainly in the direction of the cosmic rays. These ^S-rays would thus 
carry a negative charge along a certain distance towards the earth, 
and the production of such ^-rays throughout the atmosphere all 
directed towards the earth would result in a flow of negative electricity 
into the earth from the atmosphere. If n such ^S-rays are produced 
per cubic centimetre per second in the atmosphere by the cosmic rays, 
and they all travel a distance I towards the earth, the current density 
due to them would be nle. The current density required to keep the 
earth charged is about x electrostatic units, so that since 
e = 5 X we have | X 10-^ ==nl X 5 X 10“^^ or nl = 101 If 

then n = 1 we must have 1= 10^ cm. These ^-rays would ionize the 
air, and the number of ions per cubic centimetre would be equal to 7 i 
times the number of ions produced by one jS-ray. This, however, is 
a large number, since ^-rays ionize strongly before they are stopped. 
It seems that this theory would give too much ionization and so will 
not do. 

It will be seen from this discussion that we are as yet very far from 
halving a satisfactory theory of atmospheric electricity. The facts 
available are not sufficient to enable definite conclusions to be reached. 
It IS quite likely that when observations have been made all over the 
earth for a long time, it will appear that the observations now available 
were quite inadequate as a basis of a theory of the phenomena. The 
atmosphere is attributed to*” radioactive radiations and 
to Millikan’s cosmic rays.^ It is found that the air near the earth con- 
tains mmute traces of radium emanation. The a- and ^-rays from this 
emanation and its products are sufficient to account for most of the 
observed ionization. The emanation is presumably evolved by traces 
01 radium in the surface of the earth. 
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CHAPTER XVIII 


Special Relativity 

1. Relativity in Newtonian Dynamics. 

In ordinary physical experiments the building in which the experi- 
ments are made is regarded as at rest, and the positions and velocities 
of the bodies used are measured relatively to the building. The 
building is on the earth, so that we may say that the material frame 
of reference which is used and regarded as at rest is the earth. 

All the material bodies in the building when not supported are 
found to have the same acceleration g vertically downwards. If, 
therefore, we take axes x, y, z with y vertically upwards and x and z 
in a horizontal plane, the equations of motion of a particle are 

mx = Z, 
my^ — Y, 
mz ==: Z, 

where x, y, z are the co-ordinates of the particle, and Z, 7, Z are the 
components of any external force which may be applied to it; the 
axes being supposed to be fixed on the building. If Z = Z = 0, and 
7 = mg, then x = y = z = 0, and the particle moves with constant 
velocity in a straight line. 

If instead of using axes fixed on the building we use axes moving 
relatively to the building with constant velocity in a straight line, the 
equations of motion are unchanged. 

For example, suppose we use axes x\ y\ fixed on an elevator in 
the building which is moving upwards with constant velocity v, and 
suppose that at time t = 0 the two sets of axes coincide exactly. Then 
at any later time x\ z=z', but y ^ y' vL Substituting these 
values in the equations of motion, we get 

m>x' = Z, 
my' = — mg + 7, 
mz' == Z, 

as before. If, however, we use axes moving relatively to the building 
with a variable velocity, the equations of the particle do not remain 
unchanged in form. For example, suppose we again use the axes 
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fixed on the elevator but that it moves upward with a constant accelera- 
tion a, then x—x\ z~z\ and y=y^-\-^at^. Substituting these 
values in the equations of motion, we get 

mx' ~X^ 

my' = — m[g + a) + 7, 
mz' =■ Z, 


In this case, if Z = 0, Z = 0, and Y = m{g + a), then x' = y' = z' = 0, 
and the particle moves with uniform velocity in a straight line. The 
additional force ma gives the particle an acceleration equal to that 
of the axes, and neutralizes the effect of the acceleration of the axes. 

Let us suppose now that an observer on a material body anywhere, 
not necessarily on the earth, uses rectangular axes fixed on the body 
and observes the motion of a particle relatively to these axes. Suppose 
he finds the particle moves with constant velocity in a straight line 
when he applies no forces Z, 7, Z to it and that in general its equations 


of motion are 


mx == Z, my = 7, mz = Z. 


What conclusions can he draw from this as to the motion of his axes 
through space? Is he entitled to conclude that his axes are not moving 
with an acceleration? As we have just seen, a motion of the axes 
with constant velocity in a straight line makes no difference, so it is 
clear that he cannot draw any conclusions as to the velocity of his 
system. Also, we have seen that when an acceleration is given to the 
axes its effect can be neutralized by applying a suitable force to the 
particle. It follows that the observer’s axes may have any acceleration 
provided his system is in a field of force which neutralizes this accelera- 
tion. Thus, if his axes have an acceleration a in any direction, and if 
there is also present a field of force which gives to the particle an equal 
acceleration, then the equations of motion of the particle relative to 
his axes will be 


mx- 


- Z, my ~ 7, mz = Z. 


If, for example, the observer’s system is in a uniform gravitational 
field, then this field will give to his system and axes and to any particle 
he inay use the same acceleration. Suppose this field is in the direction 
of his y axis, and that the acceleration it produces is/. Then if x' ^ 
y , 2 are the co-ordinates of a point in this system, and x, ?/, z the 
co-ordinates of the same point relative to axes at rest which coincide 
with x', y\ z' at t==0,we have x=x', y-=y' + yt^ z^z', and 
the equations of motion relative to the fixed axes 


mx=X, my= mf+ Y, mz= Z, 
become mx' = Z, mij' = 7, mz' — Z, 

relative to the accelerated axes. 
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therefore, that the observer cannot draw any conclusions 
as to the motion of his system through space from his observations 
on the motion of a particle in his system. 

. If the particle does not move with uniform velocity in a straight 
line when no forces are applied to it, this may be due either to a field 
of force or to a non-uniform motion of the axes, but the observer cannot 
tell which explanation is the correct one. 

On the surface of the earth it is found that a particle, when no 
forces are applied to it, does not move with constant velocity but has 
an acceleration g vertically downwards. An observer in a laboratory 
may observe this acceleration g, but without other observations 
outside the laboratory he cannot tell whether it is due to an 
acceleration of the laboratory or to a field of force acting inside the 
laboratory or to a combination of the two. As a matter of fact, 
the acceleration g is believed to be partly due to the gravitational 
field of the earth and partly to the acceleration of the laboratory as 
it moves with the earth. 

If there were a field of force in the laboratory which did not give 
the same acceleration to material particles made of different kinds 
of matter, such a field could be distinguished from the effect of an 
acceleration of the laboratory, since of course an acceleration of the 
laboratory must give the same opposite acceleration to any free particle 
in it. For example, an electric field gives no acceleration to an un- 
charged particle but gives one to a charged particle. 

The only kind of field of force which gives the same acceleration 
to all particles of whatever kind is a gravitational field. We conclude, 
therefore, that observations on the motion of material particles can 
give no information as to the velocity or acceleration of the material 
frame of reference used, because the velocity makes no difference, and 
the effects of the acceleration cannot be distinguished from those of a 
gravitational field. 

Tlie fact that the equations of motion of a particle are imchanged 
by a uniform motion of the material frame of reference may be referred 
to as the special principle of mechanical or Newtonian relativity. 
According to this principle, if x, ?/, z, t are the co-ordinates of a particle 
in a system and x\ y\ z\ t! the co-ordinates in another system S' 
moving along x with velocity ‘d and coinciding with S ~ 0, 

then X = a;' + it, y y\ z ^ z\ t ^ t' are the equations for trans- 
forming the equations of motion of any particle from S to S', 

The fact that when 8' has any acceleration relative to S the equa- 
tions of motion in S' are still the same as in S, provided a suitable 
gravitational field acts in S', may be referred to as the general principle 
of mechanical relativity. 
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2. The Ether, or Space. 


In the study of solid geometry, the relations of the distances between 
difierent points on a solid are discussed without reference to the physical 
properties of the material of the solid, and in this way by a process 
of abstraction the idea of the geometrical properties of empty space 
has arisen. It has been supposed that empty space has no ])hysical 
properties but only geometrical properties. No such empty spane 
without physical properties has ever been .observed, and the assump- 
tion that it can exist is without justification. It is convenient to ignore 
the physical properties of space when discussing its geometrical pro- 
perties, but this ought not to have resulted in the belief in the possi- 
bility of the existence of empty space having only geometrical pro- 
perties. 


It is found that a vacuum, that is, a space from which all material 
particles have been removed, has important physical properties. 
Light waves can pass through it, and electric, magnetic, and gravita- 
tional actions can take place across it. It has specific inductive 
capacity and magnetic permeability. The existence of these physical 
properties in empty space, together with the conception of empty 
oiily geometrical properties, lead to the idea that si)ace ' 
IS filled with a naedium, which has been called, the ether, to wdiicli the 
physical properties in question belong. That is, we conceive really 
empty space as having only geometrical properties, and tliereforc^ 
since we find that actual space has also physical properties, we suppose 
that actual space consists of our imaginary empty space filled' with 
a medium havmg the observed physical properties. It is clear that 
logical justification for this way of regarding the matter. 

\ e Imd that space containing no material particles has physical pro- 
perties, and smce we cannot separate this space in any conceivable 
leaving the geometrical properties and the 
other the physical we must regard the geometrical and physical i)ro- 
perties as equally the properties of space. 

If the physical properties of space could be removed, the neo- 
probably also disappear, in fact we are not 
y j tified m drawing any distmction between these two sorts of 
properties; the geometrical properties of space are just as much 
physical properties as the specific inductive capacity and niagnetio 
TOrTremtSd said that if everything inside a hollow vessel 

confiisprl Kv a ' • • remark shows that Descartes was not 

The idea of an ether is therefore seen to be superfluous since it is 
based on a purely imagmary separation of the geoiJetrical akd physical 



THE ETHER 


XVIII.] 


289 


properties of space. If it is desired to retain the word ether it may be 
done by using it to mean the actual space of experience as distinguished 
from the various imaginary types of space discussed in geometry. In 
what follows we shall use the word space to mean the actual space of 
experience with its inseparable geometrical and physical properties. 

Material bodies are observed to move relatively to each other in 
space, and they are said to excite in the space around them fields of 
force which move with them. Also we have fields of force moving 
alone through space, without material particles moving with them. 
The distinction between material particles and their fields of force is 
not very clearly defined. The physical properties of the particles are 
the properties of their fields, and it is not clear that a particle is anything 
more than the centre from which its field radiates. The momentum 
of matter for example is believed to be the electromagnetic momentum 
of its electric and magnetic fields. 

The only kinds of motion of which we have any evidence are the 
motions of material particles and fields of force through space. When 
it w’as supposed that space was filled with ether which was imagined to 
be different from space, the possibility of this ether moving through 
space was discussed, but we need not now consider this as a possible 
form of motion since we do not now admit any distinction between 
ether and space. 


3. Motion through Space — the Michelson-Morley Experiment. 

We may, however, consider whether the motion of a material system 
through space can produce any effects observable on the system. In 
particular, is it possible to determine the motion of the earth through 
space by means of observations made in a laboratory on the earth? 
We have seen that observations on the motion of a material particle 
in a laboratory give no information as to the motion of the laboratory 
through space. If space had only geometrical properties, we should 
not expect motion through it to produce any observable effects, but 
since this is not the case there is no a priori reason why motion through 
it should not produce effects which could be detected. We have seen 
that no such effects on the motion of material particles are to be ex- 
pected, but the possibility of electromagnetic and optical effects re- 
mains. Up to about the year 1925 all attempts to detect any such 
effects failed, and it came to be generally believed that this was due, 
not to the experiments tried being insufficiently sensitive, but to the 
nature of the relations between space and matter, which were supposed 
to be such that the determination of the motion of a system through 
space by means of observations on the system was impossible. This 
idea was adopted by Einstein as the basis of his theory of relativity, 
a theory of great interest which leads to highly important results. 
Since 1925, however, experiments by D. C. Miller on Mount Wilson in 

(l^SU) 20 
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California, by a method originally due to Michelson, of Chicago, seemed 
at' first sight to show that possibly optical effects due to the motion of 
the earth through space could be detected, and that the magnitude and 
direction of the velocity of the earth through space could be measured 
by observations made in a laboratory on the earth. These experi- 
ments threw some doubt upon the general validity of the theory of 
relativity, which would have had to be abandoned if Miller’s results 
had been confirmed. The efiects apparently observed by Miller were 
extremely small, and were most likely merely due to errors of some 
unexpected kind. Recent very exact repetitions of Michelson’s 
experiment have failed to confirm Miller’s results. 

Let us suppose that an observer on a material system, such as the 
earth, which is moving through space with a velocity v, makes observa- 
tions on the velocity of light. Suppose he determines the time taken 
by light to pass from a point ^ to a point R at a distance d from A 
and to be refiected back to A. Also, let the velocity v of his system 
be in the direction from A to B, Let the light start from A at time 
arrive at B at and get back to A at ^3. Then, if the light travels 
through space with velocity c, we have 

d “h '^(^2 ^i) = ^i), 

d v{t^ ^2) — 

or = — , 

c — v 


so that 


^3 ^2, — 


d 


h ““ h 


U 

c(l — 


Suppose now that AB is at right angles to the velocity v, and that 
the mirror at B is arranged to reflect the light from A back to A as 
before. In this case A travels a distance — ^1) at right angles to AB, 

so that the distance the light goes is and we have 

2 H- ^ («3 — <l) =c(«3— «i), 


or 


^3 ^1 — 


2 d 

Cs/Y^v^jc^' 


The interval is therefore not the same when v is along AB as 

when V is at right angles to AB, so that the observer, by measuring 
the time for light to go a distance d from A and back in different direc- 
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tions in his system, could apparently determine the magnitude and 
direction of the velocity of his system through space. 

We have assumed here that the velocity of light c through space 
IS a constant independent of the velocity of the material system. 
The source of light used moves with the system, so that we have 
assumed that the velocity of the light emitted by a moving source is 
independent of the velocity of the source. These assumptions are in 
accordance with the electromagnetic wave theory of light. We suppose 
that the velocity of light through space is equal to where 

fj. is the magnetic permeability and K the specific inductive capacity 
of space. 

An experiment to compare the velocities of light in different 
directions was devised by Michel- 
son, and carried out by him and 
Morley, and later by D. C. Miller. 

Light from a source S (fig. 1) 
falls at 45° on a glass plate M, 
where it is partly reflected to a 
mirror A and partly transmitted 
to another mirror B. The mirrors 
A and B reflect the light back 
to M, where it is again partly ^ 
reflected and partly transmitted. 

Thus two beams arrive at E, 
one of which has gone along the 
path SMAME, and the other e 

along the path SMBME. If the mg. 1 

two paths to E are equal, and 

white light is used, a system of interference bands is seen at E. If 
one of the mirrors is moved towards or away from M, the bands move. 
Changing MA by one-half wave-length causes a dark band to move 
through the distance between two adjacent dark bands. Thus, by 
observing the interference bands seen at E, any change in the difference 
between the times taken by the light to traverse the two paths can be 
detected. The apparatus was mounted in a horizontal plane on a 
block of stone floating on mercury, so that it could be slowly rotated 
about a vertical axis and the interference bands could be observed 
during the rotation. The paths MB and MA would then rotate rela- 
tively to the horizontal component of the velocity of the earth through 
space, and when one was parallel to this velocity component the other 
would be perpendicular to it. We have seen that the time for light 
to go a distance d and back along the direction of the motion through 
space with velocity v is 
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while perpendicular to v it is 

_ 2d^ 


so that we should expect a shift of the interference bands corri'spfiiidiiifj; 
to a time difierence 


I 1 1 \ 

c\l — v^'/c^ >/i — /c^ I 


during the rotation of the apparatus. The bands would oscillali- about 
a mean position twice during each revolution of the apjiai'iil us. 
Michelson and Morley tried this experiment witli great (aina ami (nui- 
eluded that there was no appreciable effect due to the orbital mot ion of 
the earth round the sun, although they estimated that they could lia\'c 
detected the effect due to a velocity of one-tenth of tliis orbital velocity. 
The time difference given above is approximately e.(|ual to /•“(//>■'* 
whenv/c is small, and so corresponds to a path differwuai wliicli 

gives a shift of the bands equal to times the distanci^ from one 

band to the next one, where A is the wave-length of the light' used. 
The orbital velocity of the earth in its orbit round the sun is about 
3 X 10'^ cm. per second, so that if A= 10~* cm., wo get 

vHjc^X = 9 X lO^^d/9 X 1020 x 10“ 4= lO-^d. 

With d= 10,000 cm., which was about the value used by .Mi<hcl- 
son and Morley,_ 10-^d = 1, so that the shift expected was about, 
equal to the distance between two bands. No such shift' was 
observed, and this result became the principal foundation of t.hc. 
theory of relativity. 


4. The Fitzgerald Contraction. 

It was suggested by Fitzgerald and H. A. Lorentz that this n(‘gat.iv(' 
result could be explained by supposing that material bodies (ront rU't^t 
slightly along the direction of motion when moving through snaC'(>. 
ihus, in the Michelson-Morley experiment, if the distanc*^ along t'he 
velocity component v is d, and that perpendicular to the velocit.v d', 
then the time difference becomes 


wbicli is zero if 


d' ■ d ] 

d = dWT^^Jc^. 


Such a contraction could not be detected by ordinary measurememts 
provided aU bodies contract equaUy. The Michelson-Morley (‘xperi- 
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ment was repeated, different materials being used to fix the distances 
between the mirrors, with the same negative result. 

We do not know the velocity of the earth through space. We can 
determine the velocity of the earth relative to the sun and stars, but 
these bodies may be moving through space with any velocity. Sup- 
pose for example that the earth were moving through space with a. 

velocity v = c; then s/l — v^/c^ = so that the length of a rod 

with its length perpendicular to the direction of the velocity would be 
double its length when parallel to the velocity. 

Length therefore depends on the unknown velocity through space, 
and so has no absolute value, but is a relative quantity. 

5. Einstein’s Special Theory. Lorentz Transformation. 

The negative result of the Michelsou'-Morley experiment is pre- 
cisely what would have been obtained if the earth were at rest in space, 
and since no other effects due to the motion of the earth through 
space have been detected Einstein was led to put forward his special 
theory of relativity, according to which the motion of a material system 
through space with uniform velocity makes no difference to the pheno- 
mena observable in the system by observers on the system. This 
amounts to supposing that the principle of relativity, which as we have 
seen applies to the motion of material particles, can be extended to 
include electrical and optical phenomena as well. 

Einstein some years later developed his general theory of relativity, 
according to which no motion of the material system could produce 
effects distinguishable from those due to gravitational fields either on 
optical phenomena or on the motion of material particles. 

According to the special theory of relativity, the velocity of light 
should be the same in all directions to an observer on a system moving 
with any uniform velocity through space. Consider two* such material 
systems S and S', and let the velocity of S' relative to S be v. Let 
position and time in S be measured by co-ordinates x, y, z, t and in 
S' by ;?/, %j', z', t'. 

Let the tw'o sets of axes coincide at ^ = 0, and let the relative 

velocity v be along the axes x and x', so that to an observer on S the 
position of the origin of the co-ordinates x', y', z', t' in S' is given by 
X — vt, and to an observer in S' the position of the origin of x, y, z, t 
is given by the equation x' = — vt'. 

Suppose that at the time <5 = = 0, when the two sets of axes 

coincide, a light w^ave is started at the origin of co-ordinates. To an 
observer on S this wave will be a sphere given by the equation 
^2 _|_ 2;2 observer on S' it will be a sphere given 

by x'^ -f y'^ -f z'^ = cH'^, 
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There must therefore be such relations between y, s, t and 
a?', y\ z', t' that x^+y‘^ + z^- cH^ is equal to + y'^ + ^ 

To the observer on >S a point at rest in S having co-ordinatej^ 
x^ 2/j ^ relative to the 8 axes will have co-ordinates x — y, z 
relative to the S' axes since the origin of the S' axes is at a; = 

y=o, ^=0. 

To this observer on S a measuring rod, used by an observer on B' 
and at rest in 5', will be moving along the x direction with velocity 
V, so that, assiuning the Fitzgerald-Lorentz contraction, when the rod 
is parallel to the x axis it will be contr acted, and the units of length 
marked on it will be len^hs s/l — v^jc^ instead of unity. 

The observer on S will therefore consider the x' lengths as niea- 
st ued by t he observer on S' to be measured in terms of a lengtli 
•n Twilit, so that the x' co-ordinate of the point in question 

will not be x- vt when measured by the observer in .Sf', but 
[x-^vt)ls/l~-v^'lc\ Hence 


X = 


x^vt 


If we substitute these values in x'^ + y'^ -f z'^ _ gg^ 

which is equal to if 







Thus, according to the special principle of relativity, we have 


y y^ ^' — z, ^ and 


vx 


vO-oVc® " ' Vi _ ^2/^2' 

In the same way, to an observer a unit length along x at rest in S 

W f ^ so that a point in at 

^ : y , z will have S co-ordinates given by 

__ x' + vt' 

^ Vi — ^c2’ y^y'^ 


t= 


vx 

4— i 


and this requires that 
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These equations giving x, y, z, t in terms of x\ y\ z\ t' agree with those 
giving x\ y\ z\ t' in terms of x, y, z, L 


6. Relativity of Time. 


It appears that, on a material system, time as well as length is 
related to the velocity of the system through space, so that since the 
velocity through space is unknown absolute time cannot be deter- 
mined. In Newtonian or classical dynamics, time was considered 
to be independent of position, but just how the relation between the 
time of an event at one place and the time of another event at another 
place was to he determined was not stated. 

Consider a material system S moving through space with an 
unknown but uniform velocity, and let x, y, z, t be the space-time 
co-ordinates used by an observer on this system. Suppose the observer 
has a clock at the origin and another precisely similar clock at some 
other point. How can he determine the relation between the times 
indicated by the two clocks? Suppose a light signal sent out from the 
origin at a time by the clock at the origin, received at the other 
clock at and reflected back to the origin and received there at ^g. 

If the system were at rest in space we should then have ^ 

But according to the special principle of relativity motion through 
space with uniform velocity makes no difference, so Einstein con- 


t -I- t 

siders that the relation between the times is given by == in 

any case, whatever the velocity of the system through space may be. 
That is to say, we define the relation between the times at the two 

clocks by the equation To an observer on the material 

A 


system, light travels with the same velocity in all directions, so that 
^2 is half-way between ti and 

In another system S' moving with uniform velocity v along the x 
axis of the system S and coinciding with /S at ^ = 0 , an observer 

on S' would determine the relation between clocks in different posi- 
tions in the same way as the observer in S bv means of the equation 
t ' 4-t' 

' ^ .1.3, The times so determined in 8 ' would not agree with 




the times in S' as observed by the observer in S, To the observer in S 

the system S' would be moving with velocity v, so that the time 

for a light signal to go from the origin of S' to a point {x', 0 , 0 ) would 

x' 

not be x'lc, but would be given by U — L'~ , and the time 

c — v 

h' h' back to the origin of S' would be given by 
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^3' ~ ^2' = These equations give J 

Thus the assumption of the observer in S' that ^ would 

appear to the observer on ;S to be in error bv — (W — L') 

2 c 1 

The observer on S' would consider an event happening at ills 

origin at the time ^ ^ as simultaneous with an event at (;/■', 0 , 0 ) 

at the time , but the observer on S would consider these events lujt 

simultaneous but separated by a time interval ~ — t/) measured 

in terms of the unit of time used on S'. 

The assumption that ^ ^ in all cases is equivalent to the 

assumption that light has the same velocity in all directions to an 
observer in any system, and, therefore, together with the Fitzgcnuld- 
Lorentz contraction, leads to the equations for of, ij', z', t' in terms of 

making x^+y^ + z^~cH^ equal to 


7. Composition of Velocities. 


The assumption that the velocity of light is the same in all 
directions on a system moving through space with any uniform 
velocity IS equivalent to assuming that the vector sum of the 
of light velocity is equal to the velocity 

The usual rule for the composition of velocities is therefore not 
correct according to the special theory of relativity. Suppose we 
have a particle moving along the a: axis with a velocity 'o in a 
St Pftwle moving along the a; axis with velo- 

define the difference between v and as the velo- 

narticfe TeiTt observer moving with the second 

particle. Let the observer then be on a system S' moving with 

velocity u relatively to S. The second particle is then at rest 
iL suppose that it is at the origin of S'. For 

the first particle let x^vt, so that for this particle in S' since' 
the velocity of S relative to S' is-u, we have ’ 


’=z 


cind 


f + ux' jc^ 




But X It is the velocity of the first particle to the observer in S\ that 
is, by the definition adopted, the difference between v and u. 

In the same way the sum of the two velocities u and v is equal to 

V + n 

1 + uv/c^' 

If u ~ c this becomes == c, in agreement with the original 

assumption that the resultant of any velocity v and the velocity of light 
c is equal to c. 


8. Invariance in Expression of Physical Laws. Fizeau’s Experi- 
ment. 

The assiimption that motion of the material system through space 
with any uniform velocity makes no observable difference to phenomena 
on the system may be expressed in another way by saying that the 
matheniatical equations expressing physical laws in terms of tlie 
co-ordinates x, t/,^ z, t in a system S must be identical with the 
equations expressing the same laws in terms of the co-ordinates x\ 
y', z\ i! in a system S moving with any uniform velocity relative 
to 8, The equations for B must transform into identical equations 
for S' wlien the values of y, z, t in terms of x\ y\ z', t' are sub- 
stituted in them. 

This principle enables the ejSect of the motion of matter with 
uniform velocity on phenomena to be determined. For example, 
consider the motion of light through a medium having refractive index 
IM. The velocity of the light is c/fx when the medium is at rest, so that, 
if the light is moving along the x axis in a system S in wdiich the 
medium is at rest then we have x = ct/fx, where x is the distance the 
light has travelled from the origin in the time L 

Now suppose the light is observed by an observer in another system 
S' moving relative to S with velocity — v along the x axis. We have 

x' — vt' 

X= “- 7 == , 

I 

Vl — v^/c^ 



298 SPECIAL RELATIVITY [Chap. 

so that the equation x = ctlix becomes 

x' — vt' = - {f— vx'jc^) 
in the system S', Hence 

x' __ c //x + r) 

t! I + vj^o 

The velocity of light in the medium moving with velocity v is therefore 
increased by the motion of the medium from c/ix to + v^/{l + v/i^c). 
When -y/c is very small this is approximately equal to 



This result agrees with the experimental results of Pizeau and Michel- 
son obtained many years before the principle of relativity was 
developed. 

If in a system S a medium of refractive index [jl is moving along the 
X axis with velocity v, the velocity of light along the x axis in this 

medium is (~ + ^) / velocity of the light relative to the 

medium is then its velocity to an observer moving with the medium, 
or the difference between the two velocities, which is 

1 + v/lJLC C 

1 — (Blt+JL) 1 

\1 ~f y/jLtc/ 

according to the relativity formula for the composition of velocities. 
MinJcowsMs Theory 

9. An interesting way of regarding, the special principle of relativity 
is due to Minkowski. The phenomena which we can observe on any 
material system S are a succession of events, each event taking place 
at a definite point x, y, % and at a definite time t. An event therefore 
has four co-ordinates x, y, z, t. If the same event is observed on 
another material system S' moving relative to S with uniform velocity 
y along the x axis and coinciding with /S at i = 0, its co-ordinates 
in S will he, X ^ y ^ z' ^ t' and these are related to x^ y, z, t in such a way 
that -J- 2 /^ + is equal to x'^ -f y'^ z'^ — cH'^. 

Let T = ict and t = ict', where i = V — 1, so that __ 

becomes y^ + z ^ and + y'^ ^ z'^ - becomes 
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X -f- ^ 2 : " + r Then if we take x, y, z, r to he the rectangular 

co-ordinates of a point in a space of four dimensions, 

IS equal to the distance of the point from the origin. 

If we use another set of rectangular co-ordinates x\ t having 
he same origin but inclined to x^ 2 , r, that is, rotate the axes x, y, s, r 
into a new position, the distance of the point {x, y, z, r) from the origin 
in terms of the new co-ordinates will be + z'^ + and of 

course this distance is unchanged by the change of axes. 

In the same way, the distance between any two points y^, z^, r^) 
and (iro, y^, Zo, Tg) in the four-dimensional space is equal to 

yif + (22 - Zi? + K - r^)^ 

and this becomes 

n/(>»' (Ta' - 

when the axes are changed, but its magnitude is unchanged. If we 
denote the distance between two points in the four-dimensional space 
by a, then 

== (^2 - ^ 1 )- + (2/2 ~ Vi? + ih - + (t2 - 

an<l = dx?* -j- dy^ -f” dr^^ 

== dx^ + dy^ -f dz^ - cW, 

where ds is the distance between two points very near together, so that 
;r 2 “““ Xi dx^ &c. s may be called the interval between the two events, 
and it is the same for all sets of rectangular axes in the four-dimensional 
space. 

If W(i change from co-ordinates x, y, z, r to x', y\ z', r by rotating 
the axes in the plane {x^ r) through an angle 6 from r towards x, then 

a? COS0-— T sinfl, 
t' — t COS0+ icsin^, 

y'=^y> 

z'^z. 

Comparing with the equations 

x — vt 

f/ ^ ^ ^ 

1 / """ ?/, 

Z^ 
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we see that cos0 = 
T = ict, 


\/\ — v^jc^ ’ 


smd = 


and Tsin0 = 






or, since 


• tv 


Cs/l-v^jc^ 


Thus we may say that changing from a system S with axes x, y, z, t 
to a system S' moving relative to S along x with velocity ’v, with 
axes x', y', z' , t' coinciding vdth x, y, 2 , t at t = t' = 0, is equivalent to 
rotatmg the axes x, ij, z, r through an angle 6 in the {x, r) plane. 

The cosine of 6 is ^eater than unitVj so that 0 is an imaffinarv 
angle. 

The four-dimensional space is sometimes called the Minkowski 
world. 

If a number of events are represented by points in this space, the 
configuration of these points^ will be fixed by the intervals s between 
every pair of them, and so will be the same whatever rectangular axes 
like X, y,z, r are used. The axes can be taken in any direction in tlio 
space. For example, if we draw the time axis perpendicular to the 
plane defined by any three points or events, these three events will 
be smultaneous in the resulting co-ordinates. In this wav we see 
clearly the relative character of space and time, but it appears that 
there are absolute quantities connected with events, ' namely the 
mtervals s between any two of them. 

A curve c^awn in the four-dimensional space is called a world line 
and the world line of a particle represents the relation between its 

co-ordinates which may be 

CO ofdinatel^^ 

_ Smce the configuration of the points representing events in the four- 
dimensional space represents what happens in the system considered 

to wV °o-ordinate system used, the laws according 

which the events happen should be capable of being expressed in a 
form mdependent of the co-ordinate system chosel Any vecto 
quantity should be capable of representation by a line drairo in the 
fou -dimensional space, and so should have foiir components ill any 
particular system of co-ordinates x, y, z, t. The len^h of the line 
representmg the vector quantity will be the same for^all co-ordinate 
systems, and m any co-ordinate system its direction will be related in 

iJ C'fn/T T represent the evLs 

n the foim-dimensional space. The interval a between two events is 
an ^ample of such a four-dimensional vector. 

its ^ obtained by multiplying 

Its length by the cosmes of the angles it makes with the axes Let 

ai, ttg, ag, be these cosines for an element ds of a world line. The 
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components of ds are dx, dy, dz, and dr, so that = dxjds, a, = dyjds, 
a.^ = dzjds, and a 4 = drjds. But ds^ — dx^ -|- dy^ -f- dzP" — c^dtr, and 



«’=(t 

y+ 

0 

'+(f 

t)' 

SO that [- 
H 

ft) or 

dt 

ds~ 

\/(f 

~ i 

> 0 ’ 

where 

Therefore 

dx 
ds " 

dx 

(ft 

dt 

ds 

. — 

Vc2~1>’ 

and in the 

same way 






— 5 

iv„ 




iv. 


^2 — / ~~~ 

s/c^ 

— -y- 



~ -- — ? 

and 

dr 

“ ic 

dt 

ds~ 

c 

s/c^ — 

■v^ 


In this way we cjin express the direction cosines of ds in terms of the 
velocity v corresponding to any particular set of co-ordinates a;, y, r. 

10. Minkowski Velocity. 

Let iiH nt)w (‘oiisidcT velocity in the Minkowski world. We wish to find a four- 
diincnHioiiiil v(‘(!U)r ■whicdi is independent of the particular co-ordinates chovSen, 
and which may hes taken to represent this velocity. Consider an clement ds of 
the woild line of ai particle, and Jet the t axis be drawn along ds. In this case 
Us dr icUf., so tha t dsl(lt--r ic, la the velocity of the particle along its world 
line. Let us suppose then that the Minkowski velocity of a particle is equal to 
If? hi any (U)-ordinat(hs, and directed along ds. When the r axis does not coincide 
with ds then the velocity ic has components icoci, icoco, iccc.^, and icoca, which are 
ecpial to 

^ J'}/ Vz ic 

V 1 Vi Vi — Vl — v^/c^^ 

When v/c is very small, these arc approximately 

'iby and ic. 


ddiuH the .r, //, z components of the Minkowski velocity ic are equal to the corre- 
sponding components of tlu^ thrce-dinumsional velocity v when v/c is very small. 

It is important to note that the Minkowski velocity vector ic directed along 
ds is only a velocity in tlu^ S(‘nso that, when a set of axes a’, ?/, ;3, t is chosen, the 
(a)mponents of ic are vt'locities relative to the axes chosen. It is only when axes 
have been (diosen that ilm position of the particle can bo specified. If we choose 
a set of axes, the co-ordinates (a, ?/, t) of any point on the world line give the 
position of the parti(^l<^ (a, //, z) at the time t given by t ict, and its velocity is 
equal to ic dirccte<l along ds relatives to the axes chosen. The velocity is the 
sarifKi for any set of axes, but in the absence of axes {-jc, y, z, t) there is no velocity. 
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11. Minkowski Force. 


If the world line of a particle is straight, its velocity is constant in magnitude 
and direction, so that there is no force acting on it in any set of axes. If thc^ 
world Line is curved, the direction of the Minkowski velocity ic along ds changes 
with the time, so that a force must be acting on the particle. Let the dire(;ti(>n 
of s change through an angle in a time dt^ and let ds be the element of s described 
in the time dt. Since the Minkowski velocity ic is constant along ds, its cliangc^ 
in di is equal to icd^, and is perpendicular to ds. The acceleration is therefore 

equal to icdd/dt, which is equal to ic^ If r is the radius of curvature of the 

ds dt 

world line, we have rdd = ds, and also — = !?, where S , so that 

^^dd _ icic 
dt r (3 


In classical dynamics the force on a particle is equal to its mass multiplied by 
its acceleration. We suppose that this is true when the velocity of the particle 


is very small compared with the velocity of light, so that [3 = ^ = 1. In 

^0 2 Vi — 

this case the acceleration therefore define the Minkowski 


force, which will be denoted by P, by the equation P = — meVr. It is directed 
along the radius of curvature r towards the centre of curvature. When (3 is not 
equal to unity, the acceleration icdOjdt, which wall be denoted bv is ijiven 1)V 
a = - cVr|3, so that ^ 


P = 



= mpa. 


The components of the Minkowski velocity are and fcp, so that tho 

components of a are and |( 4 cp). 


The components of the Minkowski force P are therefore 

Px = mp I {?,Vx), Py = mp I (I3vi,), 

Pz = «P I {p»,), P^ = (ic|3) = imp ® . 

’NTr^'OT ^ T. dv . . ^ , 

dt~ 'dt’ where ~ is simply the rate of increase of the magnitude of 

V without reference to direction, and so not equal to the acceleration. When v = 0 

and therefore p = 1, this makes ^ = 0, and the components of P are then 

Pr-0, 




Pz~m 


in classical dynamics. 


dt 

d^ 
dt ’ 
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We now define a force F by the equation F = ma, which agrees with the 
classical definition when v = 0 and ^ = 1; then since F = m^a we have 
p = pir. The components of F are then 


F.-- 






: ^cm 


dt 


If we put = mf these equations become 


dt 


F, 


dt 


{m'vz). 


Fy=^^(M\), 

-r, . dm' 

Fr^lC — . 

dt 


isince m is a constant. Thus it appears that the mass of a particle, defined as 
usual by the equation = 


: ~ {m'vx), is not a constant, but is equal to — , 
dt Vl — v^jc^ 


where m is its mass when vjc is very small. 

This variation of mass with velocity has been verified for electrons by experi- 
ments on the p-rays of radium and on cathode rays (see Chap. IX, sections 7 
and 8). 

The force F is not a four-dimensional vector, since its magnitude is equal to 
— and so depends on v and therefore on the particular set of axes x, y, s, t 

chosen. The Minkowski force P = — mc^jr in any set of axes and so is a four- 
dimensional vector. 

Two particular cases will now be considered. In one the force F is perpendicular 
to the velocity v, and in the other F is along the direction of v. P and F are at 
right angles to ds, and v lies in the plane containing ds and the t axis. Hence, 
when F is perpendicular to v it is perpendicular to the r axis, so that Fr — 0 and 

consequently ^ being thus a constant, as we should expect. Uj = (^cp) 

is also zero. In this case, therefore, since p is constant, 


Fc 


dt 

rdVz 


F„ 


, dvu 
■■ m' .yf » 
dt 


Fz == m' 


dt 


Pr-=0, 


SO that F r= m'/, where / is the three-dimensional acceleration relative to x, y, z. 
The particle therefore behaves as if it had a constant mass m' = 

When F is along v, it is at right angles to t, and in the plane containing ds and 
T. But F andP are always perpendicular to ds, so that in this case da must 
coincide with the t axis and v must be 0, In this case, therefore, 




dp 

'dt’ 


, dvx 
dt 
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which, when v=0, reduces to 


In the same way F,==m^, and Fr=0. 


dvx 

di 

. dvz 


dt ' 


dt '' 


Thus when J? is along o the mass of the particle is equal to m, its mass %vh(>n 
at rest, because m this case v must be zero. 

Another particular case is that in which F lies in the plane containing d.% t. 

^ generality we may take the k axis along ^ 

SO that the equations for the components of F become 


Fx == Fy - 




■^'i/==0, 


Fz=0, 


Fr-- 


■■ 

dt 


since here r.^• = v, 

tlielnal!°w ^ at right angles to t. so that 

whieh i ^ between da and t, the cosine of 


Hence - F^. Also | (pv) = ps * ^ 


dv 


\ and F = 




dv^’' ^ dF JF If' 

tw ^ velocity u and acceloratiun dv dt 

so that smcei’.is the component of ^ along the line it ^as been sakKrbe^ 

If It had a mass equal to However, since J„ = | (.«p,) = <l („,» 

better to regard the particle as behaving as if it had a mass equal to m' = pno 

12. Work and Energy in Minkowski World. 

Sini pTnT? T^’ If fonr-dimensional world, 

i-mce F and A are botli at right angles to ds we have 


F^dx -f F ydy + F^dz-^F^dr -■ 


: 0 . 




dW^ 


get 


- F^dx “|~ Fydy -j- Frdz, 

dW + F,dT=0. 


In the case of a force F acting on a particle of mass we liavc 

icm and dr= icdt, so that dW = tncH^. Hence 11'== (1. 

To determine the constant C, let If = 0 wTiati ft _ i j.i j. « 

Hence If = mcHB — 1) When i ^ o ~ C~~ nie^. 

o(P 1 ). 'Vhen^=i,« = 0, sothatIFistheWic 

energy of the particle. men«/cis very small, ^8= I j _j_ 

so tk« w get 17 =. - "“/o- “ 20-' 

= so that If = c2(}a'_ 
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This shows that when the energy of the particle is increased by W, 
its mass is increased by W/c^, Thus it appears that kinetic energy 
has mass equal to the energy divided by the square of the velocity of 
light. 

We have so far regarded the mass m of the particle considered when 
at rest as a constant, and we defined the Minkowski force by the 
equation P — — mc^jr . When m is supposed to vary, and changes 
to m + dm when ds turns through an angle dd, the momentum mic 
along ds changes by mic dd at right angles to ds, and icdm along ds. 
Thus, in axes relatively to which the particle is at rest, we get a com- 

. ^dm - 


ponent of P along ds equal to .ic which is equal to — — 


ds^ 


since 


ds = icdt when ^ = 1. 

The Minkowski force therefore consists of a component — mc^jr 

at right angles to ds, and a component — along ds. Now 

<ydm ^dmdt r. , . dt dm dm 

- c- — c- so that, since ^ = we get — 


ds 


dt 


ds " dt ds 
ill any set of axes. 

The Minkowski work may be defined as the negative product of 
the Minkowski force along ds into ds or — P^^ds. The component of P 
perpendicular to ds then does no work. We have — P^^ds — + cHm. 
Now we have seen that when m is constant then o\mf — m) is equal to 
the kinetic energy, which suggests that energy has mass equal to 
the energy^ divided by This result agrees with the equation 
P^ds == c^dm, if we admit that the Minkowski work represents 
energy E supplied to the particle. We may then put dE^ — P4s = 
cHni, so that, if m = 0 when P = 0, we have E == mcK The Minkowski 
force was defined as rate of change of momentum, and the Minkowski 
work must therefore be of the nature of energy. The negative sign 
which has to be given to the product is not surprising in view of the 


fact that Po = 


ds 


The theory of relativity therefore leads to the very important 
conclusion that a body of mass m has energy mc^ in virtue of its mass 
m. The energy given by P = mc^ may be called the Minkowski energy, 
since it is independent of the axes chosen. 

The Minkowski work is not the same as ordinary work unless = 1 
dfyv 

ordinary work W was defined by dW=F^dx 

+ F,jdy + F,dz P^ = ^F^, ^Fy, P, = ^F„ Pr = ^F„ and 
consequently Minkowski work is equal to ordinary work when m 
remains constant and /8= 1, because then P=0. The Minkowski 

energy tno^ is therefore also equal to ordinary energy when = 0 and 

dt 


(DS14) 


21 
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— 0. A particle at rest therefore Las ordinary energy m,G^. When 
moving, its kinetic energy is c\m' — m), and its total ordinary energy 
but its Minkowski energy is still c^m. Hence if E denotes the 
Minkowski energy and E' the ordinary energy tlien E' = ^E. 

The components of = ic^ ^ along the axes x, y, z, r are 


md 


dm 

~dE'‘ 


dm 


> dm 
dt 


Hence 


or 




' It 


Since 
= ^T„ 


with similar equations for Py and P^, and P, : 

T= ict, we may define the t component of P by the equation P, 
so that Pt=c^^^ Tiie components of the force P defined by 

P = jSP are therefore 

It ^^^It 

where m = as before, but m is not now supposed to be consitant. 
For a particle moving with a constant velocity we have P^. = ^ 

with similar equations forP^ and P„ so that if P, denotes the com- 
ponent of ^ the direction of which is perpendicular to the r 

axis, Py '^~d£' Thus there is a three-dimensional force P on the 

requW to keep it» 

intn'^rtTf ^ ® is radiating energy 

mto the simroimdmg space. In the case of the sun the mass of the 

energy radiated is about four million tons per second If the star is 

STi "Sister ^ ^ on il equalh: 

.Z wV ^ f produced by the flow of energy away from the 

to tet w’L”;rV‘'“ f: '“0“®' »diated®L 
equal to that lost by the star, so that the velocity of the star remnin® 

constant because the momentum lost is proportional to the mass lost ’ 

It appears that according to the theory of relativity the mass of 

any system is equal to its energy divided by c\ Tbe^ principles of 

tie conaervabon of ^ of idSl The 
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energy changes which occur in laboratory experiments are too small 
to produce appreciable changes of mass. For example, 1 gm. of 
radium evolves about 100 calories of heat energy per hour. TIh‘. 
mass of this energy evolved in one year is therefore (3G5 X 24 X 
100 X 42 X 10®) — (9 X 10^®) gm., which is only about 1/20, 000 of 
a milligram. 

The helium atom is believed to be made up of four hydrogen atoms, 
but its atomic weight is’ 4 whereas that of hydrogen is 1*007. It 
is therefore supposed that when hydrogen atoms coinbiiK^ to form 
4 gm. of helium, an amount of energy equal to 0*028 X 9 X 10"*^ 
= 2*5 X 10^^ ergs must be evolved. 


13. World Tensors. 


Consider any two four-dimensional vectors p and q, having com- 
ponents p^, = and q.j,, q,,, q^, q^^ iqt. We can form 

sixteen products of one component of p with one of q thus: 

Pxqy Px<lz W^qt 

My Mz mqt 
Mx Pzqy Pzqz ipzqt 
^Mx iptqy iptqz —Ptqt- 


These sixteen products are said to be the sixteen components of a world 
tensor. In general a world tensor is defined as a quantity having 
sixteen components which transform from one set of axes x, y/, c, r to 
any other set in the same way as the sixteen products of the com- 
ponents of a pair of vectors. 

If t denotes a world tensor, itfe components may be denoted by t 
with two suffixes, as, for example, t^;^ or t^^. 

If interchanging the two suffixes does not change the viihm of any 
component so that, for example, t^,, = t^ and V :=:= t,.,,, th(i tenscir 
is said to be symmetrical, and can be specified by ten qiiantities. 

If interchanging the two suffixes of any com])onent m<‘.rely (‘luinges 
the sign of the component so that, for example, t^.,, — t,,.,. and 
t^T ~ then t.xxj ^j/y) t^ 2 y and are all zero, and the tensor is sai<l 
to be skew-symmetrical, and can be specified by only six <|uantiti(*H, 

VIZ. txy, t^;j, t^2, 

The vector divergence V of a world tensor is defined by the e<| nations 
giving its four components. The x component is given by 


y _ I ^^xy , citxt. 


where , , since dr = iedt and t 


dy 


for Ty, and 


dz ' 

CT == i^xu with similar cqiiations 
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The components of the vector divergence of a skew-symmetrical 
tensor are then given by the equations 


3 


17 I 

dij + dz 

y I ^yz I ^^yt 

dz 


F — 

dx 




cdi 

3t^y I 
dy ^ cdt’ 


dttx . 




0t 


Now let H H,, = t 


Ey = t, 


^ty} 


E, 


‘yz^ J-l-y ^ZX) 

tfz ; SO that 


dx 
and Hz 


JIlA 

dy dz 


>tz 


; and also let == t, 


Vx = 


dHz dH, 


yy = 


dy 

dz 

V 

" Sic ■ 

dE, 


■ dz 
dx 
dy 

F, = ^-4.?^4. 

dx dy 


^xy j 

dt ’ 
dE, 
dt ’ 
BE, 
dt ’ 


'a> 


02 


since tj,, = - t,y, tt,= - t,t, &c. 

Thus if Vi denotes the conaponent of V at right angles to the r 
axis so that 72== F.^and 7 ,^= VJ^+ Vy^+ and if E, H 
denote the three-dimensional vectors of which the components are 
E„ E,j, E„ and we have 


and 


t7 I 1 9E , „ 

Vi -f - -5- = curl H 
c dt 

Vt = div E. 


^ the four-dimensional space the curl or rotation of a vector may be 
defined ]ust as m three-dimensional space. Thus the components of 
the R of a vector P having components P*, P P„ P^= jP are 
defined by the equations *> j/. « r ^ 


R: 


^zy- 


P™ = 


Ryr — 


dPy 

dx 

dP, 

dz 

^Iz. 

dy 


dP, 

" dy’ 

E? 

■ dx’ 
BPy 
dr’ 


Ryz 




Rzr = 


dPz dP„ 


dy 

dx 
dPr 
dz ■ 


dz 

dr 

dr 
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Differentiating with respect to Ry^ with respect to and R^^ 
with respect to y, and adding the three equations so obtained, we get 


3 JR 1/2 , dRzx , dR, 


dx 


4- 


- 


dz 


In the same way we get 


SRzr, 
dy ^ 

dR^ dRy, 

~dT ‘SV 

1 

dz ' 

^Rxz 1 ^Rzr 
dr dx 

dR^y , 

dRyr, 

I 9 -Rtx 

dr ' 

dx ^ 

^ dy 


= 0 , 


: 0 . 


We have Rxy= — Ryx, so that the six components of the curl E 
may be regarded as the components of a skew-symmetrical world 
tensor. Thus when a world tensor is the curl of a vector it must be a 
skew-symmetrical tensor, and its components must satisfy the four 
equations just obtained. 

Let us now suppose that the world tensor E is identical with the 
tensor t previously considered, so that 



RyZ Hx, 

II 

^xy — ^Z9 


Rtx = Bx, 

Rty = Ey, 

Rtz - Ez, 

where 

^rx ~ '^^tX) 

R-ry “ ^Rlyt 

R7Z ~ '^R'tz* 


Substituting these values we obtain 

dx dy ^ dz ’ 
_d^.dE,_l djh_. 
dy ~dz c dt ~ ’ 
^1 dEy_M,_ 
dz'^c'di' dx~’ 

c dt dx'^ dy ~ ’ 

1 3 H 

or div H = 0, and curl E = . 

c oi 


Thus it appears that if we have any skew-symmetrical world tensor t 
which is equal to the curl of a four-dimensional vector P, and if we put 
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div H == 0, div E = Vt, 

curl H= Vi + - 37 ’ curl E = x~ ? 

^ c ot c ot 

where Vt is the time component of the vector divergence of the tensor 
t and Vi is the component perpendicular to the time axis. Tliesc 
results of course are true for any set of axes x, y, z, r in the four- 
dimensional world. 


14. The Electromagnetic Equations. 

Maxwell’s equations of the electromagnetic field in the form given 
to them by H. A. Lorentz are (see Chapter I): 

div H = 0, div E = p, 

cnilH=l(p, + ^), cniIE=-l® 


where H is the magnetic field strength, E the electric field strength, 
p the density of electricity or charge per unit volume, and v the velocity 
of the electricity. Comparing these equations with those just obtained 
above, we see that if 7^ = p and Vi = pv/c the two sets of equations 
become identical. 

If e is the charge in a volume S which is at rest relatively to the 
axes used, so that p = e/S, and if we change to axes in which the 
charge is moving with velocity v, the volume changes to S/p m that 
the density of charge becomes e^/S. Hence, if we put p'=“^ p/^, p' 
has the same value for any set of axes, p' may be called the Minkowski 
density of charge. 


The Minkowski current density may be defined as the product of 
p' and the Mii^owski velocity, so that it is equal to pic, and its com- 
ponents are p = pv^, pVy, pv^, and icp. Its time component is 
therefore pc, and its component perpendicular to the t axis is pv. If 
then 7i == p and Vi == pv/c, it appears that V is equal to the Minkowski 
current divided by c. 

Maxwell s electromagnetic equations therefore show that the 
three components of the magnetic field and the three components of 
the electric field may be regarded as the six components of a skew- 
symmetrical world tensor, which is called the electromagnetic field 
tensor. This tensor is equal to the curl of a world vector, which may 
be called the Mi^owski vector potential, and its vector divergence is 
equal to the Minkowski current divided by the velocity of light 
s example, suppose that we have a charge e in a magnetic 

" f 1 7 7 xf ^ suppose that the charge is at 

rest relative to the axes If now we change to axes in which the charge 
has a velocity along the a; axis, we are rotating the axes in the (x r) 
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plane through an angle the cosine of which is j8. Then Hy — and 
so Hy transforms in the same way as the product of two vectors, one 
along the z axis and one along the x axis. The rotation in the {x, r) 
plane leaves a vector along z unchanged in position, but a vector along 
X is changed into one inclined to the x axis in the {x, r) plane, and its 
components are proportional to ^ along x and along r. Thus 

the magnetic field Hy transforms into a magnetic field ^Hy along y 
and an electric field Ez — Va^^Hyjc along 2 , because Ez~ttz- Thus 
when the charge e is moving with velocity along the x axis in a mag- 
netic field of strength ^Hy along the y axis, there is a force on it along 
the z axis equal to ^Hyev^jc. 

We see in this way that a magnetic field in one set of axes becomes 
a magnetic field and an electric field in another set. Magnetic and 
electric fields are therefore relative quantities, but the electromagnetic 
field tensor t is the same in any set of axes, since it is equal to the curl 
of the Minkowski vector potential, and the latter is a four-dimensional 
vector. 
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CHAPTER XIX 


General Relativity and Gravitation 

1. Principle of Equivalence. 

We have seen that, since a gravitational field gives equal accelera- 
tions to material particles of all kinds, it is impossible, by observations 
on the motion of such particles in a laboratory, to distinguish between 
acceler^ions due to a gravitational field and accelerations due to an 
acceleration of the laboratory. 

Einstein put forward a generalization of this principle which is 
known as the principle of equivalence. According to the principle of 
equivalence, the efiects due to a uniform gravitational field are precisely 
the same as those due to a uniform acceleration of the material frame 
of reference relatively to which the phenomena are observed. 

The uniform acceleration is supposed to be equal and opposite to 
the acceleration which the gravitational field gives to a particle of any 
kind. It follows that if a frame of reference moves with an acceleration 
equal to, and in the same direction as, that due to the gravitational 
field, the effects due to the field will be equal and opposite to those 
due to the acceleration, and there will be no observable effects. 

The principle of equivalence is supposed to be true for electrical and 
optical phenomena as well as for the motion of material particles. 

According to this, if the gravitational fields of the sun and moon 
were uniform over the whole earth, there would be no observable 
effects on the earth due to these fields. The tides which are observed 
are attributed to the variation of the fields with the distance from the 
sun and moon. 

A good illustration of the principle of equivalence is the following, 
due to Einstein. Imagine an observer working in a large completely 
closed box, and suppose he knows nothing of what goes on outside the 
box. Let the box be far from all other material bodies so that there 
IS no ^avitational field where it is. Now suppose a rope attached 
to the box and the rope pulled so that the box is made to move with 
an acceleration. The observer in the box would find that everything 
in the box when unsupported moved with an equal and opposite 
acceleration relative to the box. He would conclude probably that 

312 
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the box was in a gravitational field. To keep a body at rest in the box 
would require a force proportional to the mass of the body. The 
o]3server could measure the acceleration by means of a pendulum, just 
as the acceleration of gravity is measured on the earth. If he could 
observe the path of a ray of light with sufficient accuracy, he would 
find it not exactly straight because of the acceleration of the box. 
He might conclude that the refractive index of the space in his box 
varied slightly from point to point. 

Suppose now that the box is supported in a uniform gravitational 
field so that it remains at rest. To the observer in the box, according 
to the principle of equivalence, everything will be the same as in the 
first case. It follows, for example, that light rays must be slightly 
deviated by a gravitational field. 

The principle of equivalence does not mean that it is never possible 
to distinguish between gravitational fields and accelerations of the 
frame of reference. For example, the acceleration of gravity g observed 
on the earth cannot be attributed to an upward acceleration, of the 
earth’s surface equal to g, because such an acceleration would mean that 
the diameter of the earth was increasing all the time, which is of course 
impossible. 

The principle of equivalence suggests that producing a gravitational 
field in a space is analogous to changing the frame of reference or co- 
ordinate system used to describe phenomena in the space. In the 
four-dimensional Minkowski world of the special theory of relativity 
the world lines of the particles represent phenomena independently 
of any co-ordinate system. Let us suppose that the system we are 
considering consists of particles subject only to gravitational forces— 
that is, suppose that there are no electric, magnetic, or other forces 
besides gravitational in the system. Einstein supposes that the special 
theory of relativity is true for such a system only when the masses 
of the particles are so small and the distances between them so large 
tliat the gravitational forces are negligible. In this case the world 
lines of the particles are all straight in any system of rectangular co- 
ordinates vT, y, z, r which may be adopted. The interval between two 
points A and B measured along a world line joining the points is equal 

to / ds, and for a straight line between A and BS ds — 0, where 

■ .1 A 

S denotes a variation from the straight line to any infinitely near line 
from A to B, 

rli ^ rli 

A line for which / ds is stationary, or for which S ds =0, is called 
•'a a 

a geodetic line or geodesic. 
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2. Curvilinear Co-ordinates, World Lines and Geodesics. 

The interval ds between two neighbouring points is the same in any 

system of rectangular co-ordinates, so that this is true also of / ds. 

Suppose that we use a system of curvilinear co-ordinates instead 
of the rectangular ones. Then, since ds has the same value in any 

fB 

co-ordinate system, / ds along a world line will still be stationary in the 

curvilinear system. The world line will still be given by S / & = 0, 

where 8 denotes a variation due to changing from the world line between 
A and B to any other line between A and B which is very near to the 
world line. 

Now according to the principle of equivalence the effects due to a 
gravitational field are the same as the effects due to changing the 
co-ordinate system in a suitable way, so that we may assume that in 

a gravitational field the world line of a particle will be given by 8 J & = 0. 

If, however, we use rectangular co-ordinates in the presence of 

a gravitational field 8 / ds = 0 will give straight lines, whereas the 

world lines in a gravitational field will not be straight, because the 
gravitational forces will produce curvature of the lines. We conclude, 
therefore, that rectangular co-ordinates are impossible in a gravitational 
field. This means that the gravitational field modifies space in such 
a way that it is impossible to choose co-ordinates in which ds^ is every- 
where equal to dx^ -f d^^ + + dr^. 

Since a very short element of any curve may be regarded as 
straight, we see that it is possible to choose rectangular co-ordi- 
nates in which any particular element ds of a world line is given by 
ds^ = dx? dy^ + d'^ -J- dr^, but the same rectangular co-ordinates 
cannot be used for tbe successive elements ds of the line. 

To see what this means let us take a simple case from ordinary 
geometry. Consider two points A and B lying in a plane, and let ds 

be an element of any line from A to B. If S ^ ds = 0, the line is as 

short as possible. Let x, y be the rectangular co-ordinates of a point 
on the plane, so that ds^ = dx^ + dy^. Suppose we draw two sets of 
equidistant parallel straight lines on the plane, one set parallel to 
the X axis and the other to the y axis. Let these lines be given by 
a:=0, 1, 2, 3, 4... and y=0, 1, 2, 3, 4... , and let the lines 
be numbered with numbers equal to the values oi x ox y at each 
line. 

Suppose now that the sets of lines are distorted in any way so that 
they become curved. If, for example, they were draW on a thin 
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sheet of rubber, by stretching the rubber they could be changed into 
two sets of curves. The small equal squares between the lines would 
be changed into unequal parallelogranas. We suppose the line between 
the two points A and B to be fixed and not moved in any way by the 
distortion of the two sets of lines. 

We may use the numbers on the curved lines as co-ordinates of 
a point on the plane if we suppose that the distortion did not move 
any of the lines out of the plane. Thus a point half-way between the 
two X lines numbered 5 and 6 and the two y lines numbered 9 and 10 
would have co-ordinates 5*5 and 9*5. It is clear that any such change 
from rectangular to curvilinear co-ordinates in the plane makes no 

difference to f d$ and that 8 / & = 0 is still the condition for the line 

joining AB to be as short as possible, because the length of ds is the 
same in whatever system of co-ordinates it is expressed. If the co- 
ordinates of A are in the rectangular system and those of B x^, y^^ 
then AB^ = {x^ — Xj)^+ (y^ — 2 /i)^ and the equation of the straight- 
line AB is 

y-yi={y2-yi)zrzrr^ 


or 2 / = ax -|- 6 , where a and b are constants. In the curvilinear system 
the equation of the line AB will not be linear so that the line may be 
said to be curved relatively to the curvilinear co-ordinates if we regard 
a line given by a linear equation as straight. The line given by 

§ I ds^ 0 will be straight in rectangular co-ordinates and curved in 

curvilinear co-ordinates, but in any co-ordinates it will be the shortest 

line between A and B, . . i • i 

Such a change to curvilinear co-ordinates in a plane is analogous 
to changing from rectangular co-ordinates x, y, 2 , r to curvilinear co- 
ordinates in the Minkowski world when there is no gravitational field. 
In the curvilinear system particles move along curved paths as though 
acted on by a field of force, or in other words the use of a co-ordinate 
system which is accelerated produces an apparent field which is exactly 
like a gravitational field. 

Suppose now that when the two sets of equidistant parallel lines 
in the plane are distorted the plane itself is also distorted mto a curved 
surface Then a line from A to B on the surface cannot be straight. 


3 1^ ^ 0 will still give the shortest line from A to B on the surface. 

On a curved surface it is not in general possible to set up a system of 
rectangular co-ordinates in whici ds^ = df + df everywhere, but any 
«ma.T 1 element of the surface can be regarded as plane and a small local 
set of rectangular axes can be drawn on it m which ds^=dx^+ dy . 
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According to Einstein’s tlieory, the distortion in this case is analogous 
to the introduction of a gravitational field into the Minkowski world. 
Einstein supposes that the gravitational field distorts or curves space 
so that rectangular co-ordinates in which ds^ = dx^ -f dy^ + dz^ + 

everywhere, become impossible, but S | ds = 0 still gives the position 

of the world line of a particle from A to B, 

According to this theory, then, the world line of a particle between 

two points A and B is always given by sf ds= 0, 

- A 

The gravitational field is a curvature or distortion of the Minkowski 
four-dimensional world, and the world lines are geodesics in this dis- 
torted space. The equation Sj ds = 0 is purely geometrical, and sc all 

particles of whatever mass or nature move in the same way in a given 
field. That is, the gravitational acceleration is the same for all kinds 
of matter, as is found experimentally to be the case. 

As we have seen, along the path of a ray of light in the Minkowski 
world, when there is no gravitational field, we have ds^ = dx^ + dy^ 
“h dz"^ (?dt^ ^ where icdt has been put for dr, and since in this case 

._dx^+dy^ + dz^ .. 

we get s = 0 for any element of the line. This result of course must 
be true in any system of co-ordinates and, according to the principle 
of equivalence, it must also be true in a gravitational field. The world 
line of a ray of light is therefore a geodesic of zero length. 

To determine the path of a particle or ray of light in a gravitational 
field it is therefore necessary to find in what way space is distorted near 
material bodies, so that ds may be expressed in terms of any set of 
co-ordinates chosen and the equation of the world line between two 
pomts found in terms of the co-ordinates by means of the equation 

S j ds = 0. The co-ordinates used may be any which are possible in 

the curved space just as, for example, any co-ordinates may be used 
to fix the positions of points on the surface of a sphere, provided they 
conform to the geometry of the spherical surface. 

3. General Expression for ds^. Einstein’s Problem., 

In the curved Minkowski world any very small region may be 
regarded as not distorted, and a small local system of rectangular 
co-ordinates may be supposed drawn in it. In these local co-ordinates 
ds-=^dx^~{-dy^-\-dz^ + dr^. l^ow let x^, x^, x^ be taken as the 
^ordmates in a system which can be used throughout the space. 
Then in the small region of the co-ordinates x, y, z, r these rectangular 
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co-ordinates must be functions of x^. Hence we have 


dx = dx-^ • 


dx j 
■ 5— acco - 
dxo ^ 


dx . , dx j 

„—dXs+.— dXi, 


with similar equations for dy, dz, and dr. 

Substituting these values of dx, dy, dz, and dr in the equation 
ds^ = dx^ + dy^ + dz^ + dr'^, we get 

ds- = g^^dx^^ + g^^dx.^^ -f g^^dx^^ + gu^x^^ 

+ + ^Qizdxidx^ + 2gi^dx^dx^ 

+ 2^23 dx^ + 2^24 ^^2 + 2^34 ^^4^ 


where the g^^ are functions of the co-ordinates x-^, x^, x^, x^. For 

example, = (^J + + (g)' + (|.y, and y, r are 

functions of x^, x^, x^, x^. This expression for ds^ may be written 
ds- == ^g^^dXf^dx,,, in which it is understood that all the sixteen com- 
binations of the four values 1, 2, 3, 4 of ja and v are to be summed. 


and that g^^ = g,,^. An expression for ds^ of this form holds of 
course in any system of co-ordinates. 

The relations between the g's. and the properties of the curved 
space had been previously worked out by Riemann and other mathe- 
maticians, so that Einstein was able to make use of their results. The 
problem is to find the relations between the ^’s which hold in any 
possible co-ordinate system in a gravitational field. ^ The relations 
between the g^s are sets of differential equations, and Einstein selected 
a set which seemed likely to be the correct set. In making this more 
or less arbitrary choice he was guided by the knowledge that Newton’s 
law of gravitation is certainly a close approximation to the truth, so 
that it was necessary to choose equations which gave results differing 
little from Newton’s theory. Also, in the absence of a gravitational 
field he supposed the four-dimensional space to be undistorted, so that 
the difEerential relations between the ^’s had to be such that they 
reduced to the relations for an undistorted space at great distances 


from matter. ^ j* • xi, 

Einstein succeeded in finding a set of equations satisfying these 

conditions, and he then worked out the theory of the motion of a smaU 
planet round a large attracting mass, and the path of a ray of light near 
the sun. The results obtained have been found to agree with the tacts, 
and his theory is therefore regarded as probably correct. 


4. Theory of Tensors. 

Thus Einstein’s theory depends on the difierential geometry of 
four-dimensional space, which in turn depends on the theory of tenors 
In a space of four dimensions let x^, x^, x^, x^ be the co-ordmates of a 
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point, and let the components of a small displacement be dx^, 

& 3 , dx^. If now we change to any other set of co-ordinates x\, 
oj'g, x\ the components of the small displacement will be given 

by 


j , cx. ^ j 7 , ox. 

“ to: '**• + 8^ ^ ^ + -s. 


dXn 


with similar equations for dx\, dx^^, and dx\. These equations may 
be written 


dx\ = ^^dx, 

dx„ 


where a is to be given the values 1, 2, 3, 4, and the four terms are to l)e 
added. 

In what follows it will be understood that, when a suffix occurs 
twice in a term, the term stands for the sum of its four values corre- 
sponding to the four values of the suffix 1, 2, 3, and 4. 

A displacement is a vector, and any other vector which is trans- 
formed from one set of co-ordinates to another in the same way as a 
displacement is called a contravariant vector. A contravariant vector 
with components A^, referred to x^, Xq, x^, x^ transforms 

into one with components A'\ A'% A'^, referred to x\, x\, 
where 




dx^ 


0^0 


dx. 


with similar equations for A'^, A'^, and A'^. 

Thus a contravariant vector Ai^ transforms into 




where ^—1, 2, 3, or 4 and 0 *= 1, 2, 3, or 4. Since cr appears twic(‘. 

the term A^ is understood to be summed. 

li <!> is a scalar function of position, the vector having components 
0^ 0^ dej) dd) . 

^ 2 ’ ^ transformed by the formula 

^ ^ M.4- ^9^ 

dx\ dx\ dxi'^dx'i dxs'^dx'i dxs'^dx'i dx/ 

since we have + ^ dxg + ^ dx^l with similar 

equations for and A vector which transforms in this 
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way is called a covariant vector. 
variant vector, then 

A'.' 


If denotes a component of a co- 
dx' 


-A^ 


Contravariant vectors are indicated by a raised suffix and covariant 
vectors by a lowered suffix. The contravariant vector however, 
is usually written with a lowered suffix. 

Tensors are quantities having components which transform in the 
same way as the products of the components of two or more vectors. 
A tensor which transforms like the products of the components of two 
covariant vectors is written and transforms thus: 


ixvi 

A' — 


ox^ 

dx\ 


In this expression cr and t occur twice, so that there are sixteen terms 
to be summed. The covariant tensor has sixteen components, 


^11 

^21 


31 


^12 
A 22 

A 32 

42 


^-^13 

A 23 

Ass 

A4S 


^34 

^44- 


In the same way, we define contravariant tensors ^ 4/"", which 
transform like the products of components of contravariant vectors, 


so that 


dx' 

ox^ 


dx' 

dx. 




and mixed tensors A^, for which 




'dx'. dx^ 


Al 


Thus any component of a tensor in co-ordinates x^, is 

equal to the sum of a uumher of terms each of which is proportional 
to one of its components in any other co-ordinates Xj, aig, % it 
follows that if a tensor is zero in any co-ordmates, that is, it au its 
components are zero, it will be zero in any other co-ordmate system 
If then any law of nature expressmg results, relatively to a material 
frame of reference, in terms of co-ordinates x^, x^, x^ can be ex- 
pressed by an equation T = 0, where T is a tensor, then in terms of^ny 
Uer co-ordinates ct'i, x\ the law will be expressed by T - ^ 

where T is the tensor into which T is transformed by the change from 
Xy, ccg, X 3 , Xi to a:'i, x' 


a; q, X 


According to Einstein’s general principle of relatmty^U the l_^s 
of nature can be expressed by equations of the form ’ 

all such laws, when so expressed, are independent of the co-ordmate 
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system used. In particular the law of gravitation must be capable of 
being put into the form T = 0 like any other law of nature. 

Tensors having two sufBxes are said to be of the second rank, and 
vectors may be called tensors of the first rank. Tensors which trans- 
form like the products of more than two vector components may be 
defined in a similar way. 

The product of a component of a tensor with a component B,rr 
of another tensor is a component of a tensor the components 

of which are all the products of the components like A^,, with those 
like The product of two vectors A^^ and B^ is a tensor A^B^ == 

The product of and Bi is A;,^Bi = 

If we multiply A^ by B^ we get A^B^^, which is equal to 

A^B^ + A^B^ + A^B^ + A,B\ 


and so is a scalar quantity having only one component or value. The 
product A^B>^ is called the inner jproduct, to distinguish it from the 
ordinary product A^B% which is a tensor having sixteen components, 
viz.: 



A^B^ 

A^B^ 

A^B^ 


A,B^ 

A^B^ 

AJB^ 


A,B^ 

A^B^ 

A,B^ 

A^B^ 

A^B^ 

A^B^ 

A,B\ 


If an upper and lower suffix of a mixed tensor are both denoted by the 
same letter then the summation rule makes the tensor equal to the sum 
of four tensors; thus, for example, if in Al^ we put a = p we get 

H“ A^2 + A'^s “I-- A‘^4, 

The sum may be denoted by A^, and so denotes a vector with com- 
ponents Aj^, A 2 , Aq, A^, Thus putting cr= v in A^^ changes it to a 
vector A^. This operation is called contraction. If we contract 
we get ^ 

+ -^2 + A\ + A\, 


which is an invariant (that is, retains the same value in 
co-ordmates), because 





= A 


cr 

cr* 


all systems of 


It is important to be able to find -out wbetber any quantity is a 
tensor or not. Tbis can be done by finding its equations of trans- 
iormation or by expressing it as tbe sum or product of quantities 
knoTO to be tensors. A quantity wbicb on inner multiplication by any 
contravariant or covariant vector always gives a tensor is a tensor. 
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Thus let the product he a covariant vector for any B". Then 

J' JD'v — A Dt 

^ 0 ^/ • 

Also B^=‘^JB\ 

ox\. 


so that 




Since is arbitrary, it follows that 

dx, . 

0xV dx',^ 

which shows that is a tensor. 

5. The Fundamental Tensor. 

Consider the equation ds^ = dx^ dx^., where = g,,^. It can be 
shown at once by actual transformation that g^^ is a covariant tensor. 
Thus, since ^ ^ 


dx^ = ^dx\ 


we have 


, dx. dx, 


'^dx'dx'. 


If this is written in the form g'^^dx'^dx\, we therefore have 


dx',^ 


which shows that g^^ is a covariant tensor. It is called the fundamental 
tensor. The product g^^dx^dx^ is thus of the form and so 

is an inner product, and invariant, as it should be since ds is the same 
in any co-ordinates. 

The determinant 

5^11 9 x 2 9 iz 5 i 4 

5^21 922 , S ^23 924 : 

9 zi 9 z 2 9 zz 9 z 4 

9 x 1 ?42 ^43 9 u 

is denoted hy g. If we erase from this determinant the ith row and 
the ikth column, and multiply hy (-1)'+", we get a minor of the 
determinant. This minor divided by the determmant is denoted by 
g<\ so that g‘’‘ = Balg. Thus, for example, 

^11 ^12 ^14 

5^31 9 z 2 9 z 4 

5^41 9^2 9 x 4 : 




(D814) 


22 
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From this it follows that = g^^g'^'' = 1 when a = v, because 

+ Szcrg^" + 9s^9^‘' + 94.<r9^" 

;r=4 1=4 

and S' = S Sa I>ik = '^ 9a Ai- 

7r=l i=l 

In the same way = 0, i.e.^^= 0, when a is not equal to v, 
because gives a determinant with two columns identical, which 

is therefore equal to zero. 

Hence, if is any contravariant vector, 

glA- = glA^ + glA^ + glA^ A- glA^= A“, 

since 0 when cr =f= i-, and g''^= I when o- = v. 

The three fundamental tensors are 

9y.,.i 91, 5""'- 

From any covariant tensor A^^ we can get a mixed tensor A'’^ — 
a contravariant tensor A^’’ = g‘^°-g''^A^^, and an invariant or scalar 
A = g-'A^,. 


6. Equations of a Geodesic. Christoffiel’s Symbols. 

The world line of a particle is a geodesic determined by S / = 0, 

where S indicates a variation from the line itself between two points 
A and B on it to any other line which is very close to the world line. 
The variations are zero at A and B. 

We have ds^==^g^Jx^dx, = gj,j,dxj,dxj,, so that l = 

The geodesics are therefore determined by the equation 

or 0“ />('?•• 


S / dx,, dxj, 


= Sy/,t 


dx/t dxi- 
ds ds 




Also Sgijc == Sxp, and the last two terms in the above equation are 

equal (as is seen at once by simply interchanging h and h, which 
leaves the same summations as before), so that 
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In the last term, p has been 'written for convenience instead of h, 
but this obviously makes no difference. But 



so that on multiplying by ds and integrating between A and B we get, 
for the geodesics. 


dXh d Xj: 

J j dx.p ds ds 


Sx^ds + 2fy,,^^(Sx,)ds = 0. 


Integrating the second integral by parts, and remembering that the 
variation S is zero at A and J5, we get 


( dgkh dxj, dxk ^ d 

J^ildXp ds ds ds 


(gJ-^)}Bx,ds = 0. 


Since the variations are arbitrary, it follows that 

dgMcd^^_^^f d^\ _ . 
dx^ ds ds dsJ~ ’ 

d^xi, , dg,,p dxh ^ dx^ dghi_ ^ 

9 hv nh -2 ^ • 

dpj^^djj^ d^ 
ds dxj; ds ’ 

3g/,y dxk dXfi,_ dguf ^ 

dX]i ds ds dxh ds ds ’ 

h h\ 1 f ^9iip I dgijA 

_ y J ~ ^ \dxii: dXh dxpj’ 

dHh . \}i ^~| dxk dxic _ Q 

*2 -r |_ y J ds ds 

The symbol is called a Christoff eV s three-index symbol Another 

kind of three-index symbol is defined by 

jh ii'l _ ^rp r h 
1 r J ^ \_p J 

If now we multiply the equation 

dH,, [h iti o 

ds^'^lp j ds ds 


But 

and 

so that, putting 
we get 
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by and sum for p in the usual way, we get, since gl = is 

equal to unity when r = h and zero when r =1= A, 

f A hy dx], dxk 
ds^ ~ \ r J ds ds ‘ 


There are four equations of this type, corresponding to the values 1,2,3, 
4 of r. Since ds is an element of a world line, these equations may be said 
to be the equations of motion of a particle moving along the world line 

of which d$ is an element. When the g's are constants, = 0, so 

d^x, ^ 

that ~~ = 0, which indicates that the world lines are straight, or that 

the particle moves with uniform velocity in a straight line. 


7. Covariant Differentiation, 


Let (f> be an invariant function of position so that, since ds 
is also invariant, d<;4/ds is invariant. d(l>/ds is a vector an<l its 
components are d(l>/dx-j^, dcjijdx^, dcj>/dx^. The components 

of course depend on the co-ordinates chosen, but d(f>/ds is the 
same in any co-ordinates. 


We have 


d<f) __ d(j!> dxh 
ds dxh ds ' 


Let ifj^d(f)lds, so that 


d^_d^__ difs dxjc 
ds'^ ds dxjc ds * 


Also 

Hence 


dxjc dxjc \ds)~’ dXhdxjc ds'^ Kds)' 

dxh dxjc , d^Xu 
ds^ dx^dxjc ds ds dx]^ ~~d^ ' 


In the last term, of course, h can be changed to r if desired. Using the 
equation 


d^Xr 

W 


= ^ 


T i ds ds ' 


we then get = f | A Jl:\ dj^ 

ds^ [dx!,dxk \ r 1 0a: J ds ds ' 


Now dmds^ is an invariant or tensor of aero rank, and dxu and da:* 

are arbitrary contravariant vectors, so that -9^ nni<,+ 

, . , dx,dx, \ r j dx,^ 

be a covariant tensor of the second rank (cf. the end of section 4). If 
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then we put Au=d^ldxii, and denote the tensor just obtained by 
4 m, we get j fh k] . 

U / 


Am^ is called the covariant derivative of A]^ with respect to a?*. When 

the , 5 r’s are constants so that 
differentiation. 

If A}^, are covariant vectors, and their covariant deri- 

vatives, the above formula gives 


= 0, then as in ordinary 

\ r } 0 


+ A,B,, = 

Putting A)^, = 4m + A^ 4,^ = 4, and A;,, = A;, B„ 


we get 






f;) 


n 4 


This gives the covariant derivative with respect to Xj, of the tensor 
A\^, 


8. The Riemann Tensor. 

Now obtain the second covariant derivative of a vector with 
respect first to x^, then to Denoting it by we get 


^ fiver 


— A \^At— 4 _ 

dx^ _dx„ \ p j 


(lia\ 

\ e / 


_dx, \p) ^ 


] 


Cvo\ rdA^_ fP6\ j ~ 

\pr\‘ 


Reversing the order of the differentiation, we get a similar expression 
for A^„„ and so obtain 


■A, 


(';}-r} {7XOM7}. 


The difference A^,,-A^,, is a tensor, and A, is an arbitrary vector 
so that we see that the expression in the bracket naust be^ a tensor. 
It is called the Eiemann tensor, and is denoted by since when 

miiltiplied by 4p it gives 4 fiver Af^ffy ^ ^ 

If the g^B, are constants, then all the three index symbols vanish, 
so that the Riemann tensor is then zero. The equations P 

are a set of differential equations between the g^s, and since 
a tensor it follows that if the equations R^^^ = 0 are true in any one 
set of co-ordinates then they are true in any other set into which the 
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first set can be transformed. When the are constants there is no 
gravitational field, so that the equations = 0 are the relations 
between the g's which hold when there is no gravitational field, or when 
the space is undistorted, or, as we may say, is flat. Of course, if we 
use curvilinear co-ordinates in flat space, particles will move along 
curved lines as though acted on by gravitational forces, but these 
apparent forces are due to the acceleration of the co-ordinates and 
not to gravitation. If = 0 then rectangular axes for which 
ds^ = dx-^ + + dx^ are possible, since the space is flat. 


9. Einstein’s Law of Grravitation. 


We are now in a position to consider Einstein’s law of gravitation, 
or the relations between the ^’s which hold in curved space. The 
^’s are analogous to the gravitational potential of Newton’s theory. 
To see this, consider an element ds of a world line and suppose that its 
components dx^, dx^, dx.^, dx^ are all zero except dx^, so that ds^ = ^44 dx/, 

ds ^ 

Then, if dx^~icdt, we have — —5^440^. Now if (f> is the gravi- 


tational potential in Newton’s theory, = A — (j), where v is the 
velocity of a particle of unit mass, and ^ is a constant. Hence, putting 

( ds\ ^ 

^ j = 2 (A — cl>). Thus we see that ^44 is analogoxis 


to (f>. 


In Newton’s theory in empty space we have 




so that, since Newton’s theory is certainly a good approximation to the 
truth, we should expect the relations between the ^’s in empty space to 
be diflerential equations analogous to A<f> = 0. 

Also the relations must be consistent with Rp^^^= 0 , but they must 
be less stringent, so as to admit gravitational fields or distortion of space. 

It occurred to Einstein to try the contracted Riemann tensor 
^jj.v 9 } and this guess has proved satisfactory. R^^ = Q is a set of 
differential equations between the g% of the second order like = 0, 
and clearly consistent with 0. The equations are tensor equa- 

tions, and therefore consistent with the general principle of relativity. 
No other tensor has been discovered which can be used instead of 
Putting o- = p in the expression for we get 



According to Einstein, these are the relations between the ^’s which 
must hold in any case whether the space is curved or flat. In flat 
space the more stringent condition 0 is true. 



FIELD DUE TO PARTICLE 


327 


XIX.] 

TLe principle of equivalence can now be stated more precisely. 
The relations == ^ 2?^^ == 0 are relations between the seco7ii 

differential coefficients of the ^’s. It follows that all laws which hold 
in flat space and depend on the ^’s and their first derivatives only will 
also hold in curved space. Laws which involve the second derivatives 
of the ^’s need not hold in both flat space and curved space. 


10. The Field due to a Particle. 

Now consider the gravitational field in the space surrounding a 
single heavy particle. The problem is to find a set of values of the g s 
which satisfy R^j,^ = 0 and the special conditions of the case. 

In flat space we could suppose the particle at the origin and use 
polar co-ordinates r, that is, let x-^ = r, x^ = 9, — (j), ict, 

so that ds^ = -f rHd’^ + sin^e#^ __ this case, = 1 , 

^33 = r2 sin^fl, ^44 = - and = 0 when or = 4 = r. These 
values, however, would satisfy = 0 , and not ^ merely — 0 . 
Let us put c = l, and assume (changing for convenience the sign of 

ds^) ^n=:-€^ 922 == ^44 
wdien a = 4 = T. If these are possible values of the g s, they will satisfy 
the equations 2?/,^= 0. It is assumed that A and v are functions of 
T only. 

With these g’s it is easy to calculate the three index symbols. The 
determinant g is equal to sin^fl, and </" = —= lienee \re get 

yerer 

f CT t"! 1 / ^dao- I _ ^9(Tr \ ^ 

\ a J ”■ 2g^ I dx^ dx^ dx^ J ’ 


■which is not to be summed. 
Using this expression we 


find the following values of | ^ 


ill\_xdX 

i 1 J dr’ 




(131 _1 

\3j-r 


jl41 

\if-^dr’ 

fs } = “*»• 


1 2^1 — sin 6 COS0, 


The rest of the three-index symbols are zero. 


Using these values of 
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values of It is found ttat tiiey are all ^ * 

except jRii, R 22 , Rss^ ^44* 

The values of these are found to be 


^ d^v ^dX dv, 2 . (dv\ ^ 1 

^ ^ dr^ ^ dr dr ^\dr) r 


1 ^ 

dr' 


1 , 


iJgg = sin®5 • e ^ 


{*+ (I 


7? 1 

^ \ ^ dr^ ‘ * dr dr ^ \dr) r dr I' 


Since each of these is to vanish, we obtain four equations. The* ^ ^ 
dX dv 

and last equations give ^ ^Iso, when r = 00 , A and 1 1 » * ^ 

both be zero; therefore X= — v, 

The other two equations then give 



so that €*'=1 where m is an integration constant. ThiH 

tion satisfies all the equations. 

Thus it appears that the forms assumed for the g's can satisfy ^ * ’ 
equations jR^j,= 03 and they give a space symmetrical aboxit 
origin, so that they are a possible set for the case of a heavy part 
at the origin. The result obtained is 

d^ = — (^1 — dr^ — ^de^ — r^ Bm^ed<p — dfl. 

11. Planetary Orbit. 

Now suppose that an infinitesimal particle is moving in the 
near the heavy particle at the origin. To find its motion we may eil Is << 
use 8jds= 0 or the equations of motion 

d^^r_ _ /A k] dxfc 
ds^ If/ ds ds ‘ 


Substituting the values found above for when r 

so that x, = 9, [ r J ^ ' 


d^ 

ds^ 


= cosd Bind 



2 dr M 
r ds ds' 
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If initially the particle is moving in the plane 6 = 7t/ 2, then dd/ds = 0, 
and cos 6 = 0, so that initially 


The particle therefore remains in the plane 6= Trj% With 9= 77/2 
the equations for and are 

d?<f> 2 

ds^ r ds ds~~ ' 

dH dv dr dt 

ds^ dr ds ds^ 

Integrating these equations we get = h, and f where h and 

as ds y 

a are constants, and y = e’' =1 — The equation for ds^, with 

de=0 and sin 0=1, gives ds^ = — y-^ dr^- — d<f>^ + ydfi. This 

• I ■! dt a .. 
with j- ==: - becomes 




+ a^y \ 


Q. dr dr d(b dd> h 

Since Y' = Ti *^5 -r = and v = 1 • 
ds ds' ds r^' ^ 


we get 


^ _ 2 1 j_ _L 

\d(l> ) r^ ^ 

Putting w = r“i, this becomes 

/du'^ . „ a® _ 1 2mM . „ „ 

(i?) +«'=-p- + -sr+ 2 -»- 

The corresponding equation for Newton’s law of gravitation is 

I 2 „ 1 1 

V#/ 

r^di> 

where m is the mass of the particle at the origin, and A = -^. We 

may conclude that m is the mass of the particle in Einstein’s theory. 
The additional term is very small in the case of the planets of the 
riolar system, and makes no appreciable difference except in the case 
of the planet Mercury. 

On differentiating Einstein’s equation with respect to ^ and 
dividing by 2dw/cZ(/>, we find 

d?u , ^,02 

J?+““AS + ®”“- 
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The corresponding Newtonian equation is 

dhi , m 

the solution of which is 

^71/ /T I i\ 

u=j^{l + ecos(p), 


representing (if 6 <C 1) ^-n ellipse with the attracting particle at one 
focus, and perihelion at <^ = 0. The additional term in Einstein s 
equation is very small in comparison with in planetary ^ orbits. 
We shall show that it corresponds to a slow rotation of the major axis 
of the ellipse. 

Following the method of successive approximation, we substitute 
the approximate value of w, as derived from the Newtonian equation, 
in Einstein’s equation, and so find 

+ « = p + ^ 
the solution of which is 

U = I J (1 + (1 + e cos<l>) + &^<f> - ie cos2^). 


At perihelion w is a maximum, and ^ — 0, Hence 
0 = — Ip + ^ (1 -1- l-e^) j e sin^ + {sm4>+(f> cos(/.+ sm.2^). 


If it were not for the term in cos<j>, this would give a perihelion value 
(j) = 2rr in the Newtonian case. Actually the value is (/> = 27r -h 
where e is small. To find e, substitute 27 t + e for cj) in the preceding 


equation. Thus 


0=- 


me 


Zmh 

~W 


(27r), 


neglecting terms of higher order; so that 

In the case of the planet Mercury this formula gives for the rotation 
of the major axis of the orbit in one hundred years approximately 4^ 
sec. of arc. 

It has been known to astronomers for a long time that, after 
allowing for all disturbing influences due to the other planets, there 
is a rotation of the perihelion of Mercury’s orbit of about 43 sec. per 
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03 


I 


century which cannot be explained by the Newtonian theory. The 
fact that Einstein’s theory gives just this observed rotation is a re- 
nnirkable success for his theory. For the other planets the correction 
is inappreciable. 


12. Deflection of Light Rays by the Sun. 

The path of a ray of light in a gravitational field according to 
Einstein’s theory is the same as that of a particle moving with the 
velocity of light. For such a particle ds=0 where ds is any element 
of its path in the four-dimensional world. 

For any particle we have, as already shown, 


and 



2mu 

IF 


f 





where = T^d<l)lds. For a light ray, &=0 and therefore A = oo. 
The differential equation becomes 

d<p^ 


When m = 0, this is satisfied by 

= 1 cosi, 
f 

the equation of a straight line, f being the perpendicular from the 
origin. 

S\xbstitute this first approximation as before in the small term on 
the right. Thus 

dhi I 3m 1 -[- cos>2(j> 

3 ^ + “=?^ 

a solution of which is 

M=icos^ + ^(|-icos2^), 

where, as in the first approximation, the angle ^ is rneasined from 
the point where w is a maximum. This equation will give u = 0 

(or oo) when or (f>= — — €, where e is small. To 

find 6, we have 
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The asymptotic directions of the ray therefore deviate by radians 
from the mean direction. 

The final deviation of a ray which starts from an infinite distance 
on one side and travels to an infinite distance on the other side is 
therefore given by 

A= — • 

P 

Thus the light from a star passing by the sun should be deviated at 
the earth through an angle ^mlp. 

We have taken the gravitational potential to be equal to 7n/T 
and the velocity of light to be unity so that our unit of mass is very 
large. 

The gravitational attraction in djmes between two particles of 
masses m and m' gm. at a distance t cm. apart is Gfnm ' where 
Q = 6*66 X 10-®. Hence if g is the acceleration of a particle at a 
distance t from a mass m then g = If the unit of mass is to be 

a mass which gives an acceleration equal to the velocity of light in 
centimetres per second to a particle at a distance from it equal to 
the number of centimetres light travels in 1 sec. then we have 

3 X 10^®= 6^^/9 X where m is this new unit of mass expressed 
in grammes. Hence m=27 X 10®^ X 10^/6*66, which is equal to 

4 X 10^8 gm. 2 V 1083 

The mass of the sun is nearly 2 X gm. or ^~p Q 38 ==5x10 

in the new unit, and its radius is 7 X 10^® cm. or 2*33 when the unit of 
length is 3 X 10^^ cm. Hence for a ray of light which just grazes the 
sun’s surface the deviation A should be 


4 X 5 X 10-« 
2*33 


= 8*6 X 10-® 


or A = 1*77 sec. of arc. 

The apparent positions of several, stars when near the sun have been 
determined by photographing them during a total solar eclipse, and 
it has been found that there is a deviation of the light approximately 
equal to that given by Einstein’s formula A = 4m/p. 

13. Displacement of Spectral Lines. 

In the four-dimensional world the interval ds between two events 
is supposed to be the same in any co-ordinate system. Also all atoms 
of the same kind are supposed to be identical in structure, so that the 
interval ds between the emission of two successive light waves by an 
atom should be the same for all such atoms. The presence of a gravi- 
tational field should not alter ds because, as we have seen, the effects 
due to gravitation are the same as those due to changing co-ordinates. 
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Consider then two identical atoms, one at the surface of the sun and 
one on the earth. ^ Let them both be at rest so that dx=^ dy~ dz= 0. 
Then if ds is the interval between the emission of two light waves by 
either atona we have 

ds^={i~^yr 

for the atoni on the sun, and ds^ = dt^ for the atom on the earth, since 
'‘Inil'r is negligible for the earth. Hence 

dt 2m _ m 

Thus dt' is slightly longer than dt, so that the spectral lines emitted by 
elements in the sun should be shifted slightly towards the red end of 
the spectrum, m/f is equal to 2T x 10“ ® so that the change of wave- 
length is very small, only a few thousandths of an Angstrom unit. 
As the result of very careful measurements mainly by C. B. St. John 
it is now believed that this minute eSect actually exists, in agreement 
with Einstein’s theory. 
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CHAPTER XX 

Mathematical Notes 


1. Vector Analysis. 

Many physical quantities are vectors, that is, quantities which have 
direction as well as magnitude, for example, velocity, acceleration, 
force, momentum, angular velocity. Quantities which are determined 
by a number alone without any reference to direction are called scalars, 
for example, mass, energy, electric charge. Two vectors are equal if 
they have equal numerical magnitudes and are in the same direction. 
Vectors can be represented by straight lines. The length of the line 
representing a vector is taken equal to the numerical magnitude of 
the vector, and the line is drawn parallel to the direction of the vector. 
It is necessary to regard the line as drawn from a point A to another 
point B, and the direction of the vector represented is from to 5; 
or an arrow head may be put on the line to indicate the direction of 

the vector along the line, as AB. The vector V (in modern works 
usually printed thus in heavy type) represented by a line from A to 
B is sometimes said to be of opposite sense to the vector V' represented 
by the line from B to A, The word sense however, seems inappro- 
priate, and we shall .say that two such vectors are of opposite sign, so 
that V = — V'. 

If A and B are two vectors, and A = B, then this vector equation 
means that the magnitudes of A and B are equal, and also that their 
directions are the same, so that they could both be represented by the 
same line drawn from one point to another. 

If a vector V is represented by a line AB and another vector IT 
by a line BC, then the vector R represented by the line AO is called 
the sum or resultant of the vectors V and U, and this is expressed by 
the vector equation 

R=v+ir. 

The difference between V and U is taken to be the sum of V and 
— U, got by drawing a line AB to represent V and a line BD equal 
but in the opposite direction to BG which represents U, and taking 
AD to represent the difference V — U. 
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Relative to rectangular axes a:, y, z any vector V has three com- 
ponents which may be denoted by F. V„ 7.. These components are 
Sr quantities, "a vector of magnitude 7, -^th« dne^ 

X axis Ly be represented by the symbol 7.i, where Jo 

in the direction Ox. But it is sometimes convenient for brevity t 
ZtZr V.i simply by V.. li I. », » denote tb. 
angles between a vector V and the axes x, y, z, then ® ^ 

V =Vn where 7 denotes the numerical magmtude of the vector . 

If the ve’ctor V is represented by a line OP dra^ ^^^fa dSanc; 
then we can go from 0 to P by moving along the a: axis a d^t 

7., then parallel to the y axis a distance V,, 

the z axis a distance Thus we see that 7 is g Y 

«im.tion V_V,+ T.+ V.. 

If two wectots .1 and B .le ecinal, so tbat A= *■ j*. tw- 

A —J\ A —B and A,= Bz. Any vector equation is ttiere 

iT-“ 

o s ^ xio_ osoowsrsia if R=:V — Fjthen Rz= yx— 

The magnitude 7 of V is given by 


Vy TJy, 


r^^Yz-TJz 


f2=7/+7,2+7i 


This equation is often X^aK^ilvol^^^^^^ 

:t™re f a V.tot V is often 

written | V \ instead of 7. The equation 

with V.= FI, F,= Fm, and F.- F» gives the well-known .esnlt 

If 1, » ate the dWon^mM J, “ f the 

•direction cosines of another vector U, 
two vectors is given by 

cos 0 — iX-b wi/i"-]" 

for V _ 7 . -h V. + V so that the ».nponent of V do^g F is 

equal to the sum of the -p q. id the 

A7. -t- ixVy + vVz, which IS equal to Z A7 + m/. K + 

■component of V along U is equal to 7 cosy. 



MATHEMATICAL NOTES 


[Chap. 


336 

2. Scalar Product and Vector Product oi Two Vectors. 

The product of the magnitude of the component of a vector V 
along another one U and the magnitude of U is called the scalar product, 
or inner product, of V and TJ. It may be denoted by (V • TJ). Thus 
(V • XJ) = VU cosd, where d is the angle be^een U and V. Also_since 
F cosd= AF* + iaF,^+vF„ and Z7*=A17, U,i = ij-U, U,= vU, we 

(V . U) = F.C7. + F,I7, + F.i7. (1) 

As an example of a scalar product we may consider the work done by 
a force F when its point of application is displaced a distance D. The 

work is (F • D) = FI) cosd = F^Dx + F yDy + F^Dz. 

A rotation about an axis may be regarded as a vector. The direction 
of this vector is taken to be that in which an ordinary right-handed 
screw would move along the axis when subjected to the given rotation. 
An angular velocity is regarded as a vector in the same way. 

The outer product, or vector poduct, of two vectors V and U is defined 
to be a vector of magnitude VW sin0, where d is the angle between 
V and U, and direction that of the rotation from V to U, through the 
angle d. It is denoted by [V • TJ]. Thus [V • TJ] is a vector equal to the 
area of the parallelogram formed by V and TJ, and its direction is per- 
pendicular to the plane containing V and TJ. The angle d is taken to 
be the positive angle less than 180° between V and TJ. The vector 
[V-TJ] is of opposite sign to the vector [TJ-V], since the direction of 
rotation is reversed, so that 

[V-U]+[TJ-V] = 0. 

As an example of a vector product we may take the force per unit 
length on a current C in a magnetic field H, which is equal to CH sin 6, 
and is perpendicular to C and H. It is equal to [C ■ H]. 

The components of the vector product are equal to the projections 
of the area of the parallelogram formed by V and TJ on the planes 
perpendicular to the axes. This projection on the xy plane is equal 
to the area of the parallelogram formed by the points (0, 0), (17*, Uy), 
and (F*, F^), which is easily seen to be equal to VJJy— VyU^. The 
components of the vector product are therefore given by 

[V-TJ]* = F,?7*-F.17„'j 

[VU], = F*C7*-F*ir„ [ (2) 

[VTJ],= F*17,-F,17*.J 

Another example of a vector product is the moment of a force F acting 
at a point P with co-ordinates x, y, z about an axis through the origin 
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perpendicular to the plane containing the force and the origin. This 
is equal to Fr sin0, where r— OP, and 9 is the angle between OP 
produced and F. The x component of this vector product is the moment 
of F about the x axis, which is equal to yF^ — zFy, so that 

If U, V, W are three vectors then (TJ • [V * W] ) can easily be seen 
to be the volume of the parallelepiped formed by the three vectors. 
Hence if (U • [V • W] ) = 0 the three vectors must lie in the same 
plane. 

3. Scalar and Vector Fields. 

The field of a vector or scalar quantity is a region throughout which 
at every point the quantity has a definite value, which in general 
varies from point to point. For example, the space around electrically 
charged bodies is a vector field of the electric field strength, and the 
atmosphere is a scalar field of the density of the air. 

In the field of a scalar ;S the vector called the gradient of ;S is defined 

0/S 0 S 

to be a vector the components of which are and or, if 

ax ay dz 

at any point in the field we draw a surface on which 8 is constant, 
then the gradient of S is normal to the surface, and its magnitude is 
the rate of variation of S per unit length along the normal. If p denotes 
the distance measured along a curve which is normal to the surfaces 

of constant 8, then grad /S = |^, and (grad 8)^ = (grad 8)y— 

d8 

(grad S)z = so that we have the vector equation, grad 

vz dp 

and also 

It is evident that the component of grad 8 in any direction is equal to 
1^^, where 05 is an infinitesimal displacement in the given direction. 

4. Line Integrals. Potentials. 

Consider a curve of any shape drawn in a scalar or vector field. 
Let the distance measured along this curve be s, so that ds is an element 
of the curve. If Q denotes any quantity which has a definite value at 
every point in the field, then the sum of the products of the lengths 
of the elements ds of the curve and the values of Q at these elements, 

or j Qds, is called the line integral of Q along the curve. The line integral 

(DSU) 23 
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for part of the curve between two points A and B on it is denoted 
If V is a vector, and Vs denotes its component along the 
curve, thenj^y^cis is the line integral of Vs along the curve. The 
product Vs ds is equal to the scalar product of V and ds, so that 

11 =fl(v-ds) = fyv^dx+ Vy dy + F, dz), 

wiere dx, dy, dz are the coraponeuts of ds. For the gradient of a scalar 
S, or grad S, we have therefore 

f (grad S),ds= f |^ds, 

J A. A ds 

SO that 

(grad ;S)s ds=Sj, — S^. 

Thus the value of the integral j ^ (grad 8s) ds between two points A 

and B depends only on the values of /S at ^ and at B, and is independent 
of the position of the curve joining A and B along which the integral 
is taken. 

If a vector V is equal to ( — grad 8), where /S is a scalar, then 8 
is called the potential of F. Hence 

Fs (fs = — (grad 8)s ds = 8^- 8^, 


that is, the potential difference between two points in the vector field 
is equal to the line integral of the vector component along any- curve 
joining the points. The components of the vector are equal to the 
components of ( — grad 8), so that 


F,= -^ F-~^ 

dy’ 




dz' 


Thus if we know the potential of a vector at all points in the field we 
can easily calculate the vector at any point. 

Examples of potentials are electrostatic potential, magnetostatic 
potential, and gravitational potential. 


5. Vector Lines and Tubes. 

A. line drawn in the field of a vector V so as to be everywhere 
along the direction of V is called a vector line. 

If we take a very small closed curve in the field and draw vector 
lines through all the points on it these lines enclose a tube called a 
vector tube. 

The magnitude of the vector at a particular cross-section of a 
vector tube can be represented by drawing vector lines inside the tube 
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uniformly distrilnited ovor the cross-section, so that the number of 
the hm.s IS ])roportional to the product of the magnitude of the vector 
and the area of tlie cro.ss-section. Thus if a denotes the area of a cross- 
st«etiiin of the tube and V the magnitude of the vector at this cross- 
aecttion, tlieu we suppose the number of vector lines drawn in the 
tube to l)e. jiroportional to aF. The number of lines per unit area of 
emss-seetion is then proportional to V. In a very important class of 
eas<'s Mu' immbt'r of hues is constant from one cross-section to another, 
hut Mils )s not so in general. See §(>, i:} below. 

Instead of supposing the magnitude of the vector represented in 
Mils way by the number of vector lines drawn in the field, we may 
su[i pose the v<!ctor tul)e divided into a number of equal smaller tubes 
|iioportional to the product aF, and so have the number of tubes 
[HT uiiif, area jiroportional to the magnitude of the vector. In this 

case F is inversely proportional to the cross-section of the vector 
lubes. 

If 1 he f.ubes are dra.wn so that the number per unit area on a surface 
pi'rpendiculiir to tlu'. vector V is equal to the magnitude of V, the tubes 
ai’e called unit tubes of the. vector V. The cross-section of a unit tube 
at any point is then equal to 1/V. The field is not well represented in 
Mus way unless Muj tubes are of small cross-section, but, of course, 
we may if necessary divide tln^ unit tubes into as many smaller tubes 

as wo like each of cross-section ijnV, wliere ii is any convenient 
number. 

I he unit tubes inay be clos«id tubes, or they may start at one point 
4Ui(l I'lid at- unotlu‘r iti fioJ<L The iiuiub( 3 r of xuiit tiibos which start 
JHT unit vnluint‘, at a point in the field minuB the number which end 
par unit vohunt^ at the point m called tlus divergence of the vector V 
and is written div V. Tlic divergence of V may also bo deiined by the 


equation 


div V 


dx 


dV, 

dy 


dz * 


(3) 


T hat tlu‘' two definitions are equivalent will be nhown in the next 
aeetion. 


ih Green’s Theorem. 

An important theorem giving transformations of volume integrals 
into snrfa(‘<M*nt(^gralB was discamwed by Ghhul A special case dis- 
<*overed (mrli<*r by ihuiss is known as Uauss^ theorem. 

GonsidiT 41 closed surface of area a enclosing a volume S, Let A 
lie any lunctinn of position which has a definite*, value at all jioints 

inside the elosi‘d surface, 4ind consider the integral j 
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over the volurae S. Draw a line through the volume S parallel to the 
X axis and let it cut the closed surface at two points P and Q. The line 

O A 

^^dx along this line from P to ^ is equal to Aq — Ap- 

If we multiply this by the small rectangular area dydz we get 
therefore the volume integral of dAjdx over the volume of a rod 
of uniform cross-section dydz and length Xq — Xp, Let da be the 
area cut off on the surface a by the rod at Q, Then if I denotes the 
cosine of the angle between the outward drawn normal to cr at $ and 
the X axis we have dydz= Ida, since dydz is equal to the projection 
of da on the yz plane. Hence Aqdydz= lA^da. In the same way if 
da^ is the area cut off at P and V the cosine of the angle between the 
outward normal to o- at P and the x axis, then 



Hence 


Ap dydz= — VAp da\ 

(Aq — Ap) dy dz — IAq da + VAp da. 


Now the whole volume S may be divided up into small elements 
like (Xg—Xp) dydz, and for each of these the volume integral of dAjdx 
is equal to an expression like that just found. We see therefore that 
the volume integral of dAjdz for the whole volume S is equal to the 
sum of all these quantities like lAgda^ VAp da. But this sum is equal 
to the integral of lA da over the whole surface a, since when the whole 
volume S is divided into rod elements the ends of the elements will 
cover the whole surface a. Hence we get 

[ J ^Ada. 


In the same way, if m and n are the cosines of the angle between an 
outward drawn normal to a and the y and z axes, and B and 0 any 
functions of position inside the volume S, then 


and 




s^y 


/|e 


mB da, 


nC da. 


Adding the three results we get 


which is Green’s theorem. 

If A = y,, B=Yy, G=V„ 
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where V is a vector, then 

lV^ + mVy+nV,^Vn, 


where denotes the component of V along the outward normal to 
da^ so that 



+ 


dV, 

dz 


^dxdydz=^ |* 


Vn da. 


. ( 5 ) 


Now since the normal cross-section of a unit vector tube is l/F, the 
section by a surface the normal to which makes an angle d with F is 
l/F cos 0. Thus, if F,i=Fcos0, we see that the number of unit 
tubes leaving the closed surface through the element of area da is 

F cos 0 do- = Ynda. Hence j Vnda is equal to the total number of unit 

vector tubes coming out of the volume S through the surface a. 
Tubes entering the surface are here understood to be reckoned 
negative. 

Thus it appears that 


L(- 


dx dy dz 


dx dy dz 


is equal to the total number of unit vector tubes leaving the volume 
S. This is true for any volume, so that if we consider a very small 
one we see that 87-, dVy dY^ 

dx dy dz 


is equal to the number of unit tubes which start from it per unit volume. 
We have therefore nr/ 

diyT=,®i+®i+^', .... (S') 

dx dy dz 


and so, putting dx dy dz == dS, we get 

f^divVdS==fjnd(T ( 6 ) 


This result is often called Gauss’s theorem. 

Green’s theorem enables a volume integral of any function of 
X, y, and z which can be expressed in the form 

^ ^ ^ 

dx'^ dy'^ dz 

to be transformed into a surface integral over the surface enclosing 
the volume. 

The volume ;S may be the space between two closed surfaces, one, 
inside the other, in which case the surface integral is taken over both 
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surfaces, and the normals are drawn in both cases in the direction 
from the enclosed volume to the surface. 

7. Another Form of Green’s Theorem. 


Let 
so that 




8 A dB dO i/9V , 8^\ difi dcj) diji d<j> 8^ 

8x'^ 8y' 8z ^\8x^ 8y^ 8z^) dx3x 8y8y 8z8z 


8y‘ 


8y8y 


denoted by A^, Green’s theorem now gives 
j ^ + (grad ^ • grad ijj ) ) dS 


-IA‘M+-?y+4)H/d 


da. 


In the same way, interchanging <j> and ip, we get 
j'^(^A^+(grad<^-grad^))dS = j’ 

Thus, by subtraction, 


8. Solution of Poisson’s Equation. 

As an example of the use of this form of Green’s theorem, we naay 
find the solution of the equation 


0a:2~^ ‘922 — 



or AA = o), where A and <a are scalar functions of x, y, and z. 
Put i/t = ^ and ^ = 1 jr, where = a;^ + yS + z^, so that 

Ai=-i+®(^±ii±^_o. y 

Hence 


Js^ J 


dn 



da. 


Now let S be the volume between two concentric spheres of radii rj 

and rg, with centre at the origin. In this case ^ ^ on the outer 

on or 
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dA dA . dr 

sphere rg, and ^ inner one r^. Also ^ = 1 on the 

outer, and ■— 1 on the inner, sphere. Therefore 

f ^ds=f (- |i+4)<^cr-[ (- ^ + ^^dar. 


Now let the outer sphere be very large, and assume that^ and dAjdr 
become very small when r becomes very great, in such a way that the 
surface integral over the outer sphere tends to zero when is inde- 
finitely increased. Also let the inner sphere be very small, so that 
A may be considered to be constant over its surface. Then 





dA 

dr 



where denotes the average value of dA Jdr over the small sphere. 
Taking the limit for = 0, we have 


f ^dS=-47TA, 

J^r 

or ( 9 ) 

47rJsr 

Here ““ 4 “ value of A at the origin r = 0. The origin, 

of course, can be taken to be anywhere, so that we see that if 


AA = a>. 


then the value of A at any point can be obtained by dividing the space 
around the point into small elements of volume dS and multiplying 
each element by the value of o) jr at the element, where r is the distance 
of the element dS from the point at which A is required. The sum of 

all these products multiplied by -— 1 / 4 ^ 7 , i.e. equal 


If, for example, co = 0 everywhere except in a small volume v 
in which its average value is d3, and if voj = 6 , then at any point at a 
distance r from this small volume we have = — ej^irr. 


In the equations A-4 = cd and A = 


^ j^dS, A and o) may be 


the components of vector quantities. Thus if A and co are vectors, 
and A A = <0, then 


A. 



with similar equations for Ay and A^* 



344 


MATHEMATICAL NOTES 


[Chap. 

Thus we see that A A = where A and co are vectors, gives 

~~r~ 

where J now denotes the vector sum of the products o^dSIr. We 

may regard the vector field of A as excited or produced by the 
quantity <o. 

9. Solution o£ Equation for a Propagated Potential. 

Consider next the equation 

AA-\a=co, (10) 

C 


where c is a constant and A^d^AjdtK This important equation 
can be regarded as meaning that co excites a field which is propagated 
out from CO with the velocity c. 

The solution of this equation can be obtained by means of Green’s 
theorem in a manner similar to that used to get the solution of Ail = co. 

Put <l) = - F{t-\-r/c), and ip=A^ in equation (7): 

Here Fit + rjc) denotes an arbitrary function of t + Tjc, which can 
be given any desired form. It can easily be shown that <f)=^F{t+ rjc) 
satisfies Acj) — 0, by substituting the values of the differential 

coefficients of ^ in this equation. We have therefore 


Multiply by dt and integrate from to ^ 2 - Thus 


Now suppose that F{t-\-rlc) — 0 except for values of t+r/o very 
nearly = 0. Also let be greater than —r/c, and less, so that 
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the instant t = — rfc is between and Also suppose that 
^ — !• This requires that F(0) be so large that although 
F{t + rjc) is zero for all values of i + rjc, except those near zero, yet 
jX ~ The function F{t + r/c) is thus made to act as a 

selecting factor, since when multiplied by any quantity and integrated 
over the time it selects the value of the quantity at the time t — — rlc. 

Thus 

p^dtj (l>(odS=j^^d8, 


where [co] denotes the value of a> in the element of volume dS at the 
time t = — rjc. 


the second term on the left of equation (11) disappearing, since cf> and 

vanish when t = and t = Now let the boundary of S' be a very 
small sphere of radius and a large sphere of radius rg? both with 
centre at the origin. Assume that A and dA/dn are zero on the large 
sphere, so that only the integral over the surface of the small sphere 
need be considered. 

dA T dcj) 0^ 


We have ^ = 
on 


dr 


and 


dn 


dr' 


also 




Ip+ 1 j'. 


r.c 


where J' is the differential coefficient of F with respect to t+rjc. 
Hence oj mci/i a AF^ 

r.c * 


^ dn 7)^. tv r^n/' nr 2 "t" 


dn 


r-t dr 


When is very small, we may regard A and F as constant over the 
surface of the small sphere, and replace dA jdr and F' by their average 
values, so that 




F dj. 
Ti dr 



In the limit when = 0, this becomes 

-irr ['‘AFdt, 

. J h 

which is equal to the value of — 477^4 at the time t = 0, because F 
is zero except at t = — r/c, i.e. when r = 0, at « = 0. 
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Hence we have finally 

4l(=o 


iTrJs r ’ 


( 12 ) 


where [w] denotes the value of co in the element of voluine dS at the 
time t = —rjc, and r is the distance from dS to the point at which 
A is to be calculated. 

Thus we see that the field at any time due to the (o in any element 
of volume is determined by the value of o) at a time t’/c previously, 
so that the field excited by w travels out with the velocity c. 


10. Curl of a Vector. 

In the field of any vector V we can define another vector R deter- 
mined by the variation of V in the following way. Consider a small 
plane area a enclosed by a curve of length s. Take the line integral 
j Vsds of the component Vs of V along s round the curve s. Then 

R,i=- 1 Vsds can be proved to be the component of a vector R along 

the normal n to the plane area a. The direction of R along the normal 
to a is taken so that a right-handed screw would advance in the direc- 
tion of R when turned in the direction in which the line integral 
round s is taken. The vector R is called the curl (or rotation) of V and 
is denoted by curl V (or rot V). 

11. Stokes’s Theorem. 

We shall now consider an important theorem due to Sir 6. G. 
Stokes, which enables an integral over a surface to be transformed 
into a line integral round the boundary of the surface. 

Consider a surface of any shape in the field of a vector V and suppose 
a closed curve drawn on it. Let s denote the length of the closed curve 
and a the area on the surface enclosed by the curve. 

Let d <7 be an element of area on the surface, n the normal to the 
surface at do, and ds an element of the closed curve. Then Stokes s 
theorem is; 

j Jcm\V)nd<j= j Vsds, (13) 

or, in words, the integral of the normal component of the curl of a 
vector over the surface, is equal to the line integral round the boundary 
of the component of the vector along the bounding curve. 

Let ABC be the closed curve, and let the surface bounded by it 
be divided up into a large number of small elements by two sets of 
curves, as shown in fig. 1. 

Consider the sum of the line integrals of round the boundaries 
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of all these elements going round them all the same way. Each line 
element not on the outside boundary will appear twice in this sum,, 
once for each of the two elements 
of area between which it lies. The 
two line integrals along any line ele- 
ment not on the boundary are equal 
but of opposite sign, since the ele- 
ment is traversed in opposite direc- 
tions when going round the two ele- 
ments of area on either side of the 
line. The sum of the line integrals of 
Vs round all the elements of area into 
which the whole area is divided is 
therefore equal to the line integral of Vs round the outside boundary,, 

or J^Vgds. 

Now, for any element of area da, the line integral of Vs round its 
boundary is equal to the component of curl V along the normal to 

the element multiplied by da, or (curl "V^ida—jVsds, Hence the sum 
of all the line integrals round the elements of area is equal to 

(curl V)n da, 

so that we get 

(curl V)n da == J^Vs ds, 

which is Stokes’s theorem. 

12. Components of the Curl of a Vector. 

The components of the vector curl V relative to axes x, y, z can be 
easily calculated. Consider a small rectangular area parallel to the 
yz plane with sides dy and dz. The normal to it is along the x direction,, 
so that we have i . 

the line integral of F« being taken round the rectangular area. Hence 
Jv, ds=(V,- Vy’) dy + (F/ - F,) dz, 

where Vy, Vz and Vy, V/ are the values on opposite sides of the area 
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3F, 

dy 

'dz’ 


07. 

8z 

dx’ 

dVy_ 

07» 

8x 

dy‘ 


(curl V)j,= 


The cnrl of a vector may be defined by 
of (§10) by 

(curl V)„= - I Fsds. 
aj 




. (M) 


J 

these equations instead 

(15) 


13. Some Important Relations. 

We have 

. 1 rn 3 fdV^ dVy\ , a fdV^ 

div (curl V) = ^ - 


dx 


^ dW, 8 % dW, 

dydz dzdy^ dzdx dxdz"^ 

or div (curl V) = 0. 


/ dz\dx dy ) 

dW, dW, 
dxdy 8y8x’ 

(16) 


This means that the vector lines of curl V always form closed curves, 
so that the number of unit tubes of curl V crossing any section of a 
vector tube of curl V is constant along the tube. Hence if a is the 
area of the cross-section of a vector tube of curl V, a curl V is constant 
along the tube. This is true for any vector the divergence of which 
is zero; it follows at once from Green’s theorem (5). 

If the curl of a vector V is zero throughout a region in the field 
of the vector, the line integral of Vs round any closed curve s in this 
region is zero. The vector therefore has a potential, or is equal to 
the negative gradient of a scalar. The converse is proved as follows: 

(curl (grad S))^=^ (grad S), - ^ (grad S)y 

_ d^s d^S _ 

8ydz 8zdy ’ 


with similar equations for the y and z components, so that 

curl (grad S) — Q (17) 

The field of a vector the curl of which is zero is said to be inotational, 
and that of a vector with zero divergence is called solenoidaL 



DIVERGENCE AND CURL 


The curl of the curl of a vector is an important quantity. We 
have 

(curl (curl V) ^ (curl V)* — ~ (curl V)y 


dWy dW, 

dydx dy^ dz^ dzdx 




dx^ ‘ dy^ 


We have seen 


dx\dx dy dz) \dx^ dy^ dz^ / 
= (grad divV)^-^AFa;, 

with similar equations for the y and z components. Hence 

curl curl V = grad div V — AV (18) 

We have seen (§8) that if AV = <o, then 
so that, since 

AV = grad div V — curl curl V 
we have, for any vector V, 

V = ^ / i curl curl dS — ^ grad div V dS. . (19) 


to>dS 

rj r ’ 


V = ^ [ 1 curl curl V dB - 
4:ttJ r 


• j ' grad div V dS, . (19) 


If the divergence of a vector V is equal to zero, it is always possible 
to find another vector A such that V = curl A. It can be shown 

in fact that if A = f - curl V dS, then V = curl A. 

4:7rJ r 

In the same way, if curl V = 0, it is always possible to find a scalar 
(j) such that V= — grad</». Cf. (17) above. 

The divergence of the vector product of two vectors can be easily 
calculated. We have 

ffiv [A ■ B] = 1 [J • B], + [^ • B], + ■ S], 


/dA, dAy 
\ dy dz 

-A,&- 




dA.y 


fdB, 

dBy\ 

-Ay(^ 


-aJ 

\h 

dz)' 

A 02 

dx) 



dBy dSA 

dx dyy 


div [A • B] = (B • curl A) — (A • curl B). 


. ( 20 ) 
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14. Theorem of Coriolis. 


The theory of the motion of a point relative to moving axes affords 
a good example of the use of vector analysis. 

Consider any vector V represented by the line OP in the diagram. 
Suppose that in time where t is small, P moves to R so that the 

vector V changes from OP to OR, 
Also suppose that we refer the 
motion of P to moving axes, and 
that if it remained fixed relatively 
to these moving axes it would move 
from P to Q in the time t. The dis- 
placement PQ therefore represents 
the motion of the axes during t. 
Let the motion of the axes be a 
rotation with angular velocity o> 
about an axis 01 through 0. The 
position of the axis of rotation may change with the time, but we 
suppose that at the instant considered it is along 01. We have 
then PQ = NP'cot, where NP is the perpendicular from P to 01. 
But NP = F sin0, so that, since PQ is perpendicular to the plane 
containing 01 and OP, we see that 

PQ==[co^V]. 



Fig. 2 . 


The motion of P relative to the moving axes is represented by QR, 
-and we have the vector equation 

PR=PQ+QR, 

■or PR == QR -{— [co * Vif]. 


Now PR represents the change in V in time t, so that we may 
put PR/t ==: V; and QR represents the change in V relative to the 
rotating axes, so that we may put QR/t — V'. Hence 

V= V'+[co.V]. 

Here V is the rate of change of any vector V relative to fixed axes, 

and V' the rate of change relative to axes rotating with angular 
velocity co. 

Now consider the displacement D of a point P, so that 

f) = D'+[co*D]; 

und also consider the velocity D of the same point, so that 
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Here D is tlie acceleration of the point relative to fixed axes. Hence 

D= |(i>'+ [a> • D] ) + [to • (i)'+ [CO • D]) ], 

where d' jdt indicates the rate of variation relative to the moving axes. 
Hence 

i) = i)' + [o>' • D] + [ct) - f)'] + [10 • D'] + [ct) • [o) • D] ], 

-sothat i)=D'+2[cj-f)'] + [^'-D]+[co-[to-D]]. . (21) 

This result is sometimes called Coriolises theorem^ after its discoverer. 

If the angular velocity <o of the moving axes is constant in 
magnitude and direction, 

to'=0, 

■and D = b' + 2[co • D'] + [co ■ [to • D] ]. 

[to • D] is equal to PiV-co, and, since PN is perpendicular to co, [to • [to * D] ] 
is equal to PN • and so is simply the centripetal acceleration due 

to the rotation. The term 2[to’b'] is called the Coriolis acceleration. 
It represents an acceleration in a plane perpendicular to the axis of 

rotation. If the velocity b' is directed away from the axis, in such a 
plane, then 2 [to • i)'] is equal to 2o)I>\ 

Equivalent results to those above are easily found by analytical 
methods. For example, if the axes of x and y are rotating about Oz 
with any angular velocity co, the velocities of the point P{x, z) 
parallel to Ox and Oy are 

%t^x—yoj, v=y-\-X(j}. 

The accelerations of P are found from u and v in the same way as 
u and V are found from x and y. The component accelerations parallel 
to Ox and Oy are therefore 

X— xo)^ — — 2yoj, 

-f- llOO = y — XO) 2X(jO. 

The terms — 2?/^, 2x(x> are the components of the Coriolis acceleration. 
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EXAMPLES 


CHAPTER I 

1. Show by means of the electromagnetic equations for empty space^ that in 
a plane electromagnetic wave the electric and magnetic fields are perpendicular to 
each other and to the direction of propagation of the wave. 

2. By considering the electromagnetic momentum in a train of waves, show 
that the waves exert a pressure on a surface in which they are absorbed equal to 

the energy density in the waves. ^ . 

3. A sphere of electricity of uniform density expands so that its radius increases 
while its total charge remains constant. Show that the current and the magnetic 
field in the sphere are everywhere equal to zero during the expansion. 

4 An electron is projected with velocity v from a point at a distance d from 
a magnetic pole. If r denotes the distance of the electron from the pole after a 
time t, show that 

ra= vH^ + 2avjt-\- d% 

where Vr denotes the component of the velocity v along the direction of the 
magnetic field at ^ = 0. 

5. Show that the electromagnetic angular momentum per unit length along 
the axis of a condenser consisting of two concentric cylinders of radii h and a 
is equal to (6® — a^)hel2c, when the charge per centimetre on the inner cylinder 
is e and there is a magnetic field h along the axis. 

6. Show that the force on a magnetic pole m moving with velocity v in an 
electric field F is equal to Fm{vlc) sin0, where 0 is the angle between F and v. 

7. Show that the mean rate of radiation of energy from an electron describing 
a simple harmonic motion of amplitude a and frequency v is equal to ;^(tc/c)3 

8. Show that 

I ( (F 2 + H2) dS } + j 9 (F- V) dS + c dc = 0, 

where F and H are the electric and magnetic field strengths, p the density of 
electricity, V the velocity of the electricity, S is the volume enclosed by a surface 
of area a, and the suffix n indicates the component along the normal to the element 

of area da. . , , 

9. A condenser consisting of two concentric cylmders with radii o and a, 

with’ the space between them fiUed with a medium of specific inductive capacity 
K and magnetic permeabiUty p, is rotating with angular velocity to about its 
axis in a magnetic field H paraUel to its axis. Show that if the cylinders are 
connected together there are equal and -opposite charges on them equal to 
± - 1)(62 — a2)/clog(6/(i) per unit length along the axis. 
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10, A hollow circular cylinder of specific inductive capacity K is placed in a 
radial electric field of strength A /r at ^a distance r from the axis of the cylinder. 
If the cylinder is rotating with angular velocity o, calculate the magnetic field 
in the cylinder. 


CHAPTER ir 

1. Calculate the magnetic field at a point on the axis of a circle round which 
an electron is moving with uniform velocity. Show that its component along 
the axis is equal to the field due to a current, round the circle, equal to the charge 
on the electron multiplied by the number of revolutions it makes per second. 

2. A magnetic field H is suddenly generated perpendicular to the plane of a 
uniform circular ring of electricity of charge c, mass m, and radius a. Calculate 
the resulting angular velocity of the ring, assuming the field due to the ring very 
small compared with H. 

3. What would be the apparent magnetic permeability of a long uniform bar 
the material of which was a perfect conductor of electricity? 

4. In the case of a large number of similar systems each having possible 
energies 0, s, 2e, 3e, . . . ns . . . , show that in the equilibrium state the fraction 
for which the energy E is between E and E ^ dE equal to z-EjkT dEjhT when 
E is made indefinitely small. 

5. If I is defined as the magnetic moment per unit volume, and B = H + 
4tcI, where H is the magnetic field strength, defined as usual as the field inside a 
long narrow cavity parallel to I, show that divB = 0. 

6. A space in which there is a uniform magnetic field H contains n electrons 
per cubic centimetre all moving with velocities of the same magnitude v in planes 
perpendicular to H. Xeglecting the mutual action of the electrons, calculate the 
intensity of magnetization. Ans. ^nmv^lH. 

7. Discuss the analogy between the “ critical temperature” at which ferro- 
magnetic properties disappear and the critical temperature ” above which a 
vapour cannot be liquefied. 

8. Calculate the magnetic field at the centre of the circular electron orbit of 
a Bohr magneton. 

9. An electron of mass m, spinning so that it has a magnetic moment equal 

to that of a Bohr magneton, is projected with velocity v from a point at a dis- 
tance d from a north pole P. If Vr is its initial velocity along the direction of 
the field due to the pole, and if its magnetic axis points towards the pole, how far 
from the pole will it get? Ans. V[(9-2 X 10-2ip)/(9-2 X — 

10. In Stern and Gerlach’s experiment, if ? = 5 cm. and dH/dy^ 100,000, 
calculate the mean deviation y for silver atoms having a temperature of 1000° C. 

CHAPTER III 

1. Show that, on the classical theory of thermionic emission, the mean kinetic 
energy of the electrons which escape from the metal is equal to that of the elec- 
trons inside the metal as they enter the surface layer. 

2. The thermionic current i from a wire is found to be represented by the 

equation i — where A and h are constants. Show that it can be equally 

weU represented by i = where A' and h' are not equal to A and 6, 

provided that 

3. If the latent heat of evaporation of the electrons from a metal is given by 
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Y BT^ df . ... , 

^ ^ wiiere p is the pressure of the electron gas, and if L = Lq + aT, 

where a is a constant, show that the thermionic current density is siven bv 

4. Calculate the maximum thermionic current from a straight wire, 0*1 mm. 
in diameter and 10 cm. long, to a cylinder surrounding it, of 2 cm. radius, due to 
a potential difference of 100 volts. 

5. What fraction of the saturation thermionic current from a wire at 1500° C. 
would be obtained with an electrode surrounding the wire at a potential of one 
volt above that of the wire? 


CHAPTEE IV 

1. If a plane surface, at potential 7, illuminated by ultra-violet light, emits 
•electrons, equally in all directions and all with velocity v, from every point 
illuminated, show that the current to a parallel plane at potential zero is equal 

to ne{l — V(276)/(m?;2)}, where n is the total number of electrons emitted per 
second. 

2. The potential difference between two large parallel metal plates is 7. 
There is a uniform magnetic field H in the space between them parallel to the 
surfaces of the plates. A small area on the negative plate is illuminated and 
emits n electrons per second with negligible velocities. Calculate the current 
between the plates when n is so small that the space charge can be neglected. 

2NhT (p. 64), show that 

4. Two plane circular metal plates A and B, each 25 cm. in diameter, are 
supported 2 cm. apart. The potential difference between the plate A and the 
ground is indicated by a quadrant electrometer which gives a deflection of 1000 
mm. for one volt. If the potential of the plate B is changed from 0 to 1 volt, 
the electrometer deflection changes 200 mm. If the plate B is kept at — 100 volts, 
A being at zero potential, and B is illuminated for 10 sec. by ultra-violet light, 
the electrometer gives a deflection of 100 mm. Calculate the current between 
the plates due to the light. Also calculate the apparent capacity of the electro- 
meter. Ans. Current, 1-08 X 10“^^ amp., capacity 78 cm. 

5. How many quanta per second of frequency v — 3 X 10^^ per second falling 

normally on a black plate would give a force on the plate of 1 dyne? If the plate 
had a mass of 1 gm. and specific heat 0*1 calorie per gramme per degree Centi- 
grade, at what rate would its temperature rise? Ans. 1*53 X lO^^. 7.10 p )3 

degrees Centigrade per second. 


CHAPTER V 


1. Show that the number of ways in which N like objects can be arranged in 
n boxes is equal to Hence show that when a gas containing N atoms expands 
freely from a volume Fj to a volume V 2 , its entropy is increased by hN log( Fg/Fi). 

2. The energy of a collection of <^^like systems, each of which can have energy 

0 or e only, is eqtxal to Calculate the temperature of the collection. 

3. If N objects are distributed at random among M boxes, show that, when 
M and N are very large, the fraction of the boxes which get n objects is equal 

if / V 

W ~- ^M \ W^ M j ' result agrees with the equilibrium distri- 

bution of energy among systems, each of which can have energies 0, e, 2e, 
3e, .... 

4. Deduce Maxwell’s law for the distribution of the velocities among the 
molecules of a gas from the quantum theory of a monatomic gas. 
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5. Calculate the vapour pressure of mercury at 0° C., in millimetres of mercury, 
by means of the equation (p. 75) 

6. Show that, according to Debye’s theory of specific heats, the shortest 
possible -wave-length in a solid is nearly equal to the mean distance between 

the centres of two adjacent atoms. , , ,, 

7. Assumias that heat radiation consists of quanta of energy hv and that the 
nressure v on the walls of a vessel containing radiation of energy density E 

” l/li tl..t , - 0.90 . . . xa. wl.™ »» a? 
cubic centimetre, Jc the gas constant for 1 molecule, and 0 the absolute tempera 

n an electron of mass m and charge e is describing a 
fixed nositive charge E, and if the angular momentum of the electron can only 

bfeqffin^S wheie « = 1, 2, 3, 4 show that the energy is equal to 

A - (27tVJS'2OT)/(jt%2), .where A is a constant. 

9. If the acceleration of a particle relative to fixed axes is A, show tha 




where R is the distance of the particle from the origin relative to axes rotating 

with constant angular velocity to. j 

10. For a pendulum consisting of a particle of mass m, suspended by 

of leno-th I, describing a circle in a horizontal plane, show tha,t accordino Vv 
quantum theory the possible values of r, the radius of the circle, are given by 

where ji = 0, 1, 2, 3, . . . Show also that if I is slowly made shorter the kinetic 
energy divided by the frequency will remain constant. r , t. 

11. Por a particle of mass m moving along the x axis and acted on by a force 

equal to (—!«;), Schrodinger’s equation + ^2— (Av — 7)4^ = 0 becomes 
_l_ = 0. Transform this into ^ 

O=2v/v(,andvo=-^ It. Find a solution in the form 4) = s' 4(i“ Sa ,,2”, and 

show that if 0 = 2u + 1 (% = 0, 1, 2, 3, . . .) the series terminates. 


CHAPTER VI 

1. Calculate the potential difference in volts through which an electron must 

drop in order to have enough energy to move the electron in a hydrogen atom 
from the orbit with quantum number 2 to that with number 3. ^ 

2. Calculate the average kinetic energy in ergs of electrons from a wire at 
2000° C. What potential difference in volts would be required to stop an electron 

having this average energy? „ , ^ i 4. t/ 

3. The potential difference between two parallel plates is equal to V. Xho 
space between them contains a gas at a low pressure, the molecules of which are 
ionized by electrons which have fallen through A volts, but collisions with slower 
electrons are perfectly elastic. H the negative plate emits ii electrons, show that 
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the charge receiv-ed by the positive plate is equal to ne-2P, where p is equal to the 
integral part of V/Ay assuming there is no appreciable recombination. 

4. Calculate the ionization potential of an atom consisting of a heavy sphere 
of electricity of uniform density, charge e,and radius ct, with an electron with charge 
— e at the centre. What value of a would make the ionization potential V agree 
with that given by the equation Ve = hj, where v is the frequency of the electron? 

5. Calculate the ionization potentials of a helium atom, assuming it to consist 
of a heavy nucleus with charge 2e and two electrons moving round a circle at 
opposite ends of a diameter, the angular momentum being equal to hj-n:. When 
the atom has lost one electron, assume that the other one moves in a circle with 
. angular momentum h J27v. 


CHAPTER VII 


1. An X-ray tube uses 30 milliamperes at 100,000 volts. Assuming that 
1 per cent of the energy goes into X-rays which are emitted equally in all direc- 
tions over a hemisphere, calculate the energy of the rays falling on 1 sq. cm. 
per second at a distance of 1 m. from the anti-cathode. 

2. Calculate the wave-length of X-rays for which the energy of one quantum 
is 10"^ erg. 

3. A crystal consists of equal atoms arranged on a cubical space lattice, the 
cubical elements having sides 5 X 10 -s cm. long. Calculate the first order glancing 
angles for X-rays of wave-length 10-8 cm. from the (100), (210), and (112) faces. 

4. The refractive index g of a substance fox light of frequency v is given by 







where vs = 3 X 10^®. Calculate the refractive index for X-rays of wave-length 
10 -8 cm., and the critical glancing angle for total reflection of these rays at the 
surface of the substance. 

5. If X-rays are reflected from the surface of a crystal the refractive index 
of which for the rays is g and grating space d, show that 

TiX— 2dg Vl ~ (1/g) cos^O- 

(5. If Oj is the value of 0 found when n— in the previous example, and 
Oo that with show that 

1 _ __ ^2^ sin^0i — sin^Qg 

Putting = 2d sin0i, and sin02, and — X 2 = 5X, show that when 

is small, 

_ 2Vsin^6i S}v 

7. Electrons are projected with velocity v from appoint in a uniform magnetic 
field H, The electrons all start of in nearly the same direction, which is perpendi- 
cular to the held. Show that they will all pass through a line parallel to the field, 
and find the position of this line. 

8. Show that according to the classical theo^ the energy scattered per second 
by an electron, when in a beam of plane polarized X-rays, inside a cone of solid 
angle dco making an angle 0 with the dilution of the electric field in the rays, is 
equal to {fh^ siMdci)li4:nm^c^), where F denotes the root mean square of the 
electric field in the incident rays. 
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Hence show that for unpolarized rays the energy per second in a cone making, 
an angle 9 with the direction of the rays is (1 + cos^9)^^co. 

9. Show that it is impossible for a free electron initially at rest to completely 
absorb a quantum of radiation. 

10. Apply A. H. Compton’s theory of the scattering of X-rays to the case 
of a quantum being scattered by an electron moving initially with velocity v 
in a direction making an angle 0 with that in which the quantum is moving. 

11. Calculate the change in wave-length when light of wave-length 10-4 cm. 
is scattered by free electrons in a direction perpendicular to the direction of 
propagation of the light. Would you expect to get this change of wave-length 
when light is reflected from a metallic mirror? 

12. Show that the change of wave-length due to scattering of X-rays by free 
electrons on the quantum theory is the same as that indicated by the cla;Ssical 
theory for scattering by electrons moving in the direction of the incident rays, 
with a certain velocity, and calculate this velocity. 


CHAPTER VIII 

1. The wave numbers of a spectral series are 4857, 19,932, 25,215, 27,665,. 
28,997. Show that the limit of this series is approximately 32,033. 

2, The value of the constant N in the formula 



for hydrogen is 109,678-3 and for helium 109,722-9. Show that for an atom 
with a very large value of Z it is 109,737*7. 

3. Could lines of wave numbers 3427-5, 3808-3 be lines in the spectrum of 
atomic hydrogen? 

4. The wave numbers in a band spectrum are given by v = 20,000 ± IOOOtz 
- f 90^,2. Calculate the wave number for the head of the band. 

5. The wave numbers in a band spectrum are given by v == 1000(2?i — 1) 
when n is positive, and v = — 1000(2?i + 1) when n is negative Calculate the 
moment of inertia of the molecules emitting this spectrum. 


CHAPTER IX 

1. A light flexible wire lies in a plane which is perpendicular to a non-uniform 
magnetic field. If the tension in the wire is T, and it carries a current c, show that, 
it lies along a possible path of an electron in the field, provided 

T mv 

c e ’ 

where m is the mass, e the charge, and v the velocity of the electron. 

2. A particle of mass m and charge e is projected from the origin of co-ordinates 
X, y, 2 along the x axis with velocity v. There is a magnetic field H along the 2: 
axis. If is the y co-ordinate of a point on the path of the particle x—l^ 
show that provided yjx is small 
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3. If instead of the magnetic field, in the previous example, there is art 
electric field Y along the y axis, show that 

4. Show that the equations of motion of a particle of mass m and charge e 
in a magnetic field with x, y, z components F, G, H are mx = e{Hy — Qz), my = 
('{Fz — Hx), mz = e{Qx — Fy), and show by means of these equations that the 
velocity of the particle remains constant. 

5. If F and G arc zero and there is an electric field Y along the y axis, show 
that 

mx = eHy^ my — —eHx Ye, mz = 0. 

Show that a solution is given hy A sin(<oi -h a) + Y /H, y === A cos(<oj5 + a); 
and find the significance of the constants A, on, cx,. 

0. A particle carrying a charge e and having initial kinetic energy T passes 
through the radial electric field between two concentric spheres of which the 
outer lias radius E and the inner a charge E. Show that 



where h is the perpendicular from the centre of the spheres to the original direction 
of the path, k — —Eel2T, and cp is the angle through which the path is deflected. 

7. The velocity v of an a-ray which has travelled a distance x is given by 
- - *4(jK — a:). Show that the time it takes to go a distance x is t=lA-h 

~ {It — Calculate the force on the particle as a function of rr, and as a 
function of t 

8. If an a-ray makes a head-on collision with a hydrogen atom at rest, and 
the collision is perfectly elastic, calculate the ratio of the velocity given to the 
hydrogen atom to the initial velocity of the a-ray. 

If a-rays are scattered by a sheet of gold containing 10^® atoms per square 
centimetre, and the initial velocity of the rays is 2 x 10^ cm. per second, what 
fraction of the rays will bo scattered through angles between 80° and 100°? 

10. Calculate the potential dificrence in volts required to give an a-ray a 
velocity of 2 x 10** cm. /sec. 


CHAPTER X 

1. What magnetic and electric fields would be necessary in J- J. Thomson’s 
positive ray parabola apparatus (p. 188) to give equal electric and magnetic 
d(‘fiectionB of 2 cm. with positive rays consisting of oxygen atoms carrying the 
protonic charge e. Take d ^ 5 cm., I ^ 20 cm., and v = 10® cm. /sec. 

2. Mention several possible positive rays for which e/m = 603 approxi- 
mately. 

3. In Aston’s mass spectrograph (fig. 4, p. 191), if the angle between AB 
produced and BD is denoted by Oo and is supposed constant, show that for BI> 
to be independent of the velocity of the rays we must have 0 ~ Oq. 

4. In Aston’s mass spectrograph (fig. 4, p. 191) show that if ?/== BD, then 
liy/y - -»0(m/e)r/(e/m), approximately. 

V>. In Dempster’s method of finding ejm (p. 193), show that drjr = — J(m/e) 
d{elm). 
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CHAPTER XI 

1. Show that the average life of the atoms of a radioactive body which decays 

according to the equation Nt= is equal to 1/a. 

2. Show that the average life of the atoms of a radioactive body which dis- 
appear during an interval t is equal to 

1 ■— (1 H- cd)e-^^ 

a(l — e-««) 


When t is very small, show that this reduces to 

3. Calculate the weight in grammes of 1 c. m. of radon gas at 0° C. and 760 mm. 

4. One milligramme of radium is in a small cavity of radius 0*5 mm. at the 
centre of a sphere of radius 2 cm. and thermal conductivity 0*01. If the surface 
of the sphere is kept at 0° C., what will be the temperature of the radium? 

5. After how many years would initially pure uranium contain 1 per cent by 
weight of lead? 


CHAPTER XII 

1. Do Millikan’s experiments show that the charge on an electron is exactly 
equal, though of opposite sign, to the charge on a proton? Does this follow from 
the fact that bodies containing enormous numbers of electrons and protons can 
be obtained without any sensible charge on them? 

2. It has been proposed to call an electrically neutral particle formed by the 
combination of a proton and an electron a neutron. Why do not all the protons 
and electrons neutralize each other, forming neutrons? What should we expect 
the properties of a substance composed of neutrons to be? 

3. It is found that the physical properties of nitrogen and carbon monoxide 
are very similar. How can this be explained? 

4. If an a-ray consists of 6 point charges ±e arranged at equal distances 
apart along a straight line, with two positive charges in the middle and one at 
each end, show that the energy lost in the formation of the a-ray is approximately 
2*762e2/a, where a is the distance between adjacent charges. Hence calculate a 
by assuming this energy lost equal to that required to explain the difference 
between four times the atomic weight of hydrogen and that of helium, 

5. If matter consists of nothing but electric point charges attracting and 
repelling according to the inverse square of the distance, show that there is 
nothing to determine a definite size for any piece of matter or any atom composing 
the piece. 


CHAPTER XIII 

1. The gas between two parallel plates at a distance d apart is ionized so that 
q positive and q negative ions are produced per cubic centimetre per second. 
Show that the maximum or saturation current density is equal to dqe = /. If 
the current density i is less than 1, show that, assuming everywhere, 

j . _ ctdV 

approximately, where P is the potential difference between the plates and a is 
the coefficient of recombination. 
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2, In Zeleny s method of finding h (p. 215), show that, if 6 — a — 7i is a small 
quantity, then 



where v is the average velocity of the gas and X the electric field strength. 

3. If V is the velocity of the gas between two parallel plates at a distance d 
apart, and ions start from one plate and reach the other at a distance A, in the 
direction of v, from the starting-point, show that 





^ vdx 

0 


where X is the electric field at a distance x from the plate at which the ions start. 

4. In Langevin’s method of finding k (p. 216), if instead of ionizing the gas 
over the whole distance between the plates it is only ionized in a thin layer mid- 
way between the plates, show how the charge received by the plates will vary 
Avith the time interval t. 

5. Assuming that an ion moving through a gas with velocity v is retarded by 
a force equal to (—iiv), show that the velocity of the ion due to an electric field 
X is equal to Xe8/?nW, where S is the distance the ion moves through the gas 
when projected with initial velocity W. 

6. According to the kinetic theory of gases the coefficient of diffusion is approxi- 
mately given by K = and the velocity of an ion due to a field X is kX — 
XeT^I'^n V, Deduce the equation h = KCh^ejltT (p. 220) from these equations. 

7. Calculate the total number of electrons in a drop of water which falls in 
air at the rate of 1. mm. per second. 

8. Is it possible for a charged drop of mercury which falls in air at the rate 
of 1 mm. per second to remain at rest in a vertical field of 5000 volts per centi- 
metre? 

0. A number N of molecules in a gas is uniformly distributed over the volume 
of a spluTc of radius a. Calculate the mean square of the distance of these mole- 
cules from the centre of the sphere after a time L 

10. Show that if N molecules in a gas describe n free paths, the mean square 
of the distance of these molecules from any point is increased by 2?iX“, where X 
is the mean free path. 

11. vapour pressure P of a spherical uncharged drop of radius a is greater 
than that of a plane surface by 

p a 


where p' is the density of the vapour, p that of the liquid, and T the surface 
tension of the liquid. If the drop carries a charge E, show that 


p \ a 


87ua^/ 


Hence calculate the radius of a water drop carrying the protomc charge e for 
which SP -- 0. The surface tension of water is 80 dynes/cm. 

12. Air saturated with water vapour- at 16° C. and 760 mm. is suddenly 
expanded in the ratio 1 : T5. Calculate the amount of water which condenses, 
and tlio final temperature. 



362 


EXAMPLES 


CHAPTER XIV 


1. In Townsend’s apparatus (p. 236), if the slit at S is replaced by a small 

hole at the centre of the disc B, and the lower plate GHK is divided into a circular 
disc of radius a surrounded by a concentric ring, show that the ±ra(^ion or the 
charge reaching the disc of radius a is 1— where oc = Zel4i^JcTza, and Za 

is the value of z at the lower plate. • + 

2. Assuming atoms of argon to be hard spheres and electrons to be points, 
calculate the diameter of an argon atom if the mean free path of^a high-velocity 
electron in argon at 1 mm. pressure is 0*147 cm. Ans. 7-8 X 10“^ cm.^ ^ 

3. Show that when an electron is moving in a strong electric field X in a gas 
at pressure and we suppose that the velocity of the electron is reduced to a 
small value by each collision, then its velocity through the gas is proportional 

to '^X/p. ^ ^ . 

4. If a denotes the number of pairs of ions produced by an electron per centi- 

metre as it moves in a field, X in a gas at pressure p, and if we suppose that the 
electron moves in a straight line, show that a= \ where is e 

free path of the electron at 1 mm. pressure, and V is the potential through which 
the electron must drop to get enough energy to ionize a molecule. Assume that 
every collision at which the energy of the electron is greater than Ve gives ioni- 
zation and that at every collision the velocity of the electron is reduced to zero. 

5. If the electric field between two paraUel plates is not uniform, owing to 
the presence of unequal numbers of ions and electrons, show that, assuming the 
electrons produce ions by collisions but that the ions do not. 



1 

1+T 


is the condition for a continuous discharge, where y is the number of electrons 
liberated at the cathode by the impact of a positive ion, a is the number of pairs 
of ions produced by an electron per centimetre, and D is the distance between the 
plates. If X is constant, show that the above condition reduces to e = y/( 1 -|- y). 
If Y is a constant, and a = pf(Xlp), show that the condition for the potential 
diference to be a minimum is pD = Vf'{VJpD)lf{V/pD), 


CHATTER XV 

1. In the theory of the variation of the potential between parallel electrodes, 

with an ionized gas between them, show that if, in the layer of thickness at 
the positive electrode, we assume = g(l — a;Ai), then the potential 

^ 32 

drop Vi at this electrode is given by ^ 

2. The current in amperes through a flame between two parallel electrodes 
at a distance d cm. apart was given by the equation 

7=3 X lO^Cd^ 6 X 

where C = current and V = potential difference. The cross-section of the 
flame was about 4 sq. cm. If the velocity of the negative ions due to a field of 
1 volt per centimetre was 7000 cm. /sec., calculate the number of negative ions 
per cubic centimetre in the flame. Ans. 7*6 X 10’. 

■ 3. Calculate the thickness of the layer in which the field varies, at the cathode, 
in the flame of the previous example, taking the mobility of the positive ions to 
be 2 cm. /sec. per volt/centimetre, when the current is 10 amp. and d — 10 cm. 
Ans. X3 = 0*63 cm. 
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4. If one electrode in the flame of example 2 is coated with lime or potassiunr 
carbonate, show that the current due to 630 volts will be 210 times greater m 
one direction than in the other. 

5. Show that logioi^s/Zi- 5048 {Fi~ V^)IT, where and are the 
equilibrium constants for the equilibrium between the vapours of two metals, 
and electrons at the absolute temperature T, and and are the ionization 
potentials of the metals in volts. 

6. The ionization potentials of caesium, rubidium, potassium, sodium, and 
lithium are 3*87, 4-15, 4*32, 5*11, and 5*36 volts respectively. Show that the 
relative numbers of atoms of these metals required to give equal conductivities 
to a flame at 2000° C. are approximately as 1, 4-8, 13-2, 1330, 5731, when the 
amounts are not very small. (The relative numbers of atoms to give equal con- 
ductivities to a Bunsen flame are found experimentally to be about as 1, 4*5- 
7*3, 630, 4400.) 


CHAPTER XVI 

1. In a uniform positive column, assuming all the ionization to be due to 
collisions by the electrons, and all the loss of ions due to diffusion, and the rate 
of loss to be inversely as the pressure and proportional to the number of electrons 
per cubic centimetre, show that the relation between the electric field X and the 
pressure p must be of the form p^j(Xjp) = constant, where /(X/p) denotes a func- 
tion of Xjp, If Z oc Vp, find f{Xlp). 

2. If in an electric discharge through a gas the electric intensity X diminishes 
as the current density increases, show that the cross-section of the discharge will 
contract until the current density has the value for which Z is a minimum. 

3. The “normal” cathode fall of potential is approximately equal to the 
minimum sparking potential. Discuss this result. 

4. The variation of the potential in a discharge tube close to the anode ia 
similar to that near the cathode but on a much smaller scale. Why is this? 

5. It has been found that a uniform positive column in a discharge tube, in 
a magnetic field perpendicular to its length, moves sideways in a direction per- 
pendicular to the magnetic field and to the length of the column, with a velocity 
approximately proportional to the magnetic field H and inversely to the pressure 
p. Show that we should expect the velocity to be equal to Hv-^v^jX, where 
and ^2 8-re the velocities of the positive and negative ions along the column, and 
Z is the electric intensity. 


CHAPTER XVII 

1. If 34 pairs of ions are generated per cubic centimetre per second in the air, 
how many positive ions will there be per cubic centimetre? Coefficient of re- 
combination = 3400e, with e in electrostatic units. Ans. 4600. 

2. What will be the conductivity of the air in the previous example, in electro- 
static units, if = ^^2 === 1*6 cm. /sec. per volt/cm.? Ans. 0-0021. 

3. If 3 cm. of rain fall, consisting of drops 0-2 cm. in diameter, each carrying 
a charge of 4-77 X 10“^^ electrostatic units, what will be the charge received by 
the earth per square kilometre. Ans. 466 e.s.u. 

4. A cloud consisting of a sphere of radius 0-6 km., with its centre 4 km. 
above the earth’s surface, discharges to the earth. If there are 8-4 X 10^ drops 
per cubic centimetre in the cloud, each carrying a charge 4*77 X 10 e.s.u., 
what will be the change in the vertical electric field on the earth’s surface, at a 
point 10 km. from the point vertically below the centre of the cloud? Ans. 
4 volts/cm. 
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5. K there were a current of 500 amp. into the earth from the air in the northern 
hemisphere, and a current of 500 amp. from the earth into the air in the southern 
hemisphere, how much work in ergs would be required to take a unit magnetic 
pole once round the equator? Ans. 630. 


CHAPTER XVIII 

1. Show that + 2/^ 4- 2^ — is transformed into 
by the transformation 

x~x^ cosh a 4- ci' sinha, y — y\ 

t~ t' cosha H — sinha, z = z\ 
c 


If a == J log^?-i-^^, show that this transformation agrees with that of the special 
theory of relativity. 

2. If the electric field in a ray of light travelling along the x axis is propor- 
0— 

tional to sin— (x — ct) to an observer at rest relative to the axes x, y, t, show that 
X 

to an observer moving along the x axis with velocity v the field in the ray will 
be proportional to 

sin^(a;' — ci'\ 

A 

X l — v/o 

y' 


where 


Vl — . 


3. If an observer is moving along the x axis with a velocity v and observes 
the volume of a body moving along the x axis with a velocity u, show that the 
ratio of the volume observed to that of the bodv when u — v is 




2)(c2. 


(C2 ^ uv)^ 


4. Considering only two co-ordinates x and t, and taking the velocity of light 
c — 1, show that changing from rectangular axes x and t to new ones, which 
are moving relatively to x and t with velocity v along the x axis, is equivalent 
to changing to oblique axes with the new x axis, x', making an angle ^ with the 
old X axis and the new t axis, f, making an angle ^ with the old t axis so that 
the angle between t' and x' is — 2^. Show that tantj; = v. 

5. In example 4, show that the intercepts of the curves x^ — = ± 1 on the 

axes x' and f are equal to the units of length and time in the moving rectangular 
axes. 

6. Show that, if Hx, Hy, Hz and Fx, Fy, Fz are the components of an electro- 
magnetic field relative to axes x, y, z, the components relative to axes x\ y\ z' 
moving along x with velocity v and coinciding with a;, 2 /, 2 at i = 0 are given by 

Hy'=^{Ey+'iEz), H,' = 

Ez'=E^., E,/==f^(Ey-^^Hz), Ez'=<^{Ez + ^fy), 

where S = , • 

^ Vl — 
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7 . A body of mass M moving through empty space, with a velocity F, along 
a straight line, loses particles of matter, as it goes along, in such a way that 

the particles remain at rest. Show that ^ (Jf F) = 0, so that it may be said that 

there is no force on the body, since its momentum remains constant although its 
velocity increases as M diminishes. If, however, the particles continue to move 
with velocity components, parallel to the path of the body, equal to F, show 
that dVldt= 0, so that the momentum of the body diminishes at the rate 

( — ^ there may therefore be said to be, a retarding force acting on 

the body equal to the rate of change of its momentum. Criticize these state- 
ments. 

8. Show that the difference w between two velocities v and w, as defined in 
the special theory of relativity, is given by the equation 

tanh ~ = tanh - 1 ^ — tanh “ ^ 

c c c 


0. If 31 = 


wv 








vii-v^/c^y v(i 
and c being constants, and v a function of t, 
connexion with special relativity. 


prove that Fv—~; m 
dt dt 

Interpret these relations in 


CHAPTER XIX 

1. What is the significance of the so-called absolute determinations of the 
velocity of rotation of the earth by means of Foucault’s pendulum or similar 
devices, in the general theory of relativity? 

2. If wo regard the earth as at rest, which according to the principle of rela- 
tivity is allowable, how can wo explain the rotation round the earth of distant 
stars in circular orbits with velocities enormously greater than that of light? 

3. If in rectangular co-ordinates a*, y, z, t 

ds'^ = — — dy^ — dz^ + df^ 


show that in a system of rectangular axes X 2 , a’3, rotating with angular 
velocity <0 in the y plane, 

ds^ “ ““ “f- 11 — -f X2^)]dx^^ 

2o>a:2 dxi dx^ — 2coa;i dx^ dxj^. 


4. Show directly that the equations 

5"'+{aP, = 0 

ds^ } ds ds 


(a-1, 2, 3, 4) 


must be the equations of motion of a particle in a gravitational field. 

5. Show that Einstein’s law of gravitation may ho regarded as an attraction 
inversely as the square of the distance together with a very small attraction in- 
versely as the fourth power of the distance. 

6. Show that the deflection of a particle moving with the velocity of light past 
the sun on Newton’s law of gravitation is one-half that indicated by Einstein’s 
theory. 

7. Show that the deflection of light hy the sun, on Einstein’s theory, is the 
same as if the space around the aim had a refractive index 1 + Sw/r, where in 
is the mass of the sun and r the distance from its centre. 
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TABLE OF NUMERICAL VALUES 


Velocity of light, 

Gravitation constant, 

Protonic charge, 

Electronic ratio of charge to mass, 

Faraday, 

Planck’s constant, 

Gas constant. 

Molecules per mol, 

Molecules per cubic centimetre in gas at 
0° C. and 760 mm., 

Gas constant for one molecule, 

Mass of hydrogen atom, 

Mass of electron. 

One atmosphere. 

Atomic weight of hydrogen. 


2‘9986 X 10^° cm./sec. 

6-66 X lO-^cm.^/gm. sec.®, 
e = 4-774 X 10"^® e.s.u. 

== 1*769 X 10’ e.m.u. per gramme, 
mo 

9650 e.m.u. 

h ~ 6-554 X 10 ’-®’ erg sec. 

R = 8-315 X 10’ erg/r C. mol = 1-9869 
calories/1® C. 

6-061 X 10®®. 

2-705 X 101®. 

1-372 X 10“i®erg/l°C. 

1-663 X 10~®^gm. 

^0 = 8-999 X 10-®8 gm. 

= 1,013,250 dynes per square centi- 
metre. 

1-0077. 
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Absorbability of scattered X-radiation, 147. 
Absorption, and series lines, 159. 

— of j8-rays, 177, 178. 

— of cathode rays, 169, 170. 

— spectra, X-ray, 140-1. 

Acceleration of co-ordinate axes, 285-7. 
Action, 109. 

— least, 107. 

— unit of, 73. 

Adiabatic invariants, 103. 

Air, conductivity of, 280, 281. 

Alkali metals, atomic grouping in, 21 1. 

— atoms of, 208. 

Alpha-ray, orbit of, near nucleus, 184, 
185. 

Alpha-rays, 178-86. 

— and emission of electrons, 179. 

— and fast hydrogen atoms, 185, 186. 

— and helium, 202. 

— and ionization, 203. 

— and radioactivity, 196, 197, 199, 200, 

211, 212, 213. 

— bombardment by, 212, 213. 

— charged helium atoms, 180, 181. 

— charge of, 179-81. 

— counting* of, 178, 179. 

— ejm for, 178, 180. 

— energy of, 212, 213. 

— ionization by, 179, 182. 

— mass of, 180. 

— photographs of tracks of, 224, 225. 

— range and velocity of, 181, 182. 

— scattering of, 207, 208. 

— single scattering of, 183-5. 

— stopping power for, 182, 1S3. 
Aluminium, penetration by j8-rays, 177. 

— protons ejected from, 213. 

Ammonium, atomic structure^ 209. 
Anticathode, 142. 

Approximation for NI, 70. 

Aston’s mass spectrograph, 191, 192, 193, 
206. 

— positive ray analysis, 190-3. 

— results for atomic masses, 192, 
Atmosphere, vertical electrical field in, 

280. 

Atmospheric electricity, 280-4. 


Atom, absorption of light by, 159. 

— constitution of, 206-13. 

— critical potential of, 117-25. 

— excitation potential of, 117-23. 

— grouping of electrons in, 210, 21 1. 

— ionization of, 117, 118. 

— ionization potential of, 116. 

— ionized, spectrum of, 153. 

— normal state of, 159. 

— nucleus theory of, 184, 197, 207. 

— of helium, 208. 

— of hydrogen, 208. 

— of lithium, 208. 

— relative mass of, 192. 

— stationary state of, 85, 97, 117. 

— structure of, 169, 170. 

— Whittaker’s model of, 103. 

Atomic heat, 79. 

— number, 138, 144, 153, 157, 185, 200, 

201, 203, 207-10, 211, 212, 213. 

Moseley’s work on, 138, 139. 

— structure, and chemical affinity, 209. 
ammonium, 209. 

argon, 209. 

inert gases, 21 1. 

methane, 209. 

neon, 209. 

sodium, 209. 

— valency, 209. 

— weight, 209, 210. 

and isotopes, 192, 194, 200, 206-13. 

not an average, 189-94. 

Atomicity, 206. 

Axes, co-ordinate, acceleration of, 285-7. 

Balmer’s series, 85, 86, 93, 102, 138, 150, 
160. 

Band spectra, 160-2. 

Barium oxide, and cathode rays, 164. 
Beta-rays, 147, 284. 

— absorption of, 177, 178. 

— and y-rays, 147. 

— and radioactivity, 196, 197, 200, 201, 
. 204. 

— Bucherer’s experiments on, 172, 173. 

— ejm for, 168, 170, 173. 

— energy of, 147. 
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Beta-rays, from radon, 202, 203. 

— ionization by, 168. 

— Kaufmann’s experiments on, 170, 172. 

— mass and velocity of, 172, 173. 

— penetration of matter by, i77> • 

— photographs of tracks of, 224. 

— scattering of, i74“7- 

— velocity of, 168. 

Bohr’s, and classical, theories of spectra 
compared, 87. 

— correspondence principle, 100-2. 

— Theory of Spectra, 85 et seq,, ISS- 
Boltzmann on entropy and probability, 67. 
Boron, protons ejected from, 213. 

Brownian movement, 232. 

Bunsen flame. See Flames. 

Calcium oxide, and cathode rays, 164. 
Capacity, specific inductive, i, 2, 16, 19-21. 

— and electron theory, 16. 

Cathode, 142. 

— fall of potential, 271. 

theory and experiment, 273-6. 

— rays, 126, 163—70. 

absorption of, 169, 170. 

and fluorescence, 126. 

and ionization of gases, 168, 169. 

elm for, 166-8. 

motion of, in gases, 168. 

negative charge of, 165, 166. 

velocity of, 170. 

^ith barium or calcium oxide, 164. 

— Wehnelt, 164, 165. 

Charge, electric, earth’s, 281-4. 

and lightning, 281-3. 

and rain, 281. 

— ionic, determination of, 226-35. 

— of a-rays, 179-81. 

— of electron, ii, 15. 

— on gaseous ions, 221. 

Chemical affinity, 209. 

Langmuir’s theory, 209. 

Chemical constant, 75. 

— properties and electrons, 208. 

Clouds, C. T. R. Wilson’s apparatus, 223-6. 

— electric charge on, 282. 

— formed by condensation on ions, 223, 

282, 283. 

Combination principle, in spectra, 152.^ 
Condensatio-n of water vapour on ions, 
223-6, 282, 283. 

Condenser, electric field in, 17* 

Conduction current, 23, 24. 

— of electricity, in metals, 25 et seq. 
Conductivity, i, 2. 

— of air in open, 280, 281. 

— of flames, 250-67. 

— of gas, 176. 

— of metals, electric, 25, 26. 

— thermal, 26. 

Contact potential, 60, 61. 


Convection current, 23, 24. 

Coolidge tube, 134, I37» 14°) ^42- 
Co-ordinates and momenta, generalized, 

69, 73 - 

Coriolis force, 96, 350. 

Corpuscular theory of light, 109. 
Correspondence principle, Bohr’s, 100-2. 
Cosmic rays, 148, I49> 284. 

Critical potentials and spectral lines, 122, 
123- 

of atoms, 117-25. 

tables of, 123. 

Crookes dark space, 268, 269, 272-4, 270, 

279- f- 

Crookes’ experiments on cathode rays, 103, 

164. 

Crookes tube, 126, 127, 163-5, I95- 
Crystallography, 128-30. 

Crystals, magnetic properties of, 43"S- 
Crystal structure, examples of, i3S“7* 

Curl of vector, 308-10, 346-9- 

— of w'orld vector, 310, 311- 
Current, atmospheric electric, 281, 284. 

— conduction, 23, 24. 

— convection, 23, 24. 

— density, 2, 3. 

De Broglie’s new mechanics, 106-9. 

Debye’s quantum theory of specific heat, 
37, 77- 

Dempster’s method for positive rays, i93- 
Density, electric, 2-6, i7”24. 

— Schrodinger’s theory, 115. 

Diamagnetic bodies, 30. 

Diamagnetism, theory of, 3i-‘4- 
Diffraction grating, quantum theory, 99, 

100. 

— of X-rays, i45- 

— patterns and X-rays, 131. 

theory of, 131-4- 

Diffuse series, 150-2. 

Diffusion, and mobility, of ions, 220. 

— coefficients of, 220-1. 

— of gaseous ions, 217. 

— Perrin’s investigations, 232-5. 
Discharge, and gas pressure, 272. 

— electric, in gas, 268-79. 

— tube, 268—70- 

potential differences in, 269-71. 

Dispersion, theory of, 19-21. 

Displacement current, 2. 

— electric, 18, 24, 25. 

Divergence of tensor, 307, 308, 310. 
vector, 339-41. 

Doublet, 159, 160. 

— in Zeeman effect, 94. 

— spectral, 145, 15 1- 

[ D series. See Diffuse series. 

Dynamics, classical and quantum, 69. 

— Newtonian, inadequate, 65. 

— Newtonian (or classical), 295. 
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e, determination of, 326-35. 

— Millikan’s method, 229, 230. 

— J. J. Thomson’s method, 227, 228. 

— Townsend’s method, 226, 227. 

— Perrin’s method, 232-5, 

— Planck’s method, 235. 

— H. A. Wilson’s method, 228, 229. 

Earth’s electric charge, 281-4. 

and lightning, 281-3. 

and rain, 281. 

Earth, motion of, 3, 293. 

Earth’s charge, theories of origin of, 283. 
Einstein’s general theory of relativity, 293, 
312-333* 

— special theory, 289, 292, 285-311. 

— theory of heat radiation, 83, 84. 

photo-electricity, 61. 

of specific heat, 77. 

Electric and magnetic fields, deflection in, 
188, 189, 193. 

relativity of, 31 1. 

— displacement, 18, 24, 25. 

— induction, 18. 

— field, I, 2, 6, 7, 8, 17. 

deflection in, 188, 189. 

insulator moving in, 24, 25. 

strength, 2, 6. 

— moment, 18. 

— polarization, 18. 

Electricity, atmospheric, 280-4. 

— atomic constitution of, 222. 
Electromagnetic energy, 9. 

— equations, 2-7. 

— waves, 20, 23. 

Electrometer, quadrant and a-rays, 180. 

ionization, 179. 

Electromotive force, 24. 

Itlectron, i et seq.^ 206 et seq. See also 
Cathode rays, Beta-rays. 

— and radiation, 131. 

— charge of, ii. 

— ejm for, 207. 

— equations of motion of, 95, 96, 173. 

referred to rotating axes, 96. 

— mass of, II, 15. 

— • mobilities in flames, 256-8. 

— moving, force on, 14. 

and radiation, 14, 15, 16. 

— orbit, and rotating axes, 31. 

and temperature, 32. 

— orbital motion of, 21. 

— radius of, 15. 

• — spinning, 21, 31. 

— theory, i et seq. 

— total energy of, 12, 14. 

Electrons, and chemical properties, 208. 

— and ultra-violet light, 207. 

— angular momentum of, 32, 33. 

— deflection of, in magnetic field, 142, 143. 

— emission of, by metallic oxides, 58. 

— from hot filament, 117 et seq., 47 et seq. 


Electrons, grouping in atoms, 208, 210, 21 1. 

— in metals, 25. 

— magnetic effect of, 32, 33. 

— motion of, in gases, 236-49, 

Townsend’s apparatus, 236, 237. 

table of results, 241. 

— photo-, 145, 146. 

— recoil, 145, 146. 

— X-rays and emission of, 142. 
Electro-positive (and negative) atoms, 209. 
Electroscope, for ionization, 203. 
Emanation, radium. See Radon. 

Energy and entropy of monatomic gas, 
74. 

— and frequency, 59-64, 76, 78, 79, 89, 90, 

96-9, 103, 109, 1 12, 113, 115, 117, 
122, 139, 140, 141, 142, 143, 152. 

— and mass, ii, 173, 305-7. 

— average, of heat vibrations, 83. 

of oscillator, 76, 77. 

— conservation of, 144. 

— electromagnetic, 9. 

— flux of, II. 

— in Minkowski world, 304-6. 

— in wave mechanics, 115. 

— kinetic, of electrons in metal, 58. 

of gas molecule, 58. 

of photo-electrons, 59. 

— levels in atom, 139, 152, 157, 159, 21 1. 

— of matter, 9. 

— of particle, 10. 

— of system, 10. 

— of X-rays, 145. 

— of atoms, 69. 

— radiated by sun, 306, 307. 

Entropy and free energy, Planck’s theory of, 
70 et seq. 

— and probability, 67-72. 

Equations, Einstein’s gravitational, 326. 

— electromagnetic, 2-7. 

— for non-magnetic insulator at rest, 19. 
Ether, 3, 288, 289. 

Evaporation, latent heat of, 75. 

Ewing’s models of magnetic atom, 43. 
Excitation of atoms, by cathode rays, 126. 

— potential, 1 17-123. 

Faraday (^^), 220, 226, 233, 238. 

— dark space, 268-71, 279. 

Fermat’s law, 107-11. 

Ferromagnetic bodies, 30. 

— equations for, 21 et seq. 

Ferromagnetism, theories of, 43. 

— Weiss’s theory, 38-43. 

Field. See Electric field, Magnetic field. 

— gravitational, 286, 287. 

— of force, 286, 287, 289. 

Filament, hot, electrons from, 47 et seq., 
117 et seq. 

Fine structure of spectral lines, 90-4, 157, 
IS9* 
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Fitzgerald contraction, 292, 293* 

Fizeau’s experiment, 297. 

Flames, conductivity of, 250-67. 

for alternating current, 263, 264. 

thermodynamics, 260, 261. 

— electron mobilities in, 256—8. 

— Hall effect in, 257, 258. 

— metallic vapours in, 258-63. 

— positive ions in, 265-7. 

— potential differences in, 251* 

— temperature of, 252. 

Fluorescence, 195. 

Force, electromotive, 24. 

— field of, 286, 287,, 289. 

— lines of, 2. 

— magnetomotive, 23, 24. 

— Minkowski, 302-7.^ 

— on charge moving in magnetic field, 13, 

24. 

— on moving electron, 14. 

Free energy, Planck’s theory of, 70 et seq. 
Frequencies of hydrogen atom, 85, 86. 

— of stretched string, 114- 

— X-ray, critical absorption, 140-1. 
Frequency and energy. See Energy and 

frequency. 

— conventional meaning of, 150* 

F series, 150-2. 

Fundamental series, 150-2- 

Gamma-rays, 147- 

— and jS-rays, i47- 

— and radioactivity, 196, 204. 

— and radium-C, 180. 

— energy of, 147* 

— from radon, 202, 203. 

— scattering of, 147. 

— spectra of, 147. 

Gas constant (i?), 220. 

Gaseous ions, 214-35- 

Gases, motion of electrons in, 236-49. 

table of results, 241. 

Townsend’s apparatus, 236, 237. 

Gibbs-Helmholtz equation, 72, 80. 

Glancing angle, 133, 1 35- 
Grating, diffraction, and quantum theory, 
99, 100. 

— space, 133, 136, 137- 
Green’s theorem, 9, 339- 
Grid, plate, and filament apparatus, 117-2I: 
124. 

Grouping of electrons in atom, 210, 21 1. 
Group velocity of waves, no. 

Half-value period, i97> 

Hall effect, 27. 

and positive column, 278, 279. 

and quantum theory, 28. 

in flames, 257, 258. 

Halogen atoms, 208, 211. 

Hamilton’s principle, 107-11. 


Heat capacity of atoms, 79. 

— radiation, theory of, 80. 

— theorem, Nernst’s, 80. 

Heaviside units, 3. 

Heisenberg’s matrix mechanics, 106. 

Helium, and a-rays, 202. 

— atom, 208, 307. 

— critical potentials of, 121. 

— ionized, spectrum of, 86, 93. 

Hot anode method for positive rays, 193- 
Hydrogen atom, 208, 307. 

and wave mechanics, 1 1 1-5- 

and Zeeman effect, 95-7- 

— atomic weight of, 207. 

— atoms, fast, ejected by a-rays, 185, 106. 

— atom, spectrum of, 85, 86, 93, 102, 138, 

150, 160. 

theories of, 87. 

Hysteresis, Weiss’s theory, 42. 

Index, refractive, 19, 23. 

Indices, in crystallography, 128. 

Induction, electric, 18, 

— magnetic, 22, 24. 

Inert gases, 208. 

atomic grouping in, 21 1. 

atomic numbers of, 203. 

Insulator, moving in electric field, 24. 

— moving in magnetic field, 24, 25. 
Integrals, line, surface, and volume, 339-49- 
Interference, and intensity of light, 98. 

— and quantum theory, 99. 

— bands, 292. 

— method, Michelson’s, and stars, 98. 

— of X-rays, 145. 

Interval, 299. 

Invariance, and physical laws, 297- 
Invariants, adiabatic, 103. 

Ion, 1 18, 120, 124, 125. 

Ionic charge, determination of, 226-35. 

— velocities, theory of, 219. 

Ionization, 140, 144, i59- 

— and quadrant electrometer, 179. 

— and radon, 202. 

— by a-rays, 179, 182. 

— by a- and jS-rays, 284. 

— by i5-rays, 168, 176, i77- 

— by jS- and y-rays, 204. 

— by cathode rays, 126, 168. 

— by collisions, 146, 242-4, 256, 260, 276, 

277- 

— by cosmic rays, 148, 149. 

— by positive ions, 244—6, 248, 249* 

— by y-rays, 147- ^ - 

— by X-rays, 64, 126, 134, 13S, 140, 218, 

221, 229, 231, 236. 

— chamber, 134» i40> 

— electroscope for, 203. 

— in atmosphere, by electrons, 283, 284. 

— of atom, 1 17, 118. 
point discharge, 221. 
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tial, ii6, 1 17, 278. 
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: light, 218, 221, 224. 
jectra of, 153, 189. 

223, 282. 

4-35* 
e on, 221. 
sion of, 217. 

14-20. 

legative, in flame, 252. 
ischarge tube, 271, 276. 

1 of, 222, 223, 253, 260. 

Dr field, 348. 

)4, 200, 206-13. 

147. 
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lys, 167. 

, 211. 

ays, 138-42, 147, 208. 

ory of paramagnetic gas, 

ivaporation, 75. 

130, 136. 

lent on X-ray diffraction, 

inium, 200. I 

57-9. 

l-z- . . , 

Lirements of critical poten- 

139, 152, XS7, 1S9, 211- 
ST, O, and P, 141. 

"3- 

:o9. 

291, 293* 

g medium, 297, 298. 

2. 

208. 

1, 211. 

n of Maxwell’s equations, 

ormation, 293-S, 299. 

-rays, i38-4i» H7* 

roperties, 17, 19, 65. 
electric fields, relativity of, 

le electrons, 32. 
h 8 , 22. 
n in., 188, 189. 
charge moving in, 13, 14. 
r moving in, 24, 25. 

22, 24. 

atoms, 21, 22, 30, 33, 34"0» 
:y, I, 2. 

of crystals, 43”5‘ 


Magnetism, theories of, 30 et seq. 
Magnetization and angular momentum, 45. 

— and rotation, 45. 

— intensity of, 20, 22, 33, 35, 36, 38-43. 

— saturation intensity of, 39“4i» 44> 45- 
Magnetomotive force, 23, 24. 

Magneton, 34 et seq. 

— ■ Bohr, 46. 

Mass and energy, ii, 173, SOS"?- 
Mass and velocity, ii, 143, 303. 

for jS-rays, 171-3* 

for electrons, 97, 173. 

— apparent, ii. 

— of a-rays, 180. 

— of electron, ii. 

— spectrograph, Aston’s, 191, 192. 

Matter in bulk, properties of, 16 et seq. 
Maxwell’s equations, 310. 

— law of molecular velocities, 57, 58. 
Mechanics, new, 106-16. 

Mercury atom, ionized, 189. 

critical potentials of, 119, 120. 

Metallic conduction of electricity, 25 et seq. 
Methane, atomic structure, 209. 
Michelson-Morley experiment, 289-93. 
Michelson’s interference method, and stars, 
98. 

Microscopic convection currents, 22. 

— phenomena, 4. 

— properties, 17. 

— states, 65 et seq. 

Miller, D. C., experiments of, 289, 290. 
Millikan’s apparatus for electrons, 207. 

— determination of e, 229-31. 

— photo-electric experiments, 59-61. 
Minkowski current, 310. 

— density of charge, 310. 

— energy, 304, 305, 306. 

— force, 302-4. 

— theory, 298-311, 

— vector potential, 310. 

— velocity, 301, 310. 

— work, 304, 305. 

— world, 300. 

M level in atom, 21 1. 

Mobilities, electron, in flames, 256-8. 
Mobility, and diffusion, of ions, 220. 

— of ions, 214-20. 

— of positive ions in flames, 265-7* 

Model atom, 103-6- 

Molecular field, magnetic, 42. 

Molecules, rotating, 160, 1 61. 

Momenta and co-ordinates, generalized, 69, 
73- 

Moment, electric, 18. 

— magnetic, of atom, 21, 22, 30, 33, 34-6, 

45. 46. 

Momentum, as flux of energy, ii. 

— conservation of, 144, 158. 

— electromagnetic, 8. 289. 

— of matter, 9, 289. 
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Momentum of particle, lo. 

— of system, lo. 

— of X-rays, 145. 

Monatomic gas, Planck’s theory for, 73. 
Moseley’s discovery in X-rays, ao8. 

— law, 157. 

M series, in X-rays, 139-41. 

Negative glow and positive column, 268-79. 
Neon, critical potentials of, 12 1. 

Nemst’s heat theorem, 80. 

Newtonian (or classical) dynamics, 295. 
inadequate, 65. 

— equations for particle, 285-7. 

— relativity, 285-7. 

Nitrogen atom, bombardment of, 225. 

photographs of, 225. 

— protons ejected from, 213. 

N level in atom, 21 1. 

Nuclear charge of gold atom, 185. 

Nucleus, I, 208. 

— and quantum theory, 213. 

— constitution of, 213. 

— deflection of a-ray by, 183-5. 

— motion of, effect on spectral frequencies, 

87. 

— protons ejected from, 212, 213. 

— protons in, 212. 

— theory and radioactivity, 21 1. 

of atom, 184, 197, 207, 

Number, atomic, 138, 139, 144, iS3> i57> 
185, 200, 201, 203, 207-10, 21 1, 212, 
213. 

Ohm’s law, 26. 

Optical spectra, 150-62. 

Orbit, hyperbolic, of a-ray, 184, 185. 

— quantized, 89, 91. 

Oscillator, and correspondence principle, 
102. 

— quantum theory of, 75“7- 

Parabolas, positive ray, 188, 189, 190. 
Paramagnetic bodies, 30. 

— gas, Langevin’s theory of, 34-6, 
Paramagnetism, 34 et seq. 

— quantum theory of, 37. 

Particles as waves, 109 et seq. 

Paschen-Back effect, 94. 

Periodic properties of elements, 208. 

— table, 210. 

Permeability, 31. 

— magnetic, 1,2, 23, 288. 

Phosphorus, protons ejected from, 213. 
Photo-electric action and thermionic emis- 
sion, 64. 

— effect, 50. 

and Schrodinger’s theory, 115. 

— emission, O. W. Richardson’s theory, 

62-4. 

relation to frequency, 62-4. 


Photo-electricity, 59-64. 

— and quantum theory, 62. 

— and wave theory of light, 61. 

— critical frequency, 

— Einstein’s theory, 61. 

— Millikan’s experiments, 59-61. 
Photographic plate, and radioactivity, 195. 

— and a-rays, 178. 

— and j8-rays, 170-2. 

— and positive rays, 187. 

— in spectrograph, 191, 192. 

Photographs of ray tracks, 224, 225. 
Pitch-blende, 195. 

Planck’s constant, 50, 52, 53, 58, 59, 6o„ 
73, 116, 122, 139. 

— Theory of Entropy and Free Energy, 

70 et seq. 

Poisson’s equation, solution of, 342. 
Polarization, electric, 18. 

— variation of, 23. 

Polonium, 195, 200. 

Positive column, 277-9. 

— and Hall effect, 278, 279. 

— and negative glow, 268-79. 

Positive ions in discharge tube, 271,, 
276. 

in flames, mobility of, 265-7. 

ionization by, 244-6, 248, 249. 

— ray analysis, 189-94. 

Smyth’s application of, 1 24. 

deflection by fields, 188, 189. 

parabolas, 188, 189, 190. 

— rays, 187-94. 

Dempster’s method, 193, 194. 

hot anode method, 193. 

nature of, 187. 

striation of, 278. 

Potential, accelerating, 118-22, 124. 

— cathode fall of, 271. 

— contact, 60. 

— critical, 117-25. 

— excitation, 117-23. 

— ionization, 116, 117, 278, 

— Minkowski vector, 310. 

— propagated, 344. 

— retarding, 118, 119, 124. 

— scalar, 6. 

— sparking, 246-8. 

— vector, 5. 

— of a vector, 338. 

Poynting’s theorem, 8. 

Pressure, gas, and discharge, 272. 

Principal series, 150-2, 159. 

Probability and entropy, 67-72. 

— thermodynamic, 67 et seq. 

Product, outer, 336. 

— scalar, 334. 

— vector, 336. 

Protons, 206, 207, 208, 212, 213. 

— ejected from nucleus, 212, 213.. 

— ‘in atomic nuclei, 212. 
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P series. See Principal series. 

Pyrrhotite, magnetic properties of, 43. 

Quanta of light, and wave front, 9S, 99* 

— of radiation, 97“9- 
Quantized orbit, 89, 91. 

Quantum and wave theories, 146. 

— number, 88-90, 91, 140? I57* 

inner, 159, 21 !• 

principal, 157, ^59> 21 1. 

second, 157, 158? ^59) 211. 

— states, in atom, 140. 

— theory, 65-116, 152. 

and critical potentials, 117* 

and nucleus, 213. 

and photo-electricity, 62. 

and wave theory, 97-- 100, 146. 

of band spectra, 160-2. 

of diffraction grating, 99, 100. 

of entropy and free energy, 70 

of fine structure, 157. 

of monatomic gas, 73. 

of paramagnetism, 37. 

of oscillator, 75. 

of specific heat, 37» 77* 

of spectra, 139-41, iS9i 207. 

of vapour pressure, 75. 

of X-rays, 145. 

physical interpretation, 104-6. 

Radiation, cosmic, 148, I49* 

— from accelerated electron, 14, iS. lo- 

— from electron, 131. 

— • heat, Einstein’s theory of, 83, 84. 

Newtonian formula in, 81. 

Planck’s formula in, 80, 84. 

Planck’s theory of, 80 et seq. ^ 

Rayleigh and Jean’s formula in, 81. 

Wien’s formula in, 81, 83. 

— in quanta, 97~9* 

— in Schrodinger’s theory, 115. 

— of energy, 306, 307- 
Radioactive equilibrium, 199- 

— series, 200. 

— transformations, 195—205. 
Radioactivity, I47» I49- 

— and a- rays, 211-3* 

■ — and nucleus theory, 21 1. 

— and thorium, 195. 

— and uranium, ipS* 

— discovery of, 195. 

— theory of, I97> ^00, 

Radium, I95» ^96* 

— A, 200, 204. 

— B, 200, 204. 

— C, 180, 200, 201, 202, 203, 204. 

— C', 200, 201, 204. 

— D, 200, 204. 

— and a-rays, 200, 202. 

— and barium, 195, 200. 

— emanation. See Radon. 


Radium, half-period of, 200, 205. 

— heat evolved by, 204, 205, 307- 

— in uranium minerals, 195. 

— properties of, 196, 200, 201. 

Radon, a-ray from, 212. 

— density of, 203. 

— preparation of, 201, 202, 

— products of, 200, 203. 

— properties of, 201-3. 

— (radium emanation), 284. 

Range of a-rays, 181, 182. 

Rational indices, in crystallography, 128. 
Rays. See Alpha-rays, Beta-rays, Cathode 
rays, Cosjiiic rays, Ga 7 nma-rays, Posi- 
tive rays. 

Recombination of ions, in flame, 253, 260. 
in tube, 277. 

Reflection, and change of wave-length, 99. 
Refractive index, 19-21, 23. 

Relative velocity, 297, 298. 

Relativity, basis of theory of, 289. 

— general, 312-33. 

— Newtonian, 285-7. 

— of electric and magnetic fields, 31 1. 

— of length, 293. 

— of time, 295. 

— principle of mechanical, 287. 

— special, 285-311. 

Representative point, 69, 91, 108, 109. 
Resistance, changes in magnetic field, 28, 

29. 

— electric, of metals, 27. 

Ritz formula, 150. 

Rdntgen rays (X-rays), 126-48. 

Rotating molecules, 160, 161. 

Rotation, of vector, 308. 

Rutherford’s nucleus theory, 184. 

Rydberg constant, 138, 150, 154. 

— formula, 150. 

Scalar, 334. 

— field, 337. 

— potential, 6. 

— product, 337. 

Scattering, and nucleus theory of atom, 104. 

— classical theory, 143> t44- 

— multiple, of a- and ^-rays, 183. 

— of a-rays, 207. 

— of jS-rays, i74‘-7* 

— of X-rays, 143-5, i47, 148. 

— quantum theory, 144, I4S* 

— single, of a-rays, 183-5* 

— X-ray, Barkla’s experiments, 147, 148* 

— — by electron, 225. 

theory of, 147* 

Schrodinger, and atomic radiation, 115* 

— and electric density, ii5* 

Schrodinger’s equation for hydrogen atom, 

1 14. 

for wave displacement, 113. 

— theory, and quantum equation, 116. 



SUBJECT INDEX 


376 

Schrodinger’s theory, and photo-electric 
effect, 1 15. 

and spectroscopy, 115. 

— wave mechanics, io6~i6. 

Scintillations, due to a-rays, 178, i8i, 212. 

— from ejected protons, 212, 213. 

Second law of thermodynamics, 67. 

Selection principle, 158. 

Series, diffuse, 1 50-2. 

— fundamental, 150-2. 

— lines and absorption, 159. 

— principal, 150-2, 159. 

— sharp, 150-2. 

— spectral, 150-2. 

— X-ray, 138-42, 147. 

Sharp series, 150-2. 

Simultaneity, 295, 296. 

Sodium, atomic structure, 209. 

— protons ejected from, 213. 

— series terms, 158, 159. 

— vapour, absorption spectrum, 159. 
Solenoidal vector field, 348. 

Sommerfeld’s theory of fine structure, 90-4. 
Space, 288, 289. 

— charge effect, in thermionics, 54-7. 

— four-dimensional, 299, 300. 

— geometrical and physical, 288. 

— lattice, 130, 136. 

— motion through, 289-91. 

Space-time, 298-300. 

Sparking potentials, 246-8. 

Spark spectra, 153. 

Special relativity, 285-311. 

Specific heat, Debye’s quantum theory of, 
37- 

— heat of electricity, 27, 29, 50. 

quantum theory of, 77. 

— inductive capacity, i, 2, 16, 19-21, 288. 
Spectra, absorption, X-ray, 140-1. 

— arc, 151. 

— atoms with few electrons, 153. 

II electrons, 155, 157. 

— band, 160-2. 

— Bohr’s theory of, 85 et seq. 

— ionized atoms, 153. 

— many-lined, 160. 

— optical, 150-62. 

— quantum theory, 139-41, 207. 

— spark, 153- 

— X-ray, 157. 

Spectral lines, and critical potentials, 122, 
123- 

in electric field, 97. 

in magnetic field, 94“7* 

— series. X-ray, 138-42, 147. 
Spectrograph, 206. 

— Aston’s, 191-3- 

Spectrometer, Bragg’s X-ray, 134-7, I 4 S, 
147- 

Spectroscopy, and Schrodinger’s theory, 
115- 


Spectrum, alkali metals, 150, 159. 

— alkaline earth metals, 15 1. 

— aluminium, 155, 156. 

— and mass of nucleus, 87. 

— and motion of nucleus, 87. 

— argon, 157. 

— atomic hydrogen, 93, 157, 158. 

— barium, 155. 

— beryllium, 153, 154, 159. 

— boron, 153, 154, 159. 

— calcium, 155. 

— carbon, 153, 154, 159. 

— fluorine, 153. 

— HBr, 161. 

— HCl, 161. 

— helium, 153, 159. 

ionized, 86, 93, 153, 157, 159. 

— hydrogen, 85, 153, 159. 

— lithium, 153, 154, 159- 

— magnesium, 155, 156. 

— nitrogen, 153, 159. 

— oxygen, 153, 159. 

— phosphorus, 155, 156. 

— potassium, 157. 

— radium, 155. 

— silicon, 155, 156. 

— sodium, 15s, 156, 159. 

— strontium, 155. 

— sulphur, 155, 156. 

— water vapour, 161. 

Spinning electron, 21, 31. 

S series. See Sharp series. 

Stark effect, 97. 

Stars, diameters of, 98. 

State space, 69, 73, 91, 108. 

Stationary states of atoms, 85, 97, 117, 152. 
Stefan’s law, 82. 

Stokes’s law for falling drop, 227, 231. 

— theorem, 346. 

String, frequencies of, 114. 

Sun, charged particles from, 283. 

Sun’s energy, radiation of, 306, 307, 
Susceptibility, 32-4, 41. 

Table, periodic, 210. 

Temperature, characteristic, 79. 

Tensor, divergence of, 307, 308, 310. 

— electromagnetic field, 310. 

— skew-symmetrical, 307, 309, 310. 

— symmetrical, 307. 

— world, 307-10. 

Terms, in spectroscopy, 150, 157-9. 

— tables of, 154, 156. 

Thermionic current, 47, 49, 54-7. 

Dushman’s theory, 51-3. 

Richardson’s theory, 48-50. 

saturation, 48-50, 53, 54, 56. 

Thermionic emission and photo-electric 

action, 64. 

thermodynamical theory, 51. 

Thermionics, 47 et seq. 
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Thermionic work function, 49, 6i. 
Thermodynamic probability, 67 et seq. 
Thermodynamics, second law, 67. 

— third law, 80. 

Thermo-electricity, 27. 

Thorium, and radioactivity, 195. 

— emanation, 196, 197. 

Thorium-X, 196, 197. 

Thunderstorms, 281-3. 

Time, relativity of, 295. 

Toepler pump, 202. 

Transformation, Lorentz, 293-5. 

Triplet, in Zeeman effect, 94. 

— spectral, 151, 159. 

Tube, Coolidge, 127, 134, 137, 140, 142. 

— Crookes, 126, 127, 163-5, 195. 

— discharge, 268-70. 

— vacuum, thermionic, 57. 

— vector, 339. 

Ultra-violet light, and electric spark, 59. 

and electrons, 207. 

and ionization, 242. 

and ions, 218. 

and photo-electric effect, 59. 

Units, Heaviside, 3. 

Uranium and radioactivity, 195. 

— radioactive products, 200. 

— series, properties of, 200. 

Uranium-X, 196, 197, 200. 

Vacuum, properties of a, 288. 

Valencies, sum of, 209. 

Valency and atomic structure, 209, 210. 
Valve, thermionic, 47. 

Vapour pressure, quantum theory of, 75. 
Vapours, metallic, in flames, 258-63. 
Vector analysis, 334. 

— curl of, 3, 308-10, 346-9* 

— divergence of, 2. 

— Adds, 337. 

— four-dimensional, 300, 301, 307-9, 311. 

— line, 338. 

— potential, 5. 

Minkowski, 310, 

— product, 336. 

— rotation of, 308, 

Velocities, composition of, 296, 297 ,298. 

— ionic, theory of, 219. 

— relative, 296, 297, 298. 

Velocity and mass, 143, 303. 

— Minkowski, 301. 

- — of a- rays, 181, i8z. 
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Wave and quantum theories, 146. 
Wave-length, change of, 144, 145, 147. 
by reflection, 99. 

— X-ray, critical absorption, 140-1, 

Wave mechanics, 22, 106-16. 

and hydrogen atom, 111-5. 

Wave-number, 150. 

Waves and particles, 109 et seq, 

— electromagnetic, 20, 23^. 

— group velocity of, 1 10.' 

Wave theory, and Fermat’s law, 107. 

and quantum theory, 97-100. 

Weiss’s theory of ferromagnetism, 38-43. 
Whittaker’s model atom, 103. 

Willemite, phosphorescence of, 187. 

X-ray diffraction, formula for, 133. 

— spectra, 157. 

doublets, 160. 

quantum theory of, 139-41. 

— spectral series, 147. 

— spectrometer, 134-7, 145, 147. 

X-rays, 126-48, 195. 

— and crystal structure, 128-37. 

— and electron emission, 61, 62. 

— and ionization, 218. 

— as electromagnetic pulses, 126. 

— characteristic, of elements, 128, 137, 138, 

142. 

— classical theory, 143, 144. 

— compared with light rays, 126, 127. 

— conductivity due to, 126. 

— diffraction of, 127, 128, 13 1, 145. 

— discovery of, 126. 

— energy and momentum of, 145. 

— experiments supporting quantum theory, 

14s, 146. 

— frequency and atomic number, 137, 138. 

— interference of, 145. 

— ionization by, 223, 224, 229, 231, 236. 

— Moseley’s work on, 137, 138. 

— particle theory of, 145, 146- 

— polarization of, 126. 

— production by cathode rays, 126. 

— production of, 126, 127. 

— quantum theory, 144, 145. 

— scattering of, 127, 131, 143, 145. 

— secondary, 128. 

— series, 138-42, 147, 208. 

— wave-lengths, 128. 

Zeeman effect, 31, 94-7* 
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